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Bayesian Inference
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Challenge: Often computationally intractable

Remedy:

• MCMC (e.g., Gibbs Sampler …

• Mean Field Variational Inference

• …
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Big Picture

Statistics Computation
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Example I: Topic Models

Ref: David Blei, Andrew Ng, and Michael Jordan. "Latent Dirichlet Allocation." (2003)
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Example II: Clustering

Exoplanets: Orbital Period vs. Radius
Data Source: NASA Exoplanet Archive (https://exoplanetarchive.ipac.caltech.edu)

9/36



Kepler-90 i

Kepler-90 g

Example II: Clustering

Exoplanets: Orbital Period vs. Radius
Data Source: NASA Exoplanet Archive (https://exoplanetarchive.ipac.caltech.edu)

9/36



Example II: Clustering

Exoplanets: Orbital Period vs. Radius
Data Source: NASA Exoplanet Archive (https://exoplanetarchive.ipac.caltech.edu)

9/36



Example II: Clustering

Exoplanets: Orbital Period vs. Radius
Data Source: NASA Exoplanet Archive (https://exoplanetarchive.ipac.caltech.edu)

9/36



Example II: Gaussian Mixture Model

ZKepler-90 i, ZKepler-90 g, ZHD 114762 b, . . .
µ1, µ2,
⌃1, ⌃2
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Example II: Gaussian Mixture Model

approx.

Ref: Bo Wang and DM Titterington (2006)
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q = q (ZKepler-90 i) q (ZKepler-90 g) q (ZHD 114762 b) . . .
q (µ1) q (µ2)
q (⌃1) q (⌃2)
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Example III: Community Detection

Human Gene–gene Co-association Network 
Ref: Mark B Gerstein et al. Nature (2014)
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processing 
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Example III: Stochastic Block Model
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Example III: Stochastic Block Model

approx.

Ref: Peter Bickel et al, Annals of Statistics (2013)
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v Mean Field Variational Inference

v Guarantees of Mean Field Variational Inference 
on Community Detection
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Mean Field Variational Inference

• Approximate p(✓|x) by some q(✓)

• Product Measure: q(✓) =
Q

qi(✓i) where ✓ = (✓1, ✓2, . . .)

• Minimize the Kullback-Leibler divergence

q̂MF = argmin
q2Q

KL(q(✓)kp(✓|x))
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Iterative Algorithm: Coordinate-wise update on
✓ = (✓1, ✓2, . . . , ✓i, . . .)

Ref: C. Bishop, Pattern Recognition and Machine Learning, (2006)
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!

Coordinate Ascent Variational Inference (CAVI) 

Iterative Algorithm: Coordinate-wise update on

Explicit Formula: qi(✓i) / exp{Eq�i [log p(✓i|✓�i, x)]}

a “deterministic” version of Gibbs Sampler
“mean-field”

Ref: C. Bishop, Pattern Recognition and Machine Learning, (2006)
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Goal

Two Approximations:

Questions:

• Provably Statistical Guarantee 

• Computation Cost (i.e., # Iterations)

17/36
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v Motivating Examples

v Mean Field Variational Inference

v Guarantees of Mean Field Variational Inference 
on Community Detection

v Three Siblings: Mean Field, Gibbs Sampler, EM



Stochastic Block Model (Two Communities)

Partition: z 2 {0, 1}n

Observation: Adjacency matrix A

Aij ⇠
(
Bernoulli(p), if z(i) = z(j),

Bernoulli(q), o.w.

Goal: Recover z from A.

19/36
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Bayesian Inference for SBM

computationally
intractable

Prior:

zi ⇠ Bernoulli(1/2), 8i
p, q ⇠ Uniform[0, 1]

)
independently

Posterior:

p(z, p, q|A) =
p(z, p, q, A)P

z2{0,1}n

R
p,q p(z, p, q, A)
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Prior:
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p, q ⇠ Uniform[0, 1]

)
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with B = q1k1Tk + (p− q)Ik. We are interested in a Bayesian framework for
estimating Z, with prior given on both p, q and Z.

We assume {zi}ni=1 have categorical (a.k.a. multinomial with size one)
prior with hyperparameter π ∈ [0, 1]n×k, where

∑k
a=1 πi,a = 1, ∀i ∈ [n]. It is

equivalently to state that, {Zi,·}ni=1 are independently distributed with

P(Zi,· = eTa ) = πi,a, ∀u = 1, 2, . . . , k,

where {ea}ka=1 are the coordinate vectors. Here we allow the prior param-
eters on Zi,· varies. If we assume πi,· = πj,· for all i $= j, then this can be
degenerated into the usual case with same prior on all {zi}ni=1.

Due to the fact that p, q ∈ (0, 1) and all the {Ai,j}i<j are Bernoulli random
variable, it is natural to consider the conjugate prior: Beta prior for both
p and q. We let p ∼ Ber(αp,βp) and q ∼ Ber(αq,βq) with hyperparameter
αp,βp,αq,βq. Thus the full likelihood function is

p(A,Z, p, q) =

[
∏

i

πi,zi

]


∏

i<j

B
Ai,j
zi,zj (1−Bzi,zj )

1−Ai,j





×
[
Γ(αp + βp)

Γ(αp)Γ(βp)
pαp−1(1− p)βp−1

] [
Γ(αq + βq)

Γ(αq)Γ(βq)
qαq−1(1− q)βq−1

]
.

Our interest is to estimate Z, by obtaining posterior distribution p(Z, p, q|A).
Same as many other other problems, calculating p(Z, p, q|A) is computation-
ally intractable.

2.3. Mean Field Approximation. The computational issue of posterior
distribution is one of the key challenges arose in Bayes world. The so-
called mean filed variational Bayes method is one popular way to tackle
it. The philosophy of mean filed theory is to approximate the posterior dis-
tribution p(x|y) by some distribution q(x) with simpler structure. When
there are multiple variables involved in the posterior distribution p(x),
mean field theory usually assumes the independence of these variables in
q(x) =

∏n
i=1 qi(xi), a way to reduce computational complexity. The so-

called mean field theory is to search over some distribution class Q, such
that the Kullback-Leibler divergence is minimized. That is

q̂MF = min
q∈Q

KL(q‖p).(4)

Back to our case, the posterior distribution p(Z, p, q|A) is the main inter-
est but it is computationally intractable. Consider distribution

qπ′,α′
p,β

′
p,α

′
q ,β

′
q
(Z, p, q) = qπ′(Z)qα′

p,β
′
p
(p)qα′

q ,β
′
q
(q)

6 ZHANG, ZHOU

with B = q1k1Tk + (p− q)Ik. We are interested in a Bayesian framework for
estimating Z, with prior given on both p, q and Z.

We assume {zi}ni=1 have categorical (a.k.a. multinomial with size one)
prior with hyperparameter π ∈ [0, 1]n×k, where

∑k
a=1 πi,a = 1, ∀i ∈ [n]. It is

equivalently to state that, {Zi,·}ni=1 are independently distributed with

P(Zi,· = eTa ) = πi,a, ∀u = 1, 2, . . . , k,

where {ea}ka=1 are the coordinate vectors. Here we allow the prior param-
eters on Zi,· varies. If we assume πi,· = πj,· for all i $= j, then this can be
degenerated into the usual case with same prior on all {zi}ni=1.

Due to the fact that p, q ∈ (0, 1) and all the {Ai,j}i<j are Bernoulli random
variable, it is natural to consider the conjugate prior: Beta prior for both
p and q. We let p ∼ Ber(αp,βp) and q ∼ Ber(αq,βq) with hyperparameter
αp,βp,αq,βq. Thus the full likelihood function is

p(A,Z, p, q) =

[
∏

i

πi,zi

]


∏

i<j

B
Ai,j
zi,zj (1−Bzi,zj )

1−Ai,j





×
[
Γ(αp + βp)

Γ(αp)Γ(βp)
pαp−1(1− p)βp−1

] [
Γ(αq + βq)

Γ(αq)Γ(βq)
qαq−1(1− q)βq−1

]
.

Our interest is to estimate Z, by obtaining posterior distribution p(Z, p, q|A).
Same as many other other problems, calculating p(Z, p, q|A) is computation-
ally intractable.

2.3. Mean Field Approximation. The computational issue of posterior
distribution is one of the key challenges arose in Bayes world. The so-
called mean filed variational Bayes method is one popular way to tackle
it. The philosophy of mean filed theory is to approximate the posterior dis-
tribution p(x|y) by some distribution q(x) with simpler structure. When
there are multiple variables involved in the posterior distribution p(x),
mean field theory usually assumes the independence of these variables in
q(x) =

∏n
i=1 qi(xi), a way to reduce computational complexity. The so-

called mean field theory is to search over some distribution class Q, such
that the Kullback-Leibler divergence is minimized. That is

q̂MF = min
q∈Q

KL(q‖p).(4)

Back to our case, the posterior distribution p(Z, p, q|A) is the main inter-
est but it is computationally intractable. Consider distribution

qπ′,α′
p,β

′
p,α

′
q ,β

′
q
(Z, p, q) = qπ′(Z)qα′

p,β
′
p
(p)qα′

q ,β
′
q
(q)

n

"�v2bB�M AM72`2M+2

z

e

any
q(z)

any
q(p)

any
q(q)



Bayesian Inference for SBM

Prior:

zi ⇠ Bernoulli(1/2), 8i
p, q ⇠ Uniform[0, 1]

)
independently

Posterior: p(z, p, q|A)

Product Measure:
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Iterative Algorithm
Initializer: ⇡(0)

Updates on p, q: q(s)(p) ⇠ Beta(↵(s)
p ,�(s)

p ), q(s)(q) ⇠ Beta(↵(s)
q ,�(s)

q )

Updates on z: q(s)(zi) ⇠ Bernoulli(⇡(s)
i ), 8i 2 [n]
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Iterative Algorithm
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Updates on z: q(s)(zi) ⇠ Bernoulli(⇡(s)
i ), 8i 2 [n]

Iterative Algorithm
Initializer: ⇡(0)

Updates on p, q: q(s)(p) ⇠ Beta(↵(s)
p ,�(s)

p ), q(s)(q) ⇠ Beta(↵(s)
q ,�(s)

q )

where t(s),�(s) are functions of ↵(s)
p ,�(s)

p ,↵(s)
q ,�(s)

q .
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qi(✓i) / exp{Eq�i [log p(✓i|✓�i, x)]}

Computationally Easy

Computationally Easy
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Y

i
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Evaluation: Posterior Contraction

z⇤

q(s)(z)
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Output: z ⇠ q
(s)(z) =

Y

i

Bernoulli(⇡(s)
i )

Ground Truth: z⇤, p⇤, q⇤

Evaluation: Posterior Contraction

Loss Function: `(z, z⇤) = 1
n

n
kz � z⇤k0 , kz � (1� z⇤)k0

o
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Output: z ⇠ q
(s)(z) =

Y

i

Bernoulli(⇡(s)
i )

Ground Truth: z⇤, p⇤, q⇤

(1,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1,1)

Loss Function: `(z, z⇤) = 1
n min

n
kz � z⇤k0 , kz � (1� z⇤)k0

o

Evaluation: Posterior Contraction
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Output: z ⇠ q
(s)(z) =

Y

i

Bernoulli(⇡(s)
i )

z⇤

q(s)(z)

Evaluation: Posterior Contraction

z⇤

z⇤

q(0)(z)

q(1)(z)

. . .

�
⇧q(s)(z)

 
s=0,1,...
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• Signal-to-noise Ratio: I = Rényi 1
2
(Bernoulli(p⇤),Bernoulli(q⇤))

Statistical Guarantee

Theorem
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Statistical Guarantee

Theorem

linear convergence
optimal rate
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• Signal-to-noise Ratio: I ⇣ (p⇤ � q⇤)2/(p⇤ + q⇤)

• SNR Strength: nI ! 1

• Initializer: Ez⇠q(0)(z) [`(z, z
⇤)] < c for some constant c > 0

Ez⇠q(s)(z) [`(z, z
⇤)|A]  exp

✓
�(1� o(1))

nI

2

◆
+


1p
nI

�s
Ez⇠q(0)(z) [`(z, z

⇤)|A].

With high probability, for ALL iterations s � 1:



Running Time Upper Bound

Corollary

• Remark 1: Rate-optimal. [Z. & Zhou, Annals of Statistics, 2016]

• Remark 2: Practical. Spectral Clustering, SDP
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For s � log n:

EA


Ez⇠q(s)(z)

✓
`(z, z⇤) � exp

✓
�(1� o(1))

nI

2

◆����A
◆�

! 0.



For s � log n:

EA


Ez⇠q(s)(z)

✓
`(z, z⇤) � exp

✓
�(1� o(1))

nI

2

◆����A
◆�

! 0.

Corollary

Running Time Upper Bound
26/36

• Remark 3: When p⇤, q⇤ known, Ez⇠q(0)(z) [`(z, z
⇤)] < 1

2 � 1

(nI)
1
2
��

• Remark 3: When p⇤, q⇤ known, ⇧q(0)(z) [`(z, z
⇤)] < 1

2 � 1

(nI)
1
2
��

• Remark 4: nI ! 1 su�cent and necessary condition for consistency



v Motivating Examples

v Mean Field Variational Inference

v Guarantees of Mean Field Variational Inference 
on Community Detection

v Three Siblings: Mean Field, Gibbs Sampler, EM



Three Siblings

Similarity: Coordinate updates with p(✓i|✓�i, x).
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With high probability, for ALL iterations 1  s  en:

E
h
`(z(s), z⇤)|A

i
 exp

✓
�(1� o(1))

nI

2

◆
+


1p
nI

�s
`(z(0), z⇤).

Guarantees for Gibbs Sampler

Theorem

• Signal-to-noise Ratio: I ⇣ (p⇤ � q⇤)2/(p⇤ + q⇤)

• SNR Strength: nI ! 1

• Initializer: `(z(0), z⇤) < c for some constant c > 0
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• Signal-to-noise Ratio: I ⇣ (p⇤ � q⇤)2/(p⇤ + q⇤)

• SNR Strength: nI ! 1

• Initializer: `1(⇡(0), z⇤) < c for some constant c > 0

With high probability, for ALL iterations s � 1:

`1(⇡
(s), z⇤)  exp

✓
�(1� o(1))

nI

2

◆
+


1p
nI

�s
`1(⇡

(0), z⇤).

Guarantees for (a variant of) EM

Theorem
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Summary

. . .
q(0)(✓)

q(1)(✓)

q(s)(✓)
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Bayesian Frequentist

Statistics Computation
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