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Ranking Examples

Sports and Gaming:

vers.com/wp-content/uploads/2012/07/NFL-vector-logos-1024x772. jpg
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Ranking Examples

Recommendation System and Web Search:

Top Picks for Joshua
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https://miro.medium.com/max/2400/1*dMR3xmufnmKiw4crlisQUA.png

Ranking Examples

Ranked Choice Voting:

Instructions to Voters Governor g g § g g § § g
To vote, fillin the oval like this @ Bl2NEE BB E[E
To rank your candidate choices, fill ~ |Sote, Adam Roland 0|~ o0 o] 0|~ 0|-0f-0©
in the oval: Dion, Donna J. 0 0 0 0 0 0 0 0
* In the 1st column for your 1st Dion, Mark N. ol- ol ol ol ol ol o] o
choice candidate. PE""’”‘M e
ves, Mark W. Q|- |0~ |O]- |0}~ | Of- O} |O]- |0
Morth Berwick -
+ In the 2nd column for your 2nd  [wins, Janet T. ol ol ol ol ol ol o o
choice candidate, and so on. Farminglon - ke i
Russell, Diane Marie 0 ) 0
. . Russe o| 0| o] o] o] o| of ¢
Continue until you have rankedas 1o "~ = [ = I
many or as few candidates as you | Raiowe! : 8- 8- 0-|9]-- 9|~ |00
Uks. Write-in ol o] |o]- (o] |e]- o |0 |o

www.mainepublic.org/sites/mpbn/files/styles/x_large/public/201805/DEMRCV2Contests20180420. jpg


www.mainepublic.org/sites/mpbn/files/styles/x_large/public/201805/DEMRCV2Contests20180420.jpg

Ranking from Pairwise Comparisons

Winner

O Player 4 is the strongest
© Player 8 is the weakest
® Other Players?
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Bradley-Terry-Luce (BTL) Model

J
0]'*
' 0 ® n players

. e A skill parameter vector 6* € R™.
Py Y @)  rorplayer i, her skillis 67
G

xo) 0
"
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Bradley-Terry-Luce (BTL) Model
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’ 0 ® n players
‘ e A skill parameter vector 6* € R™.
o Y @)  rorplayer i, her skillis 67
| @

o~ e Rank vector r*: a permutation of
: & 1,...,n such that 0 = 6 ... For

6; ) . (r)”
player i, her rank is r
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Bradley-Terry-Luce (BTL) Model

J
6;
’ 0 ® n players

e A skill parameter vector 6* € R™.
€  rorplayeri, her skillis 6

; e Rank vector r*: a permutation of
0" 1,...,nsuch that 7 = 6 .,. For
l player ¢, her rank is r;
Skills 8* Sorted Skills
o Sort
0; 63 :>
LT s [ 11
1 2 3 . n 1 n . 2 3
® 000000 POOGOGB OOO
1 2 3 4 .. n
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Bradley-Terry-Luce (BTL) Model

P(i beats j) o exp (6F)
P(j beats ) oc exp(67)
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Bradley-Terry-Luce (BTL) Model

P(i beats j) o exp (6F)
P(j beats ) oc exp(67)

P(i beats j) = oxp (6;)

exp (6;) +exp(67)
= (07 —05)

where ¢ (z) =

T

_e
e’t+1
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Bradley-Terry-Luce (BTL) Model

P(i beats j) o exp (6F)

‘ Qe P(j beats ) oc exp(67)
0 o

\
SN é/ , , exp (67)
> P(i beats j) = !
; @/ ‘ ~ ( 7) exp (6;) +exp(67)
RN = (0 — 0%)
where ¢(z) = &

® Missing Data: comparison graph A;; i Ber(p)

e [ outcomes for each observed pair (i, j):

yl_]l’A i — =1 Zzzjd Ber (1/}(0:( - 0;))
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Existing Literature

Focuses on the estimation of 6*:

16— 671, 116 — 6"l

[t remains unclear

¢ Uncertainty quantification for 6*

» Entrywise distribution of 6?
» Confidence interval and hypothesis testing for 6;?

» Confidence interval and hypothesis testing for r}?

® Recovery of r*?
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Existing Literature

Focuses on the estimation of §*:

16— 6711, 116 — 6"l

[t remains unclear

¢ Uncertainty quantification for 6* Focus of this talk

> Entrywise distribution of 62
» Confidence interval and hypothesis testing for ;7

» Confidence interval and hypothesis testing for r}?

® Recovery of r*?
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Uncertainty Quantification for MLE



Maximum Likelihood Estimator

win ratio

. _ L B & D o M
Step 1: Compute g;; = % D1 Yiit ; \S Vi 0 fq
Step 2: Obtain the negative log-likelihood function

_ 1
= 3 (1300 5 gy + 0 - Bodow T )

1,5:1<]

Step 3: Find the MLE 6 by convex optimization

0= argmin £(0)
eR™:1 0=0

Identifiability: 6 is identifiable up to a global shift a € R, i.e., £(0) = £(0 + al,,)
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Existing Results

The skill parameter 6* is assumed to satisfy
e Dynamic range:

maxd; —min6; < k= 0O(1)
i€[n] i€[n]

o Identifiability: 1] 6* = 0

Proposition (CFMW19, CGZ20)
Assume , then w.h.p.,

logn

A 1 A
—0*’<— and |0 —0%% <

is necessary as otherwise the comparison graph
A ~ G(n,p) is disconnected.
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Existing Results

Proposition (CFMW19, CGZ20)
Assume np — logn, then w.h.p.,

. 1 - logn
0—0%? < — d |0 —6%% < —
| [ oz | [ npL

np = logn is necessary as otherwise the comparison graph
A ~ G(n,p) is disconnected.

J
If np < log n: ‘ O 6;

\
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Entrywise Distribution

200-

Frequency

[&)]
o
'

-

a

o
'

-

o

o
'

Player 1 ‘

0,*-0.4

61%

6, ~?
SD: 0.15 4
-3

O

[¢]

3

28

g
-1
. -0

0,%+0.4

Histogram of 6, from 100 independent datasets generated from 6*
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Existing Results

Proposition (SY99, HYTC20)
Assume , then for any fixed k > 1,

(01— 07,00 — 05)T 5 Nw(0,5)

Questions:
® \Weaker assumption on p?
¢ Non-asymptotic results?
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Our Result: Non-asymptotic Expansion

Theorem

3

Assume np > (logn)>, then for any i € [n),

Zj:j;ﬁi Ay (gij — (07 — 9;))

> i A (07 — 07)

Here ¢, € R such that [ell, = o(1), [n]l.. = o (

1
v np

+ 1.

) w.h.p..

/43



Our Result: Non-asymptotic Expansion

Theorem
Assume np > (log 11)%, then for any i € [n],

Zj:j;éi Ay (gij — (0] — 9*))

0;— 0 =(1+¢
S A )

+ i

Here e,n € R™ such that ||e| , = \\nH = o

)Whp..

1
vnpL

the main error term =<
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Our Result: Non-asymptotic Expansion

Theorem

Assume np > (log n)%, then for any i € [n],

Zj:j;éi Ay (gij — (0] — 9*))
2 i A (67 = 65)

0;—0F = (1+¢)

Here e,n € R™ such that ||e| , = \\UH = o

+ i

)Whp..

the main error term = —2

O’ "
® -
e M) win ratio ;
-0 00
R ) 4 @ ) %
- 7. — * *
@_’_T ’ Eyz] = ¢(91 - 9]-)
----- >

i on ﬁ Val’(:ljij) = L_lw’((gj —

07)
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Our Result: Non-asymptotic Expansion

Theorem

Assume , then for any i € [n],

Zj:j;éi Aij (gij — (6] — 9;))

0; — 07 = (1+¢) P +ni
E]’:j;&i Aij@bl(ei - 9]')
Here ¢,n € R" such that ||e||, = o(1), ]|, = o (\/;ﬁ) w.h.p

Remarks:
e Uniform, Explicit
¢ Near optimal assumption on
e No assumption on L (we canlet L = 1)
e Immediately imply bounds on ||§ — 6*|2, ||§ — 6*||2,, and the

asymptotic normality
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Consequence |: /s, £, bounds

Our result

D Aig (g — (0 = 07)) 1
Zj:j;éi Ay (07 — 9;) vnpL

91—9:%

It explains why

n

i 12=S" _gr2< L

logn

*(12 _ 2<
16 — 6%, max|9 07| L

19/43



Consequence II: Asymptotic Normality

Zj:j;ﬁi Aij (’yij —Y(07 - 9;)) .
2 i Aig' (07 = 07) )

0;—0F = (1+¢)

20/43



Consequence II: Asymptotic Normality

N 1
0; —6F = (1+€2) N 0, " " + ;.
' ( LEj:j;éi Aiﬂ/’/(ei - 9j)>
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Consequence lI: Asymptotic Normality

) 1
e ( LY jijr Aig¥'(0F = 9]-)) J

LY Ay (07 —07) (6 — 07) % N(0,1).

Ji
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Consequence lI: Asymptotic Normality

1
07 * * +772
L Zj:j;éi Aijd’/(ei - 9j)>

0; — 07 = (1+¢) N(

LS A6y —67) (6 — 67) 5 N(0,1)
JijFi

Corollary

Assume np > (log 11)3, then for any fixed k > 1,

. . T 4
(P1(O)(OL = 6D).. . k(0 O = 6) ) 5 Ni(0. 1),

where p;(6%) = ¢LZ”# A/ (07 — 07).
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Consequence lI: Asymptotic Normality

. 1
( ) ( LZj:j;éi Aijd’/(ei - 9j)>

LS A6y —67) (6 — 67) 5 N(0,1).
JijFi

Corollary

Assume np > (log n)%, then for any fixed k > 1,

A A Al A T 4
(PO Or =D, O)B—07)) 5 N0, 1),

where pi(0) = \/L S 54 Aigt! (0: — ).
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Application I: CI/HT for Skills 6*

@ -0

e Clfor 7 — 0

 HTforHo: 6; =65, Hi:0 #6;

pi(0)(0; — 07)\ a
<pj<é><éj - 9;)) M0, 5)
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Application II;: Cl for Rank r*
Statistical inference for the rank of a player of interest

e 17 is the order of 67 in 6*

e Point estimation: #; is the order of &, in &

Estimated Skills

Players

22/43



Application lI; Cl for Rank r*

What about constructing an (1 — «) Cl for r}?

N

3/43



Application lI; Cl for Rank r*

What about constructing an (1 — «) Cl for r}?

< Clogn

e Use the /4, result from existing literature: ||6 — 6* |2, < pl

N
w



Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r}?

* Use the (s, result from existing literature: [|6 — 0*(|%, < <29"
Estimated Skills Clogn o Clogn
0; + an npL
éz I
I An}
] f
Players
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Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r}?
e Use the /o result from existing literature: || — 6% |2, < €logn

— npL

Estimated Skills Clogn b+ Clogn
0; = ol 7= npL

2 ; /

o0

A ; On
0; .
;

Players
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Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r}?

* Use the (s, result from existing literature: (|6 — 6*(|%, < <9"
Estimatled- Skils-----~ ) R Clogn 6 + Clogn
i 0; £ J npL
1 R : 3 npl , P
: 92 ! H ."
M A i !
"""""" 93{ v ',"
A i b,
o;
AT T Y G%E{
e |
1 nz:
S —— Players
()
@00 o0 o
1 2 3 i j n

Cl: [n1 +1,n — na]
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Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r}?

* Use the (s, result from existing literature: (|6 — 6*(|%, < <9"
Estimated Skills-----~ N - Clogn
| i 6 £ cloen b+ npL
! ~ H npL '
1 92 ! H ."
! HEA ; i
"""""" 93{ v H
. ; bn
0;
AT T . 9}1
| b |
1 nz:
S —— Players

Cl: [n1 +1,n — na]

very conservative!!
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Application lI; Cl for Rank r*

What about constructing an (1 — «) Cl for r}?
e Use our new result
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Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r}?
® Use our new result

Estimated Skills

6,° 0; + z1_ap2 pi ()

Players
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Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r;?
® Use our new result

Estimated Skills

6,° 6, + Z1-af2 pit(®

Players
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Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r;?
® Use our new result

Estimated Skills
6, + Z1-af2 pit(®

éb
Fed
jm
=
-
4-.____“_“_~
>
3

Players
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Application II: Cl for Rank r*

What about constructing an (1 — «) Cl for r}?
® Use our new result

Estimated Skills

9"21 6; + Zl—a/:z pit(@®) !

SR B A

6,%

Players
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Application II: Cl for Rank r*

What about constructing an (1 — «) ClI for r}?
® Use our new result

Estimated Skills------------ N
|

6; + \/2logn p;*(6)

0; + 21_q/2 pi*(0)

| o .
S — tl,z' Players
1 2 3 i j n
Cl: [n} + 1,n — nf)] P(rreni+1l,n—mnh)~1—«
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Intuition

éz’ -0 =~ Zj:j#i Aij (gzg - ’QZ)(H;* _ 0;))
Z > i AV (0F — 07)

Intuition for the main error term?
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Intuition

Our result revisit

G, _ gt o Ziiii A (i — v (0 — 07))

’ Zj:jyéi Aij?/)/(ef - 6’;)

Intuition for the main error term?

The global likelihood function 0 = argmin, £(6)

1,7:11<j

_ 1 U, !
(0= 3 A (350 5+ 0 =00 o9 T35

25/43



Intuition

Our result revisit

b ot a D i Aij (Fig — (07 —07))
’ Zj:jyéi Aij?/)/(ef - 9;)

Intuition for the main error term?

The global likelihood function 0 = argmin, £(6)

(o) = ”zzzj Aij <yij log M + (1 — ;) log 1_w(;_9])>
The local likelihood function 0; = argming, £(6;;0_;)

i(0i50—;) = ]%;Z Aij (yij log M + (1 — ;) log M)

25/43



Intuition

0; = argming, £(6;;0_;) where

A~ 1 1
iU 0-) = Aij | 9ijlog ———— — )08 Ty
000 = Y J(yjogzz)(e.—ej)“l y])ogl—wwi—@j))

Jii i

>
<

>
S-*

26/43



Intuition

~ A~

0; = argming, £(6;;0_;) where
0i(0330-) = Z Aij | i log ; + (1 = i) log ;
¥(0; L—(0; = 0;)

jij (0 — 05)

£6(07505) + 0053061 — 0) + S€(65:0-) (0, — 67)°

26/43



Intuition

. . . . 1 .
4y argrin (&-(9:; 0-0) + 605306 — 67) + 5 L1(67:0:) (6 - e;>2)

_ g eg(e;;ei_i) oy Zj;j;éi Agj (Z?ij —P(0F — éj))
G075 0-4) Zj:j;éi Ay (07 — 0;)
~ 0 1 Zj:j;éi Aij (gij - 71’(‘9; - ‘9;))

2 A (07 = 07)

R R 1 R
€i(6750-3) + €075 0-3)(0: — 07) + S £/(07;0-4) (0: — 67)° A
2 £:(0:50 ;)
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Intuition

. . . . 1 .
4y argrin (&-(9:; 0-0) + 605306 — 67) + 5 L1(67:0:) (6 - e;>2)

_ g eg(e;;ei_i) oy Zj;j;éi Agj (Z?ij —P(0F — éj))
G075 0-4) Zj:j;éi Ay (07 — 0;)
~ 0% 1 Zj:j;éi Aij (gij - 71’(‘9; - ‘9;))

e i (07 = 07)

R R 1 R
€i(6750-3) + €075 0-3)(0: — 07) + S £/(07;0-4) (0: — 67)° A
2 £:(0:50 ;)
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Uncertainty Quantification for
Spectral Method



Spectral Method

(Rank Centrality Algorithm [NW12, NOS17])

Step 1: Construct the Markov transition matrix

P L A5, i
17 — _ . .
’ 1 - 521# Aal, 1=17

Step 2: Find the stationary distribution #

Step 3: Obtain the spectral estimator 6 by

- 1<
Hi=|O Ai—* log 7
gm n§ g7

J=1

29/43



Spectral Method

(Rank Centrality Algorithm [NW12, NOS17])

Why spectral method works?
Population version:

dAi (05 = 07), i F ]

M;j = E(P;|A) = o
! ! {1_3121751&@(91*—93)’ =7

T
= [ _oel) exp(0;)
Sexp(07) T 3 exp(6))

® Easy to check 7* is the stationary distribution of M
® 0¥ =log(n}) up to a global shift

30/43



Spectral Method

(Rank Centrality Algorithm [NW12, NOS17])

Step 1: Construct the Markov transition matrix
P, = 5 AijTjis LF
1= 33 Aa, 0=

Step 2: Find the stationary distribution 7
Step 3: Obtain the spectral estimator 8 by

- 1 &

i = log i~ Zl log 7;

j:

Identifiability: 1,76 = 0

31/43



Existing Results for The Spectral Method

Proposition (NOS17, CFMW19)
Assume np = logn, then w.h.p.,

logn

- 1 -
0—0%> < — d |6 —6%>% <
| | S oL and || o0 S pL

32/43



Entrywise Distribution of The Spectral Method

Player 1 ‘ 6, ~?

200- SD: 0.22 -4
% 150~ 3
:
3 100 20
@ <
L

50- 1
0 -0

0,204  0;%  0,*+0.4

Histogram of #; from 100 independent datasets generated from 6*
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Our Result for The Spectral Method

Theorem
Assume np > (log n)%, then for any i € [n],

Zj;j;ﬁi Az‘j(eer + 60;)(@1‘]‘ —P(0; — 6;))

0; —0F = (1+¢ .
1 ( +6) 69"? 'ij?éz ijw(e*_ *)

vnpL

Here €7 € R™ such that ||€|| , = \\nH = u

+1

7.

)Whp.

the main error term = ﬁ
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Our Result for The Spectral Method

Theorem

Assume np > (log /z)%, then for any i € [n],

Zj;j;gi Aq‘,j(eer + 69;)(@1’]‘ —P(0; — 6;))

0; —0F = (1+¢ .
1 ( +6) 69"7 'Zgg;ﬁz ijw(g*_ *)

)Whp

vnpL

Here €7 € R™ such that ||€|| , = \\nH = u

+1

7.

v

the main error term = ﬁ

e Recall: the main error term of the MLE

Zj:jyﬁz’ Aij (gm - 1/1(91* - 9;))
Zj:j;éi Aiﬂ/’/(af - ‘9;)

34/43



Asymptotic Normality of The Spectral Method

Corollary

3
3

Assume np > (logn)=, then for any fixed k > 1,

. i - 5 T 4q
(P1(E)(B1 = 6D). 0 (0) B = 6) ) 5 N30, 1),

2
x 0% * *
(Zj:j;ﬁi Ay (e +eT ) (07 *91’))

x 0% * * !
i Aug (€7 € 9) 2! (07 —07)

where p;(0*) = J L-

35/43



Asymptotic Normality of The Spectral Method

Corollary

Assume np > (log /1,‘)3, then for any fixed k > 1,

N <N T 4q
(P@)Or = 8.5 O)B—6)) 5 N0, 1),

- 2

3 A (i+e%0) 240 (0,-0,)

where j;(0) = \l L-

35/43



MLE vs. Spectral Method



Asymptotic Entrywise Variances

200 SD: 0.15 4 200 SD: 0.22 -4
150~ 3 7150~ 3
§ § 5 g
& 100~ 22 3100 28,
fra < k g

50 1 50 1
0 i ; 7 -0 0 ! , : 0
8:*-04  6;* 0,"+04 0,*-04 0% 0;*+0.4
Histogram of #; from 100 Histogram of #; from 100
datasets generated from 6* datasets generated from 6*

pi(07)(0; — 07) B N(©0,1)  F(07)(6 — 07) S N(0, 1)

Cauchy-Schwarz yields

pi(0%) < pi(07)



Asymptotic Entrywise Variances

200- SD: 0.15 -4 200- SD: 0.22 -4
2 150~ -3 > 150- 3
5 & 5 g
& 100- 22 2100 23,
o < o Z
w w
50- -1 50- -1
0- | | T -0 0- | I I -0
0,*-04 0, 0,*+0.4 0:*-04 0%  0;*+04
Histogram of #; from 100 Histogram of #; from 100
datasets generated from 6* datasets generated from 6*

pi(0%) < pi(07)

Conclusion 1
The MLE has a smaller entrywise asymptotic variance than the
spectral method.




Exact Constants in ¢, Estimation

Proposition (NOS17, CFMW19, CGZ20)
Assume , then w.h.p.,

MLE: |6 —6*|> < —

Spectral: |6 — 6*||> <

1
pL
1

pL

. ﬁ is the optimal rate for the /5 estimation
e Both methods are rate-optimal

38/43



Exact Constants in ¢, Estimation

Theorem
Assume np > logn, then w.h.p.,

. A_*2_1+0(1).n 1(p* _ p* -1
MLE: -0 =+ ;(k%iw(el o))

=1

Spectral:

1607 = -

+0(1) . Zn: Z]—:j#i(eef + 69;)21#/(9:'6 — 0;)
pL

* * 2
(Sl 07 - 05)
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Exact Constants in ¢, Estimation

Theorem
Assume np > logn, then w.h.p.,

. A_*2_1+0(1).n 1(p* _ p* -1
MLE: |6 = = ;(k%iw(ez o))

=1

Spectral:

~ 1
16— 6% =

+o(l) Zn: S jei(€% 4 €72 (07 — 07)
p 2
b5 (Zj:j;éi(ee; + )y (07 — 9‘;%))

e Sharp constants with both upper and lower bounds
e MLE is better with a smaller constant

39/43



Exact Constants in ¢, Estimation

Q: Is the MLE optimal?
A: Yes, it achieves the exact asymptotic minimax error.

Theorem

n

. - 1+0(1) , —1
inf sup Eql|d — 0| > : V(07 — 07
o Sup Eolld —0] > =775 3 (2 0; ~03))

40/43



Exact Constants in ¢, Estimation

Q: Is the MLE optimal?
A: Yes, it achieves the exact asymptotic minimax error.

Theorem

n

inf sup Egld— o2 > 2o (Zw’(éf—@*))*l

0 0eB(6%) pL i

Conclusion 2
The MLE is optimal in £» estimation; the spectral method is
sub-optimal with a worse constant.

40/43



Intuition for The Spectral Method

Zj:j;ﬁi Aij (717 + W;)(gl] - ¢(9f B 9;))
T Zj:j;éi Aiﬂb(e; - 07)

Intuition for the main error term?
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Summary: Uncertainty Quantification in BTL Model
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‘ O ® Non-asymptotic expansion for the MLE
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