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Spectral Clustering



Clustering
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Exoplanets: Orbital Period vs. Radius

Data Source: NASA Exoplanet Archive (https.//exoplanetarchive.ipac.caltech.edu)



Clustering

e Data matrix: X = (X1, Xs,...,X,) € RP*"
e Perform clustering methods on {X;};", (i.e., k-means)
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Clustering
* \When the dimension p is large, clustering directly on
{X;}, € RP is computationally expensive.

e Natural idea: dimension reduction.

Rsmall xn

X e RPx?

e Spectral Clustering: Spectral Decomposition + Clustering
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Spectral Clustering

Input: Data matrix X € RP*™, number of clusters k
1. Perform SVD on X to have X = >0 | Nu;v].

X

X e RP» U € RP*®

A € RPXP

X

VT € RPX™
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Spectral Clustering

Input: Data matrix X € RP*™, number of clusters k
. Perform SVD on X to have X = Y2 | Ajuv].

X € Rp*» U € Rr*P A € RPXP vT ¢ RPX®

2. Let Ay =diag{\1,...,\x} € RF** and Vj, = (v1,..., 1)
€ Rk, Define X'V = A, V[T € Rb>m.

S = xR

Xlow _ Ak‘/k;T c Ran Ak € RFxk Vk’:r € Rkxn
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Spectral Clustering

Input: Data matrix X € RP*™, number of clusters k
. Perform SVD on X to have X = Y2 | Ajuv].

X € Rpxn U e RpXP A€ RP*P VT € RPX™

2. Let Ay =diag{\1,...,\x} € RF** and Vj, = (v1,..., 1)
€ Rk, Define X'V = A, V[T € Rb>m.

S = xR

Xlow _ Ak‘/kT c Ran Ak € R"’Xk Vk’:r c kan

3. Apply k-means on columns of X'V,
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Spectral Clustering

Input: Data matrix X € RP*™, number of clusters &
1. Perform SVD on X to have X = P Ajuvl.

di-ll
- X X

X <] Rpxn U =] RPXP AG Rpxp VT c Rpxn

2. Let Ay = diag{\1,..., \} € R®Fand Vi, = (v1,...,vp)
€ Rk, Define X' = A,V € RF>n,

S = . x [

XlOW — AkaT c Rk:xn Ak c RFxE V];T € Rkxn

Remark: Singular vectors are weighted as they are not

equally important.
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Equivalent Representation

Input: Data matrix X € RP*™, number of clusters k
. Perform SVD on X to have X = >"F_| Njuv]

X € Rpxn U e Rp*P AE RPxP VT € RPX™
2. Let Uy = (u1,...,ux) € RV Then X'V = UF X € RF*",
e

Ule RF*"

XlOW _ Ug"X c kan

X [ Rpxn

3. Apply k-means on columns {UF X;} | € R*.
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Projection

X, eRF 5 UF'X; e RF
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Projection

X; €RP —» UTX; € R

o
08 o
0.0 5
%oooo

[ e

X, eR?
o /—>
(&

10/41



Projection

X, eRF 5 UF'X; e RF
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Spectral Clustering

Input: Data matrix X € RP*™, number of clusters k

1. Perform SVD on X to have X = YF_| Ajuv].
2. Let Uy = (uq,...,u;) € R¥*F,

T'X, e RF
S 50X X/Uk i
K5

3. Apply k-means on {U X;}7 ;.
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Spectral Clustering

¢ s computationally appealing
e often has remarkably good performance
® has been widely used in various problems

Single Cell Analysis Networks

Q: Why does spectral clustering work?
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Existing Results



Mixture Models

o X =(Xy,...,X,) e Rpxn

® kcenters 07,...,0; € RP

® 2* € [k]™: underlying true cluster assignment vector
® The observations {X; };c|, are generated as follows:

X’i = 9;: + €5,

where {¢; },_, are noises.
Goal: Recover the cluster assignment z*
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Mixture Models

Foreachi e [n], X; = 0% + ¢

Matrix Form / Low-rank Structure:

X =(X1,...,X»n)
:(H:I,...,ejz) + (€1,---,€n)
=: ©" (signal matrix) + F (noise matrix)

where ©* € RP*" is rank-k as it has k unique columns.
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Mixture Models

® Loss {(z,z*): the proportion of data points misclustered,
considering all label permutations:

16/41



Mixture Models

Signal Strength A: the minimum distance among centers:

A= min |65—06f].
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Assumptions

For simplicity, in this talk we assume:
e The number of clusters k = O(1)
® The cluster sizes are all in the same order
® The dimensionp < n

18
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Polynomial Error Rate

Recall the noise matrix E = (€1, €2, ..., €,).
Proposition
We have
- 12|
E(z,z)SCnAQ.

Remarks:
e Deterministic result. No assumption on the distribution of the
noises {¢;}.
* No spectral gap condition on the signal matrix ©*.
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Polynomial Error Rate

Proposition
We have

E2
B

02,27 < OO =5

Consequence: For isotropic Gaussian mixtures where
e 4 N(0,021,), then whp.

02,2 <.

2 . . .
A7 signal-to-noise ratio
g
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Polynomial Error Rate

Consequence: For isotropic Gaussian mixtures where
e 4 N(0,021,), then whp.
0(2,27) < CF.

Minimax Rate for Clustering: If we consider all possible clustering
methods, how small the clustering error can be?

exp <_(1 +o)t A2>

8 o2
In literature, spectral clustering is often used as an initialization for
sophisticated algorithms to achieve the minimax rate.

Puzzling: But numerically such improvement is often marginal.

Q: Can we obtain a sharp upper bound for spectral clustering?
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A Novel Singular Subspace
Perturbation Bound



Classical Perturbation Theory

Two matrices M,Y € RP*™ where Y is a perturbation of M:
Y=M+E.

SVD:

M = Z O'jUjU]T andY = Z (3']‘@]'17]11,
Jj€lpAn] j€lpAn]

where o1 > ... > oppp @nd 61 > ... > Gpan.

Left Singular Subspaces:

U, = (u1,...,u,) and Urz(al,...,ar).
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Classical Perturbation Theory

By Wedin’s Theorem: if o, — 0,41 > 2||(I — U,U}) E|| ., then

- 2V/2||(I — U, UNE
Opr — Opr41

However, this bound is tight in the worst case and sub-optimal in
many settings.
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Leave-one-column-out Perturbation

Consider

M = (Yl,YQ, - ,Ynfl,O) andY = (Yl,Yé, . ,Ynfl,Yn).
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Leave-one-column-out Perturbation

Consider

M = (Yl,}/g, - ,Yn_l,O) andY = (Yl,YQ, - aYn—laYn)-

Wedin's Theorem: if o, — o1 > 2 ||(I — U, UT) Y ||, then
2v2||(I = U.UNY,||

Opr — Opr41

00" — U UL || <

Y

| - UUDY|
span(Uy)
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Leave-one-column-out Perturbation

Consider
M = (Yl,YQ, . ,Yn_l,O) andY = (Yl,}/é, . 7Yn—1aYn)-
Wedin’s Theorem: if o, — 0,41 > 2 ||(I — U,U) Y, ||, then

2v2||(I = U,UNY,||

Opr — Opr41

10,0} = U0 e <

Theorem (Z., Zhou. 2022)
If o — o1 > 2||(I = U,UF) Yy, then

WA U],

Or — Opr41

|0, 0F — U UL || <

27/41



Leave-one-column-out Perturbation

Consider
M = (Yl,Yé, . ,Ynfl,O) andY = (Yl,Yé, A ,Ynfl,Yn).
Wedin's Theorem: if o, — o1 > 2 ||(I — U, UT) Y ||, then

2V2||(I = U, UD)Ya||

Opr — Opr41

100" — U UL ||r <

Corollary
If o — 01 > 2||(1 = U,UL)Y,]|, then

22 - UUT Y| 2]V

Or — Or41 Or

10,08 — U UL || <
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Leave-one-column-out Perturbation

Corollary
If o, — 0vi1 > 2||(I = U,UF) Yy, then

22| - GUDY| 2|00 Y

10,0 = U U] | <

Or — Opr+1 Or

(7 =T UNY.
span(Uy)

/

PR

Remark: Its a deterministic result.
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Spectral Clustering Revisit



Sub-Gaussian Mixtures

Theorem (Z., Zhou. 2022)
Assume ¢; ~ SG,(0?) independently and

the kth largest singular value of the signal matrix ©* is > C'v/no.

With high probability we have

0(2,2") < exp (—(1 —o(1)) A" ) .

802
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Entrywise Error Analysis

Consider X; such that =7 = 1. Is X; mis-clustered in the spectral
clustering?

05 *
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I{X; is mis-clustered} <1 {(1 - 0(1))% < HUEEZH}
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Entrywise Error Analysis

Consider X; such that =7 = 1. Is X; mis-clustered in the spectral
clustering?

05 0;
oo/
%O Xi=0i+te
@) O"@*@_A e
%@Ooo ~~~~~~~~~ °e
~Q 0 o o o
~~~~~~~~~~ 230 ®
span(Uy) ~ A 80 e .7~
Ui 03
UgX2=UEQI +Ug€i
Uy 6}

I{X; is mis-clustered} <1 {(1 — 0(1))% < HUEEZH}
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Entrywise Error Analysis

Since X; = 6. + €;, we have UL X; = UL'0%. + Ul'e;. We can
show

I{X; is mis-clustered} <1 {(1 — 0(1))% < HUkTezH}

_ 11{(1 o) < HUkU,ZqH}.

Need to decouple the dependence between UkUkT and ¢;. Recall
X = (Xy,...,X,). Define its leave-ith-column-out counterpart

X_; = (Xl, R ,Xi_l,O,Xi—l-l, SRR Xﬂ)

andlet Uy, _; = (u1,—, - .., ug,—;) be its leading k left singular
subspace.

A
<1 {(1 —o()5 < [V UF e + /(U ~ U U7 eiu}.
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Entrywise Error Analysis

When ¢; ¢ SGy(0?), under the aforementioned singular gap
condition, using our novel perturbation bound, we have

H(UkUkT - Uk,—iUkT,fi) E’LH < |UUF - Ukv—iU’Z:*iHFHEi”
< oA+ || Uk Ui e
Then

I{X; is mis-clustered}

A
<I {<1 (1) < Ukl + | (WUF — Vs VL) eiu}

A
<I {(1 — 0(1))5 < HUszszEzH}
We have

P ((1 - 0(1))% < HU,{,JUA,,T,_MH) <exp (—(1 —o(1)) a° ) :

802
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Sub-Gaussian Mixtures

Theorem (Z., Zhou. 2022)
Assume ¢; ¢ SG,(02) and
the kth largest singular value of the signal matrix ©* is > C'v/no.

With high probability we have

0(z,2") < exp (—(1 —o(1)) A" ) .

802

Q: Can we get rid of the spectral gap condition?
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Spectral Clustering w. Adaptive Dimension Reduction

ldea: Use r < k singular subspace U, € RP*" instead of
Ui € RP*k,

Input: Data matrix X € RP*™, number of clusters k

1. Perform SVD on X to have X = Y2 | Ajuv].
2. Choose r =max{j <k:\j—\j11 > py/no}.
3. LetU, = (uy, ..., uy) € R?*7,

Y _UTXie®
SR

5

4. Apply k-means on {UF X;}7,.
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Adaptive Dimension Reduction

7‘=maX{j§kZ)\j—)\j+12p\/ﬁU}

A9

AJT 1™ 1,

j j+1 e k
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Adaptive Dimension Reduction

7‘=maX{j§kZ)\j—)\j+12p\/ﬁU}

A1

Ay ]
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Adaptive Dimension Reduction

T:maX{jSk:)\j—)\j_HZp\/ﬁU}

4
11 p ry
1
1
A9
[ ] A
A;
’ ?11—1141
1
¥
/‘I-j|-1 "‘
| 1%
1 2 w0 j |j o Kk -
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Adaptive Dimension Reduction

r:max{jgk:)\j—)\jH Zp\/ﬁ(]}

A

A2

In this way, the spectral gap A, — A1 is large and A,41 is small.
Hence, we can guarantee uq, . .., u, are all important and
Upt1, Urt2, . . . are all less important.
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Spectral Clustering w. Adaptive Dimension Reduction

Idea: Use r < k singular subspace U, € RP*" instead of
U, € RP*k,

Theorem (Z., Zhou. 2022)
Assume ¢; SG,(0?). With high probability we have

e <o (~(1- o) 5 ).

if we select the reduced dimension r adaptively. )
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Special Case: Isotropic Gaussian Mixtures

Theorem (Z., Zhou. 2022)
Assume €; “ (0, 021,). With high probability we have

802

0(2,2") < exp (—(1 —o(1)) A* > .

Remarks:
e Spectral clustering is optimal under the isotropic Gaussian

mixture model as it achieve the minimax rate for clustering:

exp (—(1 + 0(1))8A022>

¢ No spectral gap condition on ©*.
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¢ |eave-one-out singular
subspace perturbation

e Spectral clustering for
sub-Gaussian mixtures

Anderson Y Zhang and Harrison H Zhou. Leave-one-out singular subspace
perturbation analysis for spectral clustering.

arXiv preprint arXiv:2205.14855, 2022

Thank You
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