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Network analysis has become one of the most active research areas over the past few years.
A core problem in network analysis is community detection. In this thesis, we investigate
it under Stochastic Block Model and Degree-corrected Block Model from three different
perspectives: 1) the minimax rates of community detection problem, 2) rate-optimal and
computationally feasible algorithms, and 3) computational and theoretical guarantees of

variational inference for community detection.
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Chapter 1

Introduction

Network science [15, 36, 40, 49] has become one of the most active research areas over the
past few years. It has applications in many disciplines, for example, physics [41], sociology
[51], biology [6], and Internet [4]. The observed networks can often be modeled as an
instance of a random graph and the goal is to infer structures of the underlying generating
process. A structure of particular interest is community: there is a partition of the graph
nodes in some suitable sense so that each node belongs to a community. The so-called
community detection is to recover such community structure from the observed networks.
For the purpose of illustration, we use a well-known example of political blogosphere
dataset [2] collected before 2014 United State presidential election. Blogs are labeled demo-
cratic or republican according to there political views. Two blogs are connected if there
exists a hyperlink between them. The right panel of Figure 1.1 shows that there exist far
more connections within the democratic blogosphere and the republican blogosphere while
the connections between these two are fewer. The aim of community detection is to infer
the community structure from the adjacency matrix (e.g., the middle panel of Figure 1.1),
as usually there is no additional covariate information and the nodes are arbitrarily ordered.
This thesis covers different aspects of the community detection problem, including mod-

els, fundamental limits, methodology, and variational inference, as follows.

e Models. One of the most important open problems in community detection is about

modeling. Stochastic Block Model (SBM) [29] has been the most popular and most



Figure 1.1: Visualizations of political blogosphere dataset [2]. Left: connections among
blogs, which are colored blue (democratic) or red (republican) according to their political
views. Middle: adjacency matrix where nodes are randomly ordered. Right: adjacency
matrix where nodes are ordered by their political views. The edges within democratic
blogosphere are colored blue while those within republican blogosphere are colored red.

well-investigated model in literature. It embeds communities on Erdés-Rényi graphs.
It captures the community structure in a straightforward and intuitive way, and is
simple enough to derive decent and beautiful theoretical results. This makes the
SBM appealing to computer scientists, mathematicians, and statisticians. As a con-
sequence, we mainly study the SBM in this thesis. We introduce the SBM in detail
in Chapter 2, with further theoretical investigations presented in Chapters 3, 4, and
5. In addition, we extend all the results to a more general model, Degree-corrected

Block Model (DCBM) [14, 33], in Chapter 6.

e Fundamental Limits. From a decision-theoretical point of view, once a model
(SBM) is provided, the follow-up step is to derive minimax rates. In Chapter 3, we
will show minimax rates of misclassification proportion takes an exponential form of
signal-to-noise ratio, under minimum assumptions of parameters. On top of that, it
immediately leads to various phase transitions and tight thresholds established in the

literature [1, 10, 38].

e Methodology. Many methods have been implemented in practice for community
detection problem, with spectral clustering, modularity, semi-definite programming
being the most popular choices. In a general sense, there are two desired proper-

ties of an algorithm: 1) computability: whether it is a polynomial-time algorithm or



not; 2) optimality: whether it has provable theoretical guarantee that matches with
minimax rate. Despite their popularity, none of the aforementioned methods satisfy
both properties. In Chapter 4, we propose a novel two-stage algorithm that is both
computationally feasible and rate-optimal. Our methods work for both sparse and

dense networks.

e Variational Inference. Variational inference has been widely used to approximate
posterior distributions. Despite popularity, it has very little theoretical justification
established in the literature. In Chapter 5, we provide statistical and computational

guarantees of variational inference for the SBM.

This thesis incorporates main results from our papers [19, 20, 52, 53]. Roughly speaking,
there is a one-to-one correspondence between the chapters in this thesis and our papers:
Chapter 3 is for [52], Chapter 4 is for [19], Chapter 5 is for [20], and Chapter 6 is for [53].
However, in order to capture the main ideas and contributions of our work, we will make
some simplification to the the results in the aforementioned paper. In this way, we are able

to better present our result without being overwhelmed by technical details.



Chapter 2

Stochastic Block Model

The SBM, proposed by [29], is the most studied model in community detection. Consider an
n-node network with its adjacency matrix denoted by A. It is an unweighted and undirected
network without self-loops, with A € {0,1}"*", A = AT and A;; = 0,Vi € [n]. Each edge
is an independent Bernoulli random variable with EA; ; = P, ;,Vi < j. In the SBM, the
value of connectivity probability F;; depends on the communities the two endpoints ¢ and
J belong to. We assume P; ; = p if both nodes come from the same community and P; ; = ¢
otherwise. There are k communities in the network. We denote z € [k]", as the assignment
vector, with z; indicating the index of community the i-th node belongs to. Thus, the

connectivity probability matrix P can be written as
Pi,j = Bzi,ZJ’a (21)

where B € [0, 1]’”'€ with diagonal entries as p and off-diagonal entries as ¢. That is,
B = qlly + (p — ¢)Ik.
We consider a SBM with parameter space defined as follows,

Z(n,k,pB) 2 {z € [k]" : min |{i: 2z =u}| > PBn/k — 1}, (2.2)

u€(k]

where 5 > 1 to pose minimum community size. Here we allow 5 to be dependent on n. The

“—1” term is to avoid the extra constraint for the equal-community-size case when § = 1.



The goal is to estimate z from the observation A, with all the other parameters n, k, p, ¢, 8
known.

The existence and strength of community structure is determined by the difference
between p and gq. As we will show in later chapters, the signal-to-noise ratio essentially
takes the form (p — ¢q)?/(p + q). To have a community structure, p can be either greater or
smaller than gq. Nevertheless, in this thesis we restrict to the p > ¢ case, i.e., the within-
community probabilities are larger than the between-communities probabilities, as in reality
individuals from the same community are often more likely to be connected. However almost
identical results hold for the opposite case with p < ¢q. Throughout this thesis, we assume
co/n < q<p<1--cp, where 0 < ¢y < 1 can be any small constant, allowing the network

to be from very sparse to very dense.

Inhomogeneous Stochastic Block Model. The aforementioned SBM might be restric-
tive, as the within-community and cross-community connection probabilities are homoge-
neous, in the sense that they are either p,q. A slightly more general case is inhomogeneous
SBM, where we allow more flexibility in the B matrix.

In inhomogeneous SBM, we allow the diagonal entries of B (within-community connec-
tion probabilities) to be greater than p, and the off-diagonal entries of B (cross-community
connection probabilities) to be smaller than ¢. Its formal definition is given as follows, we
have P; j = B, .;,Vi < j same as homogeneous SBM, but with a larger parameter space

defined as
O(n, k, B,p,q) = {(z,B> min {3 5= ul| > fn/k — 1 By > p ¥ € K], and By < qVu # v} ,
ue

where we also assume p > q.

For simplicity, in this thesis, we study the community detection problem mainly under

the regular SBM Z(n, k, 3), with some extensions to the inhomogeneous SBM O (n, k, 5, p, q).



Chapter 3

Minimax Rates

We will establish minimax rates for SBM under the parameter space Z(n,k, ) defined
in Equation (2.2). But before that, we first introduce the concept of misclassification
proportion, which will be used as the loss function, and a key quantity I, which is the

signal-to-noise ratio.

Misclassification Proportion. There is an identifiability issue for any z € Z(n, k, 3),
as the labels 1,2,...,k are only identifiable up to a global shift. That is, z and p o z
give the same partition of the network, where p : [k] — [k] is any permutation over [k].

Consequently, for any z, 2’ € Z(n, k,3), we define their distance as
1 1 =
((7',z) = — mi "—z||, = — mi I D=2z 3.1
(2, 2) nmpmeoz zHO nmpm; {p(zz) zz}, (3.1)

where the minimization is over all the permutations on [k]. Note that ||z — y||, for arbitrary

vectors x,y is the same as their Hamming distance.

Signal-to-noise Ratio. We define a key quantity I as the Rényi divergence of order 1/2

between two Bernoulli distributions Ber(p) and Ber(q), which has an explicit formula as

1= -2log (Vpg+ (1T -p)(1-a)) (3.2)



To see that I can be interpreted as signal-to-noise ratio, by Proposition 4.1 we have I =

(1+0(1))(\/p — v/g)* which is equal to (p — ¢)?/(p + q) up to a constant, when p,q = o(1).

We present the minimax rates in Theorem 3.1 as follows.

Theorem 3.1. Under the assumption fnl/(klogk) — oo, there exists a sequence n = o(1)

that only depends on n,k,3,p,q, such that

exp (—(L+n)nl/2), k = 2;
min max [El(2,z) = (3.3)

t z€Z(nk.f) exp (—=(1+n)Bnl/k) k> 3.

Theorem 3.1 covers both dense and sparse networks. It holds for a wide range of possible
values of p and ¢ ranging from 1/n order to constant order. The number of communities k
is allowed to grow fast. It can be as large as in the order of n/logn when the connectivity
probability is nearly a constant order, in which each community contains an order of logn
nodes. In addition, for finite number of communities, Theorem 3.1 shows (p — ¢)?/p — oo
is a necessary and sufficient condition for consistent community detection, which implies
consistency results in [37, 39]. It also recovers the strong consistency results in [26, 38], in
which they additionally assume p =< (logn)/n.

The fundamental hardness of estimating z is essentially the same as estimating label of
one single node (say, z1), assuming the labels of all the remaining nodes (i.e., 22, 23, ..., 2,)
are known. Investigating this local testing problem is crucially important, as it not only
provides insights for the minimax rates, but late also inspires us algorithmically (see Chapter
4). After exploring this local problem in Section 3.1, we will obtain the lower bound of
Theorem 3.1 by using a novel global to local scheme in Section 3.2. The minimax upper
bound is obtained by maximum likelihood estimation (MLE), which will be provided in

Section 3.3.



3.1 Hypothesis Testing for One Single Node

Let m1, mo be arbitrary positive integers. Consider a network with m; + ms + 1 nodes
and two underlying communities. Assume we know the labels of the last m; + mgo nodes:
22y Zmy41 = 1 and Zm 42, -y Zmy+me+1 = 2. The task is to estimate z; which has two
possibilities zy = 1 or z; = 2. The only difference in the adjacency matrix A is the first
row. If z; = 1 then the first half of {A;;}/",F>"1 is Ber(p) and the second half is Ber(q);
otherwise, the first half is Ber(¢) and the second half is Ber(p).

The aforementioned testing problem can be formulated as follows. Let {X;};™, {Yi}/"3

be independent variables. We have the following two hypotheses.

iid mo did

Hy : {Xi}% ~ Ber(q), {Yi};iZ ~ Ber(p);

Hy : {X1 % Ber(p), {Vi}72 % Ber(q).

We have Lemma 3.1 to lower bound the summation of its Type I and Type II errors.
mi

Lemma 3.1. Let ¢ be any procedure based on {X;}; 2, {Yi}i"%. Define m = max{mi, ma}.

There exists a positive sequence 1 = o(1) and a positive constant ¢ such that

1 1 exp (—(1+mn)ml), if mI — oo;
m(gn <2PH0(¢ =1)+ §PH1(¢ = 0)) >

Proof. Define another hypothesis testing problem as

iid iid

Hy : {Xi}i2y ~ Ber(q),{Yi}{2, ~ Ber(p);
B id id
Hy {Xi}?ll < Ber(p), {Yz}?; ~ Ber(q),

with two equal-length vectors. We have

1 1 1 1
mgn <2PHO(¢ =1)+ §PH1(¢ = 0)) > m(;n <2PHO(¢ =1)+ inl(qﬁ = O))

Note that this is a Bayes risk with respect to a zero-one loss. Let qg be the optimal procedure,



than qg must be the mode of the posterior distribution. Since the prior is uniform, it
immediately implies that ¢ must be the likelihood ratio test. Note the likelihood function

under Hj is

m

fao =Je"0 - ]]p" (1 -p)' "
=1

i=1
= exp <§: <X log

=1

and similarly under Hj is

m m
Jrm, = exp <Z (Xilogl +log(1—p >—|—Z<Ylog

i=1

+log(1 — q)>>

As a consequence, qg can be written explicitly as

o=1{fm, > fa,}

1IN (10 P00 1) S (v 2P, L
_H{Z<Xlng(l—p) o8 >+Z<Y’1gp(1 0 T p)zo}.

=1

It can be further simplified into

= {ix i}gzo}. (3.4)

Define W = U — V where U ~ Ber(q),V ~ Ber(q) and U,V are independent. Let {W;}"
be i.i.d. copies of W. We have

m m

/1 1 1 1 o "
min <2]P>HO(¢: 1)+219>H1(¢:o)> > 5 Pa, <;X —;Y > o) + 5P, (;X—;Y < 0)
:IP’<ZW1-20>.
=1

The proof is complete by using Lemma 3.2 to lower bound the RHS of above inequality. W

The establishment of Lemma 3.2 mainly follows that of Cramer-Chernoff Theorem [48].

The general Cramer-Chernoff Theorem gives a lower bound for the tail probability that



the sum of random variables deviates from its mean. Usually it is for the case where these
random variables are from a distribution independent of the sample size. In our setting we

allow p and ¢ to depend on n. We refer readers to [52] for its detailed proof.

Lemma 3.2 (Lemma 5.2 of [52]). Assume {X;}", i Ber(q),{Y:}!", ud Ber(p) which are

independent of each other. If mI — oo, there ezists a sequence n = o(1) such that
m
P (Z(Xi ~Y;) > 0> > exp(—(1 4 n)ml).
i=1

In addition, if mI = O(1), then P (31", (X; — Y;) > 0) > ¢ for some constant ¢ > 0.

3.2 Minimax Lower Bound

The similarity of forms between Theorem 3.1 and Lemma 3.1 is hard not to notice. When
taking m = n/2 or fn/k, the lower bound in Lemma 3.1 matches with the minimax rate
in Theorem 3.1. Actually, as we will show in the section, the key to establish the minimax
lower bound is to follow a novel global to local scheme: reducing the global community
detection problem to a local hypothesis testing problem.

Dealing with ¢(Z, z) directly is difficult and intimidating, as £(-,-) involves with a min-
imization over all permutations, unless we are able to decoupling it into estimation errors

of individual nodes. We use Z short for Z(n, k, 3) defined in Equation (2.2) for simplicity.
Case k > 3. Let z* € Z be an arbitrary assignment vector, such that
fitzf =1} = i 2 = 2} = Bn/k — 1.

We fix a set T € [n] such that TN {i: 2z} = u}| = §6n/k% Vu € [k], where § = o(1) is some

sequence whose value will be specified later. We define a subspace of Z as follow

Zr={2€Z:z=2VieT}.

10



In this way, for any z,2’ € Z*, they differ at most |T'| = 6fn/k nodes, which implies that

1 1
0z,2) = - Hz - Z'HO = ZH{Zi = 2i}.

€T

So we have

1
inf sup E4(2, 2) > inf sup E(2,z) = inf sup ~E > {2 = z}.
Z 2eZ Z zezx 2 zezx M o

Since minimax risk is lower bounded by Bayes risk, we have

1
inf sup El(Z, z) > inf E» I{z =z}

Without loss of generality, suppose 1 € T. Due to symmetry, > . El{% = 2z} =
> ez EI{21 = 21} for all i € T. We have

T

infsupEl(Z,2) > inf El{z; =z
U BAG ) 2 Sy inf O Bl = =)
op
= " inf P (21 =Z1).
w2

Here we have the subscript P,(2; = z1) in P, to avoid confusion among different probability
measures. We partition Z* into disjoint subsets Z* = U¥_, Z* where Z} = {z € Z*|21 = u}.

Again due to symmetry, | 2| are equal to each other for all k € [k]. Then

inf Z P.(31 = z1).

)
2€ZTUZS

4
€2 2€Z}UZS

We are going to pair elements in Z] and ZJ so that each pair only differs at the first node.
For any z € Z{ we denote z_; to be remaining part of z after excluding the first node. We

define a subspace of Z] as

Zr={z€ 2] :(2,2_1) € Z5}.

11



It turns out

2 HzGZf“{i:zi = 1] :Bn/k:—l}‘

Zil Zi]
>1- H’ZGZT ’{Z’:Zizl}l:ﬁn/k—l}‘
I O e L R G E EE O

Now we are going to build the connections between two cardinalities | Z} | and |2} , |, where
{i:zi =1} =pn/k — 1} and Z;, = {z €eZiN{i:z=1} = ﬁn/k} For
any z € Zh, for any i € {j € T : j # 1,2; = 1} (the cardinality of which is §8n/k?),

Z, = {z €z

we can construct 2/ € |Zi‘71| be letting 2 = z;,Vj # i and z; # z. Hence there are
(68n/k?)(k — 1) different 2’ € |Zil| that can be generated by one single z € |2} 5|. One the
other hand, for any 2’ € ]Z_f’l\, it can be generated by the aforementioned procedure by at

least (68n/k — dBn/k?) (recall that |T| = 64n/k) different z € |Zi‘72|. This leads to

284l _ @Bn/Rk-1)
21, = ©0Bn/k— o6n/k?)

Thus,

iz
|25~ 1271+ 274l

1
> —.
-2

We have

. . op . .
uz}figgﬂ%(z, z) > ngfz Z P,(21 = 21)

We can use the arguments in Section 3.1 and Lemma 3.1 for lower bounding Bayes risk for

two-point hypothesis testing problem. For any z € Z;, we have max,—12{|{i € [n] : z; =

12



u}l} < Bn/k 4+ o0pn/k. Thus

1. 1 .
JPa(f1=21) + Sz (21 = 21) 2 exp(=(1 + n')(1+0)Bnl/k),
for some positive sequence ' = o(1), if fnl/k — oo. Otherwise it is lower bounded by

some constant ¢ > 0. Then we have

inf supEl(Z, 2) > %exp <_(1 )1+ 5)M> _
Z zeZ k k

Under the assumption gnl/(klogk) — oo and log(1/d) = o(fnl/k), there exists a positive

sequence 7 = o(1) such that

inf sup E4(Z, z) > exp(—(1 +n)pnl/k).
Z 2€Z

Case k = 2. The least favorable situation is when two communities are almost equal sized.
We construct Z* analogous as the case k > 3, but instead require the community sizes to
be almost equal. The proof is almost identical to the case k > 3, and hence is omitted in

this thesis.

3.3 Minimax Upper Bound

The minimax upper bound can be achieved by maximum likelihood estimator (MLE). For

any z € Z(n, k, 3), its likelihood function takes a form as

m
fA) = ] pr*a-pt J] ¢ -gt
1<j,zi=2; 1<j,2i7#2;
= exp Z (Ai,j log . g +log(1 — p)) + Z <Ai,j log l z +log(1 — q))
1<J,2i=2; p i<j,zi7éz]- q
p(1—gq) l1—g¢
= Cexp Z <Al,j log m — lOg ﬂ

1<J,2i=2;

13



for some C' independent of z. Here the third equation is due to the fact ], =z A+
[Licj 2z, Aii = 2icj Aiyj does not depend on the choice of z. Thus the MLE has an

expression as

AMLE — argmax log f(z; A)
z€Z(n,k,B)
1-— 1-—
= argmax Z (Ai,j log p =) —log q)
z€Z(n;k,pB) i<j,zi=2j q(l _p) 1-p
= argmax Z (Aij — ), (3.5)
2€Z(n,k,B) i<j,zi=2
where A is defined as
1. p(l—q) 1. 1—g¢
t=—-log—=, A= —log——. 3.6
Zqu(l—p)’ 2t Ogl—p (3.6)
MLE

Now we are going to prove 2 is a minimax estimator. Denote z* € Z(n,k, ) be
the ground truth where A is generated from. We will show it is unlikely for 2MIE to be far
away from z*, which is equivalent to show it is unlikely some z not in a neighborhood of
z* has likelihood f(z; A) greater than f(z*; A). The main technique we use to prove it is

union bound with chaining.

Note that

I{f(zA) > f(z55A)} <= I D (A =N > Y (A =N

1<J,2;=%j 1<j,2=z7

— 1 Z Aij— Z Aij > Mv(227) —a(z;27)) ¢,

1<J,2;=2j,2] 752]* 1<],zi7#2j ,z;*:z;
where
Oé(z,z*):‘{(l,j)Z<],Z]7é2],2’:<: ;}|7 (37)
and v(z;2") = [{(i,5) 1 i < j, 25 = zj, 2] # 2} }|- (3.8)

We have Proposition 3.1 to upper bound the probability P(f(z; A) > f(z*; A)), which is an

14



immediate consequence of Chernoff bound.

Proposition 3.1. Let z,z* € Z(n, k, ) with z* being the ground truth. Then
P(f(z4) > f(2"1 A)) < exp(—(a(z;2") +v(2:27))1/2).

The following Proposition provides control on «(z;2*) + v(z; 2*).

Proposition 3.2. For any z,z* € Z(n,k, ). Denote m = nl(z,z*), we have

m(n—m), k=2;
a(z;27) +(227) 2

pnm/(16k), k> 3.

In addition, when k >3 and m < Bn/(2k), we have o(z; 2*) + vy(z; 2*) > 2(Bnm/k — m?).

Proposition 3.3 provides a control of cardinality as we will later implement union bound.
It is worthwhile pointing out that, we should not use the cardinality of {z € Z(n,k, ) :
nl(z,z*) = m}, which is too large due to counting assignments equivalent under permuta-

tion.

Proposition 3.3. The cardinality of equivalent class that has distance m from z* is upper

bounded as follows,

HF :3z €T st nl(z,2") :m}‘ < min{<ﬁ>m7kn}a

where 0 < m < n is a posilive integer.

Define P, as
P, =P(3z € Z(n,k,B) : nl(z,2*) =m and f(z;A) > f(z*; A)). (3.9)
By union bound we have

max  P(f(z; 4) > f(z%; A)).

znl(z,2*)=m

P, < HF :3z el st nl(z,2") = m}
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In the following we consider the case k > 3. The proof for the case when k = 2 is similar

and hence omitted. Note that we have k‘inl 7 — 0o. We consider three scenarios as follows.

1) If pnI/k > (1+¢€)logn, define my =1 and m’ = e¢8n/k. Then P; < nexp(—(8n/k—
1)I). Denote R = nexp(—(pn/k —1)I). We have

(<BE)™ exp(—(Bnm/k —m?)I) < Rn=(m=D/6 for mg <m < m/
Py, <

()™ exp(— 6"’"[) < Rexp(— %), for m" <m <n/2.

Then nEl(Z,2*) < Zzl/zl mPy, = (14 o(1))R.
2)1f Bnl [k < (1—€)logn, define mg = nexp(—(1—e~*/2)Bnl/k) and m’ = nexp(—pnl/8k).

We have
(%)m exp(—(pnm/k —m?)I) = exp(—e -5t BZZ“) for mo <m < m/,
Py <
(en%g)m exp(— ﬂ32k ) < exp(— ’864k ), for m' <m <nj/2.
Then E6(2, 2*) < mo/n+ Y2, P = (14 0(1))mo/n.

Bnl
logn

3) It Bnl__, 1, there exists a positive sequence w — 0 such that | teer — 1] < w and

klogn

\/7 < w. Define mg = nexp(—(1 — w)pnl/k) and m’ = w?n.

logn

(%)m exp(—(Bnm/k —m?)I) < exp(—wﬁgﬁml), for mg <m < m’

P, <
(e#c)m exp(—ﬁ;l;,;”[) < exp(— 5""“) for m’ <m <n/2.
Then El(2,2*) < mo/n + Z%@mo = (1 + o(1))mg/n.

3.4 Extension

Theorem 3.1 can be generalized to inhomogeneous SBM ©(n, k, 3, p, q) with the same min-

imax rate holds.

Theorem 3.2. Under the assumption fnl/(klogk) — oo, there exists a sequence n = o(1)

16



that only depends on n, k,3,p,q, such that

exp (—(14+n)nl/2), k= 2;
min 5 gla)%C El(2,2) =
(2,B)€O(n,k,B,p,9) exp (—(1+n)Bnl/k), k > 3.

Proof. The proof of lower bound is trivial, noticing that Z(n,k, 3) serves as the least fa-
vorable case for the inhomogeneous SBM. For the upper bound, we use the same procedure
defined as in Equation (3.5). This is no longer the MLE for ©(n, k, 3, p, q), but still minimax

optimal. Its proof is identical. |

3.5 Proof of Propositions

Proof of Proposition 3.1. We use «,~ instead of a(z;2*),~(z;2*) for simplicity. Note that

¥ @
P(f(z; A) > f(z*; A) =P (in > Yz Ay - a)) :
=1 =1

itd itd

where {X;}]_; ~ Ber(q) and {Y;}%, ~ Ber(p) and they are independent of each other. By

Chernoff bound, we have
P(f(zA) = f(2"; A)) < exp(—tA(y — @) (Eexp(tX))” (Eexp(—tY))",

where t is defined as in Equation (3.6). Simple algebra with Proposition 3.4 immediately

leads to the desired result. [ |

Proposition 3.4. Assume 0 < ¢ < p < 1. Let X ~ Ber(q) and Y ~ Ber(p). Recall the

p(1—q)

P9t = Llog B=4 and T = —2log[\/pg + /(T - p)(1 - q)].

Then the following two equations hold

definition \ = log }%g/ log

EetX %
e = (w) , and Ee™XEe ™ = exp(—I). (3.10)
e

Proof. The proof is straightforward and all by calculation. Note that Eexp(tX) = qet+1—gq

17



and Eexp(tY) = pe! + 1 — p. We can easily obtain

Ee*Ee™ = (¢ge" + 1 — q)(pe ™" + 1 —p) = (v/pg+ /(1 —p)(1 — q))* = exp(—1).

We can justify the first part of Equation (3.10) in a similar way. |

Proof of Proposition 3.2. The case when k = 2 is straightforward, noting that m has to be
smaller than n/2 by the definition of (-, -). We mainly focus on k& > 3 case.

We use «, instead of a(z;2*),7v(z;2*) for simplicity. Without loss of generality we
assume ||z — 2*[|g = nl(z,2"). Define Cy = {i : 2f = u} and Ly = > ;0 {2z = v}. We

have the equality > Ly, = |Cy| and also

o = %Z [|CU|2 - ZL?MU = %Z Z Lu,wLu,w’
U w

U wHw
1
and v = 3 Z Z Loy wLoyw-
uFEv W
We define [k] into two disjoint subsets S and So where
3
S| = {u € k] :Yvo#u,Ly, < 1|Cu\},

and Sy = {2 €lk]:Fv#u, Ly, > %Cu]}

Define L, = Ly, For any u € Sy, if Ly, > |Cu|/4, we have |Cy|*> — L2, >
U;’éu ) ) w T uw

LuyuLy > |CulLu/4. If Lyy < §|Cul we have [Cul? — >, L2, = 3|Cul® > |CulLu/4 as well.
This leads to

o> % > [\cug _ ZL%W] > é > [Cul Lu.
u€eS1 w

ueSy

For any u € Sy there exists a v # u such that L, , > %]Cu]. We must have Ly + Ly, >
Ly 4 Ly, otherwise ||z — 2*||, = nl(z, 2*) does not hold since we can switch the u-th and

v-th columns of z to make ||z — 2*[|, smaller. Consequently, we have L, > L,/2. So we

18



have ZU,?&“ > w Luwlas ap = Loy wLyy > 3|Cy|Ly /8. Then we have

M\H

> zzLquw_gz Cul L.
€S2 u'#u

u€S2

Thus,

Bnm

>7 L, L, > _ o, = 2
aty= Z|C| —16kZ 16k:HZ #lh = Tor

We have stronger result when m < fn/(2k). Without loss of generality we assume
m = nl(z,z*), which is equivalent to be stated as m = >, I{z # z’}. Define m, =
Yz # 2f 20 = ub,Vu € [k] and v, = [{(4,7) 1 1 < j,zj = 25, 2] # 2] }|,Vu € [k]. Thus

Yo = Wi zi =2 =u}||{i:zi =u,z #u}| >my(Bn/k—my),Yu € [k].
Note that ), m, =m and ) v, =~. We have
oty > Zmu(ﬁn//{ —my) > Bnm/k —m?

Proof of Proposition 3.3. Without loss of generality we assume that ||z — 2*||, = m. Then
z assigns m nodes with different values from z*, and there are k possible values for each

node. Thus

{rizerse o=y =m}|< (7 )em< ()

In addition, since each node has at most k£ possible choices, we have a naive bound for the

cardinality of T as |[{T'}| < k. [ ]
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Chapter 4

Methodology

Starting with the proposal of a series of methodologies [21, 27, 32, 42], we have seen a large
literature devoted to algorithmic solutions to uncovering community structure. There are
two desired properties of any algorithm: 1) computability: whether it is a polynomial-time
algorithm or not; 2) optimality: whether it has provable theoretical guarantee that matches
with minimax rate. Unfortunately, the existing methods do not satisfy both properties
simultaneously, and this motivates us to propose a computationally feasible algorithm for

community detection in the SBM with adaptive minimax optimal performance.

4.1 Hypothesis Testing for One Single Node: Revisit

Now let us revisit the two-point hypothesis testing problem introduced in Section 3.1.

Hy : {X;}7™ % Ber(q), {¥;}2 % Ber(p);

X % Ber(p), {Yi}™ % Ber(q).

By Neyman-Pearson lemma, the likelihood ratio test is optimal. Same as in Section 3.1,

+ log(1 — p))) ;

the two likelihoods take forms as

JHy = exp <i <X log

=1

+log 1—q>+Z<Y10g
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and similarly under H; is

mi

fH, =exp <Z <Xi log 1

=1

+log (1-p >+Z<Ylog

+ log(1 — Q)>>

The (ﬁ the likelihood ratio test takes a form as

6 =1fm > fu,}
_ 1S (x10g 200 1-a) o>y Pd=—a . 1-g
_H{;<XZIOgQ(1—P)_1Og1—p>Z;<Yzbgq(l—p) 1Ogl—p>}
:E{iXi_i}/iz)\(ml—mg)},

=1

i=1

where A is defined in Equation (3.6). Chernoff bound leads to the following Lemma 4.1,

which matches with the lower bound (i.e., Lemma 3.1) when m; = my.
Lemma 4.1. The likelihood ratio test gZ; satisfies

SBiy (6= 1)+ 2P, (6 = 0) < exp(—(m1 +m2)1/2).

Proof. Let {X;}"! ~ % X and {viymy ~ 'y and they are independent of each other, where

X ~ Ber(q) and Y ~ Ber(p). Then

P, (¢ (ZX ZY > A(mq — m2>> :

=1

By Chernoff bound, we have
P, (¢ = 1) < exp(—tA(m1 —m2)) (Eexp(tX))™ (Eexp(—tY))™?

where t is defined as in Equation (3.6). Simple algebra with Proposition 3.4 immediately
leads to Pp, (¢ = 1) < exp(—(m1 + ma)I/2). We have same result for Pg, (¢ = 0). [
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4.2 Spectral Clustering

Spectral clustering has been one of the most popular methods for community detection.
It has been investigated by [12, 13, 17, 30, 31, 34, 35, 44, 46, 47, 50] with provable upper

bound established. The spectral clustering usually takes two steps:

1. Eigendecomposition on A. Let uq,us,...,u, be the eigenvectors corresponding to
eigenvalues \; > Ao > ... > \,. Denote U = [uj,us,...,ux] be the eigenspace with

k-leading eigenvectors.
2. Perform k-means on the rows is U (i.e., {U; .} ;) to partition the n nodes.

Despite the fact that spectral clustering being easy to implement, its existing theoretical
results (e.g., [35]) require strong assumptions on the parameters. The main techniques used
are Davis-Khan Theorem and a sharp upper bound |[|A — P|op. The former one needs a
lower bound on the eigengap of P: this is trivial when z* € Z(n, k, ) but may not hold
for the inhomogeneous SBM as B may be singular. The latter one needs the network to be
dense, in the sense that p, ¢ = O((log n)/n) otherwise the desired upper bound on ||A— P||op
no longer holds.

We propose a novel low-rank based spectral clustering in Algorithm 1. The additional
truncation step (i.e., Step 1) makes it possible to have similar control on the operator norm
even for the sparse network. In Step 2 we use a low rank approximation instead of the
eigenspace to avoid the use of Davis-Khan Theorem, thus we have no requirement on the

eigengap any more. The provable result for Algorithm 1 is given in Theorem 4.1.

Algorithm 1: Low-rank Based Spectral Clustering

Input: Adjacency matrix A € {0,1}"*", number of communities k, parameter p
Output: Partition of the network z
1 Define T'(A) € {0,1}™*™ by replacing the ith row and column of A whose row sum
or column sum is larger than 20np by zeroes for each i € [n];
2 Singular value decomposition (SVD) on T(A) to obtain T(A) = Y. | Musul with
M >N > >N\, Let P= Zle )xzuzu;f be the rank-k approximation of T'(A);
3 Perform k-means on the rows of P (i.c., {P,.}7_,) to obtain a partition of the

network.
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Theorem 4.1. Assume z* € Z(n,k,). Let Z be the result from Algorithm 1. Under the

assumption 3°n(p — q)?/(k3p) — oo, with probability at least 1 — n~2, we have

ck’p
02,2") < —F—3,
(2,27 Bn(p — q)?

for some positive constant c.

Proof. The proof contains two parts: one for Step 1 and 2, and the other for the k-means

in Step 3.

1) By the definition of P, we have

P = argmin |T(A) — X||p.
rank(X)<k

Define P’ = P+ pl, such that P’ is a rank-k matrix and differs from P only by the diagonal

entries. Thus, we have HT(A) - PHF <||T(A) — P'||p. After rearrangement, we have

1P~ Pl <2|(P - P, T(4) = P)| + | P - Pl

< 2P~ Pl sup (X, T(4) - P)| + | P" — Pl[f
{X:|| X |lp=1,rank(X) <2k}

1. -
< 1P =P +4 sup (X, T(A) = P)* + P — Pl
{X:||X||p=1,rank(X)<2k}

1, 4 3
< S|P - Pl + S|P — Pla +4 sup (X, T(A) - P)[*.
2 2 {X:[| X || =L rank(X) <2k}

Therefore,

1P =PIl < 3||P" — PIIf +8 sup (X, T(A) - P)*. (4.1)
{X:|| X||p=1,rank(X)<2k}

Apply singular value decomposition to X and we get X = 21251 lelvlT. Then,

2k 2k
(X, T(A) = P)| <> |oul[of (T(A) = P)u| < |IT(A) = Pllop Y _ lou] < V2K||T(A) = Pllop.
=1

=1

By Lemma 4.2, we have || T(A) — P|op < cy/np with probability at least 1 — n~2 for some
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constant ¢ > 0. Hence, supyx.|.x p=1,rank(x)<2k} (X, T(A) — P)|* < ¢®np, with probability
at least 1 —n~2. Moreover, | P’ — P|% = np. Using Equation (4.1), with probability at least

2

1 —n~* we have

|P = P& < (3+16¢k)np,
and consequently by triangle inequality ||P — P'||p < ||P — P||p + ||P — P'||p we have
1P — P'|I§ < ¢knp,
for some constant ¢'.

2) By the definition of k-means, its output 2, {v, }X_, satisfies

~ 2
-Pi,- — Uz

(3

n
(2,{vy}*_,) = argmin argmin Z

z {U“}ﬁzl i=1

Let V € R™ ™ such that V;. = v,,Vi € [n]. Then we have

|V =PI} < |P = Pl < dknp.

2

Note that P’ only have k unique rows which are well separated. If z; = z; then ‘ Pz’ - PJ' =
0; and

1P, = Pj.|I* > 2(p — q)*Bn/k, for all (i,j) such that z; # 2;. (4.2)
Define

. S/ 2 2
§=1i:|Vio = P = - a26n/ (k) ¢

Then

|S1(p — a)°Bn/(2k) < |V — PlIf,
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which implies

4k%cp

~1

n 8 < —.
g Bn(p —q)?

We are going to show under the assumption 3%n(p — ¢)?/(k3p) — oo (which implies

|S| = o(Bn/k)), all the nodes in S will be correctly clustered. Define
Cu={i€n]:z =uie SC},VU € [k].

We have the following arguments:
e For each u € [k], C,, cannot be empty, as |Cy| > [{i : 2} = u}| —|S| > 0.
e For each pair u # v, there cannot exist some 7 € C,,j € C, such that Z; = 2;.

Otherwise V; . = V;. which implies

1P — P < (|1PL = Vil + |1 PL = Vi || + Vi = Vi) < (0 — a)*Bn/k,

contradicting with Equation (4.2).
Since z; can only take values in 1,2, ..., k, we conclude {%; : i € Cy} contains only one and
different element for all u € [k]. That is, there exists a permutation p on [k], such that

zi = p(u),¥i € Cy,Vu € [k].

Which indicates », go I{2; # p(2i)} = 0. Hence

1 |S] 4k%p
_ 143 A O G R G
w 2 W o} < S0 < ot~
1€[n]
which holds with probability at least 1 — n=2.
[ |

The following lemma on the operator norm of sparse networks is from [12]. In the

2

original statement of Lemma 12 in [12], “with probability 1 — o(1)” is stated. However, its
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proof in [12] gives explicit form of the probability that the statement holds, which is at least

1—n"2

Lemma 4.2. [Lemma 12 of [12]] Suppose M is random symmetric matriz with zero on the

diagonal whose entries above the diagonal are independent with the following distribution

1 —pij, w.p. pij;
M ;=

—Dij, w.p. 1 —p;;.

Letp & max; j p;; and M be the matriz obtained from M by zeroing out all the rows and
columns having more than 20np positive entries. Then there exists some constant ¢ > 0

such that

18]lop < ey/np,

holds with probability at least 1 —n=2.

4.3 Rate-optimal and Computationally Feasible Algorithm

In this section, we propose a polynomial-time algorithm that is also rate-optimal. It consists
two parts: an initialization that provides decent network partition and a follow-up refine-
ment that leads to optimal estimation. The refinement step is inspired by the likelihood
ratio test for one single node (see Section 4.1). The main idea is as follows. For each node,
though we do not know the true labels for the remaining nodes, as long as we have a decent
estimation that is close enough to the truth, then the likelihood ratio test proposed in Sec-
tion 4.1 should also work well. This leads to Algorithm 2 with its theoretical justification
presented in Theorem 4.2.

For any i € [n], define A_; be the matrix after zeroing out the ith row and column of A.

Theorem 4.2. Under the assumption z* € Z(n, k, 8) and B*n(p—q)?/(k3p) — oo, if we use

Algorithm 1 as the initial community detection method in Algorithm 2, with high probability,
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Algorithm 2: A Two-stage Algorithm for SBM

}an

Input: Adjacency matrix A € {0,1 , number of communities k, parameters
P, q, initial community detection method Z

Output: Partition of the network z
Penalized majority voting:
fori=1,2,...,ndo
1 Define A as in Equation (3.6);
2 Apply Z on A_; to obtain Zj(fi) for all j # i;
3 Define 2‘;%) = 2§7i),Vj #1. Let
zAi(_i) = argmax Z (Aijj = A)

u€lk] T
]:]#Z,z](. )=u

end
Consensus:
4 Define 21 = 3D For i = 2,3,...,n, define
Z; = argmax |{j : Aj(-_l) =u}n{j: 2](._i) = ég_i)} )
u€lk]
we have
exp (—(1 —n)nl/2) k=2
0(2,2%) <

exp (—(1 —n)Bnl/k) k> 3,

for some positive sequence n = o(1).

Proof. The proof consists of three parts.
1). Denote F be the event that ||T(A) — P|lop < ¢y/np for some constant ¢; > 0. By
Lemma 4.2 we have P(F) > 1 —n~2. Let (9 be the result after implementing Algorithm 1

on A. From Theorem 4.1, we know £(2(0), 2*) < eok?p/(Bn(p — q)?) holds for some constant
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co > 0 if event F holds. Note that
IT(A~) = P-illop = Iﬁ“ﬁﬁluT(T(Afi) - P_i)u

UT(T(A_Z) — P_Z)U

max
willuf| <T,u;=0

ul(T(A) — P)u

max
willuf| <T,u;=0

< [|T(A) = Pllop,
which implies
(200, 2%) < 029, 2%) < eok®p/ (Bnlp — 9)*) + 1/,

holds simultaneously for all i € [n], by the proof of Theorem 4.1, assuming the event F
holds. The addition 1/n term is due to the fact that (=% provides no valid value for the
1th label.

2). Now we investigate the refinement step for the ith node. Note that we have inde-
pendence between (=) and the data to be used {A;;}j+i. Without loss of generality, we

assume HZ(_i) - Z*HO = nl(2-9, 2*). Hence, we have

PEY <Y Pl Y ANz Y (AN

uFz \juzis Y =u Gy =z

k3

If ¢(20-9), 2*) = m1 Bn/k for some 11 = o(1), Lemma 4.3 leads to

(i) . L Hi#i:z] =2 oru}|l
P 2 < e (- .
< kexp(—(1 — 72)nmin]),

where nmin = ming, [{i: 2] = u,v}|/2.
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3). Now we can combine the above arguments together. If the event F holds, we have

max £(2079, 2) < mBn/k

7

holds for some sequence 11 = o(1). The concensus step in Algorithm 2 is essentially to

permute all the labels such that

50

maxn
(2

. <mpn/k.
Thus
P ({214‘“ ” z} N }') < kexp(—(1 — n2)nminl), Vi € [n],

for some 1 = o(1). Define n3 = n2 + \/k/(BnI). By Markov inequality, if kexp(—(1 —

N3)Nmind ) > n_3/2, then we have

]P)(”'73 - Z*HO > kexp(—(l - 773)nminl)) <

kexp(—(1 — n2)nminl), Vi € [n],
e B Vs + kexp(—(1 — n3)nmind)
< exp (— 6;:) + Ln
=o(1).

If kexp(—(1 — 73)nminl) < n™3/2, we have

P2 —2"lp = kexp(—(1 — n3)nminl)) < P (|| — 27|y > 0)
<SP ({21.(*") ) z;} mf) + P(FO)
< on 32

=o(1).
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The proof is complete with

pn/k, k> 3;

Nmin Z
n/2,k=2.

Lemma 4.3. Let mi,my be positive integers. Fir subsets Ty C [my],Ta C [ma] such
that max{|T1|, |T2|} = o(min{mi,ma}). Let Ui,Us,...,Upn,,V1,Va,..., Vi, be mutually
independent random variables. Define X ~ Ber(q) and Y ~ Ber(p). Let {U;}icim,)\1, and
{Vitjer, be i.i.d. copies of X; let {Ui}iery and {Vj}jeimy\1, be i.i.d. copies of Y. Recall
the definition of A as in Equation (3.6). Under the assumption that cp < q < p for some

positive constant ¢, we have

B> W-N=>(-N | <exp <_(1 _ 77)<m1+2mz>f> |
i=1 j=1

for some positive sequence n = o(1).

Proof. Denote m} = my —|T1| and m}, = mgo — |T5|. Recall the definition of ¢ as in Equation

(3.6). By using Chernoff bound, we have

P> U=N=D> (V;-N)
i=1 Jj=1

< oA mi—m2) (]EetX)m’l (EetY)mlfm'l (Ee—tY)m’z (Ee—tX)mrm'z

— e*t)\(mlfmg) (EetX)ml (Ee,ty)mg <EetY>m1m1 (Ee—tX>m2m2

EetX Ee—tY
(matma) /2 EetY m1—m} Ee—tX ma—mj
=€ EetX Ee—tY )

where the last equation is due to Proposition 3.4. By the assumption that ¢ > ¢p, we have
1—
|€t —1] = u -1
q(1 - p)
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for some constant Cy > 0. Then

EtY t 1— _ t_l _ \2 N2
¢ _ bt P, tq)(e )§1+0<(p Q)>§exp<0<(p q) >)
Ee ge t*+1—q qget +1 —q P P

We have the same result for |e”! — 1| and Ee_tX/Ee_tY. By Proposition 4.1, due to
maxmy — m}, mg — mb = max{|T1],|T2|} = o(mi + ms), we have

mi 2

P U=XN)2=D> (V=N | <exp(—(1—n)(m+ma)I/2),
=1 1

3

<.
Il

for some positive sequence 1 = o(1). [ ]

Proposition 4.1 (Lemma B.1 of [52]). Let p and q satisfy e/n < ¢ < p <1 —¢€ for any

small constant 1 > € > 0. We have I < (p — q)?/(np). In addition if p = o(1), we have

I=(1+0(1)(yB— @)

4.4 Extension

Algorithm 2 is not adaptive, as it requires known p,q. In this section, we present its
adaptive counterpart. The main idea is to estimate p,q from the initial partition of the
network. On top of that, the proposed method (Algorithm 3) also generalizes Algorithm
2 in another direction, in the sense that it works for inhomogeneous SBM. We are able to
provide theoretical guarantees for Algorithm 3 that is very similar to Theorem 4.2. We refer

readers to our paper [19] for details.
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Algorithm 3: A refinement scheme for community detection

X" pnumber of communities k, initial

Input: Adjacency matrix A € {0,1}
community detection method Z

Output: Community assignment Z.
Penalized neighbor voting:
1 fort=1tondo
2 Apply Z on A_; to obtain 2§_1) for all j # i and let 21(_’) =0;
3 Define C\ ") = {j : Zj(fi) = u} for all u € [k]; let £ be the set of edges within
éﬁ"’, and Eyﬁ;“ the set of edges between &_i) and (Aff,_i) when u # v;
4 Define

B _ €7 Aoy & £velkl, (4.3)
e e -yt e nes )
and let
pi = min B, and G = B(,". 4.4
bi=minBy,” and g = max B, (4.4)

5 Define 2% : [n] — [k] by setting %_i) = Zj(_i) for all j # i and

El(_i) = argmax Z (Aij — Ni) (4.5)
welkl iy_
(=
where for
1. pil—a)
t; = -~ log = —, 4.6
2 gl -pi) (4.6)
we define ) 1 &
— 4
A= ——1 =~ |, 4.7
215,‘ 08 <1 — pi) ( )
end
Consensus:
6 Define 21 = Eg_l). For i = 2,...,n, define
Z; = argmax |{J : AJ(_I) =utnN{j: éj(._i) = 2§_i)}‘ . (4.8)
u€e(k]
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Chapter 5

Variational Inference

The Bayesian framework and the variational inference for community detection are consid-
ered in [3, 7, 9, 18, 28, 45]. For high dimensional settings, Celisse et al. [9] and Bickel et al.
[7] are arguably the first to study the statistical properties of the mean field for SBMs. The
authors built an interesting connection between full likelihood and variational likelihood,
and then studied the closeness of maximum likelihood and maximum variational likelihood,
from which they obtained consistency and asymptotic normality for global parameter esti-
mation. From a personal communication with the authors of Bickel et al. [7], an implication
of their results is that the variational method achieves exact community recovery under a
strong signal-to-noise (SNR) ratio. Their analysis idea is fascinating, but it is not clear
whether it is possible to extend the analysis to other SNR conditions under which exact
recovery may never be possible. More importantly, it may not be computationally feasible
to maximize the variational likelihood for the SBM, as seen from Theorem 5.1.

In this chapter, we consider the statistical and computational guarantees of the iterative
variational inference algorithm for community detection. To the best of our knowledge this
provides arguably the first theoretical justification for the iterative algorithm of the mean
field variational method in a high-dimensional and complex setting. Though we focus on
the problem of community detection in this chapter, we hope the analysis would shed some
light on analyzing other models, which may eventually lead to a general framework of

understanding the mean field theory.
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5.1 Mean Field Variational Inference

We first present the mean field method in a general setting and then consider its application
to the community detection problem. Let p(x|y) be an arbitrary posterior distribution for
x, given observation y. Here x can be a vector of latent variables, with coordinates {z;}.
It may be difficult to compute the posterior p(z|y) exactly. The variational Bayes ignores
the dependence among {z;}, by simply taking a product measure q(z) = [[, q;(x;) to
approximate it. Usually each q;(x;) is simple and easy to compute. The best approximation

is obtained by minimizing the Kullback-—Leibler divergence between q(x) and p(z|y):

M = argmin KL(q||p). (5.1)
acQ

Despite the fact that every measure q has a simple product structure, the global minimizer
GMF remains computationally intractable.
To address this issue, an iterative Coordinate Ascent Variational Inference (CAVI) is

widely used to approximate the global minimum. It is a greedy algorithm. The value of

KL(q||p) decreases in each coordinate update:

AZ' = min KL 3 1 ,V'. 5.2
4 €Q; 4 qu P ! ( )
JF#i
The coordinate update has an explicit formula
@i(;) o< exp [Eq_, log p(zilz—i,y)]] , (5.3)

where x_; indicates all the coordinates in x except xz;, and the expectation is over q_; =
II ki q;(z;). Equation (5.3) is usually easy to compute, which makes CAVI computationally
attractive, although CAVI only guarantees to achieve a local minimum.

In summary, the mean field variational inference via CAVI can be represented in the

following diagram:

p(x|y) approx. qMF(JZ) approx. qCAVI(fL’)

)
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where §MF(z), the global minimum, serves mainly as an intermediate step in the mean
field methodology. What is implemented in practice to approximate global minimum is
an iterative algorithm like CAVI. This motivates us to consider directly the theoretical

guarantees of the iterative algorithm in this chapter.

5.2 A Bayesian Framework

The SBM formulated in Chapter 2 can also be written in a matrix form, especially the mean

matrix P defined as in Equation (2.1). Let Z € IIy be the assignment matrix where
o = {m € {0, 1" : ||mi. ||, = 1,Vi € [n]}.

In each row {Z; .} ; there is only one 1 with all the other coordinates as 0, indicating the
assignment of community for the corresponding node. Then P can be equivalently written

as P j = Ziy.BZ;{_,VZ' < j, or in a matrix form
P, =(ZBZ"); Vi < j. (5.4)

Consequently, to recover the assignment vector z is equivalent to recover the assignment
matrix Z. The equivalence can be seen by observing that there is a bijection r between

z € [k]™ and Z € TIy which is defined as follows,
r(z) = Z, where Z; , = l{a = z},Vi € [n],a € [k]. (5.5)

Since they are uniquely determined by each other, in this thesis we may use z directly

without explicitly defining z = r~!(Z) (or vice versa) when there is no ambiguity.
Throughout the whole chapter, we assume k, the number of communities, is known.

We observe the adjacency matrix A. The global parameters p and ¢ and the community

assignment Z are unknown. We can write down the distribution of A as follows:

A|Z b,q HBZ“ZJ - zl,Zj)l_Ai’j, (56)

1<j
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with B = q1;17 + (p — ¢)I}, and z = r~1(Z). We are interested in Bayesian inference for
estimating Z, with prior to be given on both p,q and Z.

We assume that {z;}_; have independent categorical (a.k.a. multinomial with size one)
priors with hyperparameters {m; ri n ., where S2F_, 7rzp;i = 1,Vi € [n]. In other words,
{Z; .}, are independently distributed by

P(Zi.=e) =7 Va=1,2,...k,

) a %,a”

where {e,}*_, are the coordinate vectors. Here we allow the priors for Z;. to be different
for different 4. If additionally m;. = 7;. for all ¢ # j is assumed, and then this is reduced to
the usual case of i.i.d. priors.

Since {A; ;}i<; are Bernoulli, it is natural to consider a conjugate Beta prior for p and

q. Let p ~ Beta(ab™, 85™) and ¢ ~ Beta(ab”, B2™). Then the joint distribution is

ri A _As s
p(A,Z,p,q) = [Hﬂf’zi] HBzijzjj(l ~B.,.,)! Aij (5.7)

1<J
pri pri . ) pri pri . .
% F(Oépri + 5pri) agrl_l(l B p) 51‘1_1 F(Oéqri + Bq ri) aprl_l(l _ q) grl_l
I'(op™)T(Bp) I'(ag )T(B7)
Our main interest is to infer Z, from the posterior distribution p(Z,p, q|A). However, the
exact calculation of p(Z,p,q|A) is computationally intractable.

5.3 Mean Field Approximation

Since the posterior distribution p(Z,p,q|A) is computationally intractable, we apply the

mean field approximation to approximate it by a product measure,

Ar,ap.Bp.cq,8q (2,0, 4) = Ax(Z)day,8,(P)Aay,8,(9)
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where {r=1(Z;.)}", are independent categorical variables with parameters {m; .}",, i.e.,

qﬂ'(Z) = H?:l qﬂ'i,.(Zi,-) with
Ar; . (Zi, = €q) = Tia, Vi € [n],a € [k],

and qq,,3,(p) and qqu,.,(q) are Beta with parameters ay, 8y, ag, B, due to conjugacy. See

Figure 5.1 for the graphical presentation of qr o,.,,a,.8,(Z: s q)-

pri pri pri pri pri .
parameter ﬂ-z,- Qp Bp Qq q 7TZ,' Qp /Bp Qyq ﬁq
latent
variable
n I~ \ n
observation @ @
n(n-1)/2 n(n-1)/2
full Bayesian inference mean field approximation

Figure 5.1: Graphical model presentations of full Bayesian inference (left panel) and the
mean field approximation (right panel) for community detection. The edges show the
dependence among variables.

Note that the distribution class of q is fully captured by the parameters (7, o, Bp, g, Bq),
and then the optimization in Equation (5.1) is equivalent to minimize over the parameters

as

(M. a) B 6 B) = armin KL [ano, 50,5 (Z.0.0)[p(Zp.g4)] . (58)
TE
ap»ﬁpvaqalﬁq>0

where IT; = {7 € |0, 1]nXk7 H7T2||1 =1}

Here II; can be viewed as a relaxation of IIp: it uses an ¢ constraint on each row
instead of the ¢y constraint used in ITy. The global minimizer q;mr(Z) gives approximate
probabilities to classify every node to each community. The optimization in Equation (5.8)
can be shown to be equivalent to a more explicit optimization as follows. Recall v (-) is the

digamma function with ¢(z) = <L [log I'(z)].

Theorem 5.1. The mean field estimator (7™F, dzyF, AZ])V[F, déVIF, AéMF) defined in Equation
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(5.8) is equivalent to

(ﬁ_MF dMF MF,@é\JF, é\/[F)

»p 0 IFp = argmin f(ﬂ-’apvﬁpaaq?ﬂq;A)v

welly
ap,Bp,aq,8q>0

where

(s s s i A) = 1A = Ml + A, mwnT) + 3 [leag) — (8] 141l

+ g [Y(Bq) — Y(ag + By)] — ; KL [Categorical(wi7.)|| C’ategorical(wfjﬂ)}

— KL [Beta(ay, B,) | Betalap™, 3)] — KL [Beta(ay, 3,)|| Beta(a}™, 57")]

and

t = [[Plap) = (Bp)] — [¥(ag) = ¥(By)]] /2 (5.9)
A= [[9(Bg) = vlag + By)l = [¥(Bp) — v(ap + Bp)l] /(21). (5.10)

The explicit formulation in Theorem 5.1 is helpful to understand the global minimizer

of the mean field method. However, the global minimizer #M¥

remains computationally
infeasible as the objective function is not convex. Fortunately, there is a practically useful

algorithm to approximate it.

5.3.1 Coordinate Ascent Variational Inference

CAVI is possibly the most popular algorithm to approximate the global minimum of the
mean field variational Bayes. It is an iterative algorithm. In Equation (5.8), there are latent
variables {Z; .} ;,p,q. CAVI updates them one by one. Since the distribution class of q is
uniquely determined by the parameters {m; .}?' |, o, 5y, g, By, equivalently we are updating

those parameters iteratively. Theorem 5.2 gives explicit formulas for the coordinate updates.

Theorem 5.2. Starts with some 7, oy, By, g, By, the CAVI update for each coordinate (i.e.,

Equation (5.2) and Equation (5.3)) has an explicit expression as follows:
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o Update on p:

k k
o, =af"+ 3D Miamjadig, and B, =B+ 3D miamia(l = Aiy).

i<j a=1 i<j a=1

e Update on q:

O(; = Oggri + Z Zﬂi,aﬂj,bAi,j, and B(; = ﬁg” —+ Zzﬂ-i’aﬂj’b(l — Ai,j).

i<j a#b 1<j a#b

e Update on Z; . ,Vi=1,2,...,n:

Wg,a x Wf:exp QtZTrj,a(Am - AN |,Ya=1,2,...k,
J#i
where t and A are defined in Equation (5.9) and Equation (5.10) respectively, and the
normalization satisfies Z§=1 Tia= 1.
All coordinate updates in Theorem 5.2 have explicit formulas, which makes CAVI a
computationally attractive way to approximate the global optimum §M¥ for the community

detection problem.

5.3.2 Batch Coordinate Ascent Variational Inference

The Batch Coordinate Ascent Variational Inference (BCAVI) is a batch version of CAVI.
The difference lies in that CAVI updates the rows of 7 sequentially one by one, while
BCAVT uses the value of 7 to update all rows {m; } according to Theorem 5.2. This makes
BCAVI especially suitable for parallel and distributed computing, a nice feature for large
scale network analysis.

We define a mapping h : I1; — II; as follows. For any 7 € I1;, we have

[ht,)\('ﬁ)]i,a X TFES exXp 2tZ7Tja (Ai’j — )\) N (5.11)
JFi

with parameters ¢t and A. For BCAVI, we update m by 7’ = h; x(m) in each batch iter-

ation, with ¢, A\ defined in Equations (5.14) and (5.15). See Algorithm 4 for the detailed
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implementation of BCAVTI algorithm.

Algorithm 4: Batch Coordinate Ascent Variational Inference (BCAVI)

Input: Adjacency matrix A, number of communities k, hyperparameters

7Pt bl gl Pt g”, initializer 7(?), number of iterations S.

Output: Mean variational Bayes approximation 7, &, Bp, Oy, Bq.
for s=1,2,.. S do
(8)

1 Update ay p , ,Bq
S I Tl PTG 5 SR el
a=1 i<j a=1 i<j
(5.12)
_ aprl +ZZA 7]ﬂ_(s 1 (s— 1)76(55) _ B(};ri + 22(1 o Ai,j)ﬂ-g,sa_ ) ](fb 1)_
a#b i<j a#b i<j
(5.13)
2 Define
S 1 S S S S
1) = 2 [ [l = (85| = [w(af?) — v(8)] | (5.14)
S 1 S S S S S S
N = [ [90589) = wal? + 59)] = [9(58) - viaf? +59)]] . 6.15)
where () is the digamma function. Then update (%) with
7 = hysy a0 (D),
where the mapping h(-) is defined as in Equation (5.11).

end
3 We have m = W(S),ézp = Oz;()S),Bp = Bz(as),dq = 5)7511 (S)'

Remark 1. The definitions of t*) and A®) in Equations (5.14) and (5.15) involve the
digamma function, which costs a non-negligible computational resources each time called.
Note that we have ¢(z) € (log(z—3),logz) for all z > 1/2. For the computational purpose,
we propose to use the logarithmic function instead of digamma function in Algorithm 4,
i.e., Equations (5.14) and (5.15) are replaced by

10 _ Ly 00760 _ U B+ )

= 5 log —~—, and A\(®) = 5 log —— ROE (5.16)
2% 4Paf) BT o+ A

Later we show that a](gs), B]gs),a((f), ﬁés) are all at least in the order of np, which goes to

infinity, and thus the error caused by using the logarithmic function to replace the digamma,
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function is negligible. All theoretical guarantees obtained in Section 5.4 for Algorithm 4
(i.e., Theorem 5.3, Theorem 5.4) still hold if we use Equation (5.16) to replace Equations
(5.14) and (5.15).

5.4 Theoretical Justifications

In this section, we establish theoretical justifications for BCAVI for community detection
under the Stochastic Block Model. Though Z, p and ¢ are all unknown, the main interest
of community detection is on the recovery of the assignment matrix Z, while p and ¢ are

nuisance parameters. As a result, our main focus is on developing convergence rate of

BCAVI for 7.

5.4.1 Loss Function

We use £1 norm to measure the performance of recovering Z. Then for any Z, Z* € 11, the

loss function is defined as

(2,2 = ~win |2 - po 2, = imnz ) (5.17)
where the minimization is over all permutations on [k] to avoid an identifiability issue of
labels.

There are a few reasons for the choice of the #; norm. When both Z, Z’ € Il, the ¢;
distance between Z and Z’ is equal to the £y norm, i.e., the Hamming distance between
the corresponding assignment vectors 7~ 1(Z) and r~1(Z’), which matches with the distance
used in the previous chapters. Despite a little abuse of notation, we use the same £(-,-)

notation here.
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5.4.2 Ground Truth

We use the superscript asterisk (*) to indicate the ground truth. The ground truth of

connectivity matrix B* is
B* = ¢ L1 + (0" — ¢") i,

where p* is the within community connection probability and ¢* is the between community
connection probability. Throughout the chapter, we assume p* > ¢* such that the net-
work satisfies the so-called “assortative” property, with the within-community connectivity
probability larger than the between-community connectivity probability.

We further assume the network is generated by the true assignment matrix Z* in the
sense that P;; = (Z*B*Z*T);; for all i # j. We are interested in deriving a statistical
guarantee of ¢(#(%), Z*). Throughout this section we consider cases Z* € Il or Z* € H(()p P /),

(pp")

where 11 is defined to be a subset of IIy with all the community sizes bounded between

pn/k and p'n/k. That is,
) = {r ey : pn/k < |{i € [n] : mq = 1}| < p'n/k,Va € [k]}.

It is worth mentioning that p, p’ are not necessarily constants. We allow the community
sizes not to be of the same order in the theoretical analysis.
5.4.3 Guarantees

In Theorem 5.3, we present theoretic guarantees of the convergence rate of BCAVI when

initialized properly. Define

pri ;_pri — .
w = max max m; /. and fymin = min|n, + npl/2.
i€[n] a,belk] z,a/ b o a#b [ “ ]/

When w = 1, the priors for {r~1(Z; )}, are Categorical with parameter (1/k,1/k,...,1/k)

and 7Miyin = n/2 when there exist only two communities. The following quantity I plays a
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key role in the minimax theory [52]

= —2log [\/p*q* +V/(1=p) (1 —q%)],

which is the Rényi divergence of order 1/2 between two Bernoulli distributions: Ber(p*)

and Ber(¢*). The proof of Theorem 5.3 is deferred to Section 5.5.3.

Theorem 5.3. Let Z* € Ily. Let 0 < cg < 1 be any constant. Assume 0 < cop* < ¢* <

p* = On(l);
I [k [/ anin]?] — 00, and a2, GBI aB™ B0 = o, (* — ") /K). (5.18)

Under the assumption that the initializer 70 satisfies f(ﬂ'(o),Z*) < CinitMimin for some
sufficiently small constant cin;e with probability at least 1 — €, there exist some constant

¢ > 0 and some 1 = o, (1) such that in each iteration for the BCAVI algorithm, we have

o(m), Z%)

,Vs >0,
BN

E(W(SH), Z*) <exp(—(1 — n)imind)

holds uniformly with probability at least 1 — exp[—(ﬁmmf)%] —n"¢—e.

Theorem 5.3 establishes a linear convergence rate for BCAVI algorithm. The coefficient
[nI /[wk[n/fmin]?]]~'/? is independence of s, and goes to 0 when n grows. The following

theorem is an immediate consequence of Theorem 5.3.

Theorem 5.4. Under the same condition as in Theorem 5.3, for any
s > s0 = [nl/k]/log[nI /[wk[n/fmn)*),
we have

((#%), 2%) < exp(—(1 = 2n)Amin] ) < exp(=(1 = o(L))pnl/k), k 2 3;

exp(—(1 — o(1))nl/2),k =2,
with probability at least 1 — exp[—(ﬁmml)%] —n" ¢ —e.
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Theorem 5.4 shows that BCAVI provably attains the statistical optimality from the
minimax lower bound in Theorem 3.1 after at most sy iterations. When the network is
sparse, i.e., p* and ¢* are at most in an order of (logn)/n, the quantity so can be shown to
be o(logn), and then BCAVI converges to be minimax rate within log n iterations. When the
network is dense, i.e., p* and ¢* are far bigger than (logn)/n, logn iterations are not enough
to attain the minimax rate. However, nf(7(*), Z*) = o(n=®) for any a > 0 when s > logn,
and thus all the nodes can be correctly clustered with high probability by clustering each
note to a community with the highest assignment probability. Therefore, it is enough to
pick the number of iterations to be logn in implementing BCAVI.

To help understand Theorem 5.3, we add a remark on conditions on model parameters

and priors, and a remark on initialization.

Remark 1 (Conditions on model parameters and priors). The community sizes are not
necessarily of the same order in Theorem 5.3. If we further assume p,p’ are constants,
and the prior FZZ: = 1/k,Vi € [n],a € [k] (for example, uniform prior), and then the first

condition in Equation (5.18) is equivalent to
nl/k® = oo,

noting that n/fmi, < k and w =< 1. It is comparable to the condition in Theorem 4.2.
Under the assumption nl/k3 — oo, since we have I < (p* — ¢*)?/p*, it can be shown
that p*, ¢* are far bigger than n~!, and then the second part of Equation (5.18) can also
pri ppri_pri ppri

be easily satisfied. For instance, we can simply set o, , 8, ,0q ,8; all equals to 1, i.e.,

consider non-informative priors.

Remark 2 (Initialization). The requirement on the initializers for BCAVI in Theorem 5.3 is
relatively weak. When k is a constant and the community sizes are of the same order, the
condition needed is E(W(O), Z*) < ¢ for some small constant c. Many existing methodologies
in community detection literature can be used. One popular choice is spectral clustering, or

our low-rank based spectral clustering proposed in Algorithm 1. They have a mis-clustering
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error bound as O(k?/I). From Equation (5.18), the error is o(fimin), and then the condi-
tion that Theorem 5.3 requires for initialization is satisfied. The semidefinite programming
(SDP), another popular method for community detection, also enjoys satisfactory theoret-

ical guarantees [16, 23], and is suitable as an initializer.

5.5 Proofs

5.5.1 Proof of Theorem 5.1

From Equation (5.8), by some algebra we have

(AMF7 A]E/IF MF AMF ﬁMF) - argl;lin Eq[logp(A|Z7p7 CI)] - KL(q(vav Q)Hp(vav Q)),
TE
apaﬁp704q715q>0

(5.19)

where we use q instead of qr a,,3,,a,,8, for simplicity. From the conditional distribution in

Equation (5.6), the log-likelihood function can be simplified as

logp(A|Z,p, q ZZZWZJb[ ij log 1

@ 4 log(1 — Bab):| .
a,b i<j ab

Due to the independence of Z and p, ¢ under q, we have

Bap
Eallog p(A1Z..0)] = By [Ea |3 3 ZiaZsn | s low 12—+ 1og(1 ~ Bu)

a,b i<j

= Eq(p,q) Z Z Ti,aTj,b [Ai,j log 1

ab 1<g

Bab
log(1 — B
— Bab + Og( ab):|

Since B, = p,Va € [k] and B, = ¢q,Va # b, we have

p(1—q) 1 - p]
lo AlZ,p,q)] = Ti,aTja |Aijlo + 1o 5.20
Eqllogp(A|Z,p. q awa) | DD J, [ glog gy tles T, (5.20)

a i<j

+ Eq(p,q) Z Z Ti,aj,b [Ai,j log 1

E + log(1 — q)}
ab i<j q
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By properties of Beta distribution, we obtain

p(l—q
Eq(p.g) l0g (]El—p; = Eq(p) [logp — log(1 — p)] — Eq(y) [log g — log(1 — q)]

= [¥(ap) = ¥(Bp)] = [¥(g) = ¥(By)]

and

1—¢q
Eq(p,q) log Ty ) = Eq(q) log(1—¢q) — Eq(p) log(1 — p)

= [(Bg) — ¥(ag + Bg)] — [¥(Bp) — (o + Bp)].-

This leads to

1-— 1
a(p,q) |:ZZ7Tza7Tja|: i gzgl_gi—i-logl_ ]] =2t {szaﬂ]“ id )\)]

a 1<y a 1<y
(5.21)
=t(A— Alnlg + A, 7r7rT>.
Similarly we can obtain
q
Eq(p.q) Z Z TiaTj, b[ ij log .t log(1 — q)] (5.22)
a,b 1<j q
= (Bt 3 Smom - B o1~ )] S
1<J i<j a,b
1
= 5 [Wlag) =d(BIIAlL + 5 = [0(8y) — $lag + By,

where we use the fact that ||m;.||; = 1,Vi € [n]. Now consider the Kullback--Leibler

divergence between q(Z,p, q) and p(Z,p,q). Due to the independence of p,q and {Z; .} ;
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in both distributions, we have

KL(a(Z,p,9)|lp(Z,p,q)) = KL(a(Z)||p(2)) + KL(a(p)|[p(p)) + KL(a(q)|p(q)) (5.23)

= ZKL [Categorical(m7.)\\Categorical(wgfi)}
i=1

+ KL [Beta(ay, ) Beta(af®, 55%)] + KL [Beta(ag, 6,) [ Beta(ag, 55 .

By Equations (5.19) - (5.23), we conclude with the desired result.

5.5.2 Proof of Theorem 5.2

Note that

k
Z Zi,aZj,a

a=1

Bzi,Zj - p+ Zzi,aZj,b q.

a#b

We rewrite the joint distribution p(p, g, z, A) in Equation (5.7) as follows,

P(p, ¢, Z, A) (5.2
n

= [H Wf?] H [pA"’j(l —p)l—Ai,j]ZIS:lZiﬂZi»a H [in,]-(l _ q)l—Ai,j]Zfﬁ# Zi.aZj
i=1 i<j i

o | D@B™ + B") gy yaprioa| (DO +B0) apioay o
P(afr (e P(af T () |

Updates on p and ¢ From Equation (5.24), p has conditional probability as

. A Zk:1 ZiaZja F(agri + ,Bll;)ri) aPri_q
p(plg, Z, A) o pAii (1 — p)l=Ais]2e . ),

1<J

u—m5“1.
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Then the CAVI update in Equation (5.3) leads to

a(p) o exp [E (0.2 logp(plg, Z, A)]

pri pri .
1- A, (ap +Bp ) qpriy pri_y
x exp |Eqg(z) ZiaZjalog [phi (1 —p)t=Aid] [Hp (1—-p)» ]
o T3 g

o szﬁalog (1 =p)t ] [(erﬁp)p - p)¥- 1].
| i<j a=1 F(ag )F( IIJ) )

It can be written as

pr1 pri
("l(p) o< p2i<j 22:1 ﬂ'z‘,aﬂj,aAi,j(]_ _p)2i<j 22:1 m‘,aﬂj,a(l—Ai,j)} &p p (1 _ ) pn -1 .
L(ap )T (Bp")

The distribution of p is still Beta p ~ Beta(ay,, £,), with

k k
o, = abt + Z Z Ti.aTjadij, and B, = B0 + Z Z TiaTja(l — Aij).

1<j a=1 1<j a=1

Similar analysis on g yields updates on afl and ﬁ(’]. Hence, its proof is omitted.

Updates on {Z; .} ; From Equation (5.24), the conditional distribution on Z; . is

(Z ‘Z—Z y Dy qa pl”l H le,zj Zl,zj)liAi’j
JF

Consequently, up to a constant not depending on i, we have

logP(Z; = 1!Z_z D5 q, A)

= log 7722 + log Z Zja [Ai,j log 1 + log(1 — ] + Z Z [ i 10g + log(1 — q)]
2z i#i bra
— log 7™ 41 7|4 10g PE= D 1 log(1
ogmly +10g | > Zja |Aij Ogm og +Z ilog 7 +log(1 - q)
| J#i JFi

48



Then the CAVI update from Equation (5.3) leads to

Tia =0z, (Zia=1)

o exp [E logP(Z;q =11Z_;.,p,q, A)}

qa(p,g,2—i)

= exp [Eq(p)Eq(q)Eq(z,i,.) logP(Z;, = 1|1Z—; ., p, q, A)}

. 1— 1—
o< g exp | Eqip Eq(g) Z Tja [AZ-J- log rl—gq) log q] , (5.25)
! o (1 —p) 1—p

where we use the property that p,q, Z are all independent of each other under q. Recall

that p ~ Beta(ay, 3,) and ¢ ~ Beta(ay, 84). It can be shown that

IEq(p) log 1 r__ Y(ap) —¥(Bp), and IEq(}u) log(1 —p) = ¥(Bp) — Y(ap + Bp),

where 9(+) is digamma function. Similar results hold for Eq(4) log(q/(1—g)) and Eq(4) log(1—

q). Plug in these expectations to Equation (5.25), we have

T o OX TrEfli exp QtZWm(Ai,j - )
J#i

5.5.3 Proof of Theorem 5.3

Theorem 5.3 gives a theoretical justification for all iterations in the BCAVI algorithm. Due
to the limit of pages, in this section we assume nl(7(?), Z*) = 0(fiymin). The proof of the
case nf(w(o), Z*) in a constant order of iy, is essentially the same with slight modification
and thus omitted here.

To prove the theorem, it is sufficient if we are able to show the loss £(-, Z*) decreases in a
desired way for one BCAVI iteration, when the community assignment is in an appropriate
neighborhood of the truth. Let v = o(1) be any sequence that goes to zero when n grows.
Define t* and A* as the true counterparts of t and A, by
"A-q") 1. 1-q

1. p
t'f=Zlog—— 27 d \* = 1 .
2 Bgi—p)y ™ 2t BT pr
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The proof of Theorem 5.3 involves three parts as follows.

Part One: One Iteration. Consider any = € II; such that |7 — Z*||; < y7imin. Let
be any sequence such that 7 = o(1). Consider any ¢ and X with [t — t*| < 7/(p* — ¢*)/p*
and |\ — X\*| < 1/ (p* — ¢*). We define F to be the event, that after applying the mapping

he A (+), there exists some 1 = o(1) such that

I — Z*l,
VI /[wk[n/fumi]?]

A () = Z*||; < nexp(—(1 = n)7iminl) +

holds uniformly over all the eligible 7, ¢ and A\. We have

N|=

P(F) = 1 — exp[—(niminl)2)] = n"",

for some constant > 0. We defer its proof to the later part of this section.

Part Two: Consistency of Model Parameters. Consider any m € II; such that

|m — Z*||; < YPmin. Define

k k
ap = O‘gri + Z Z AijTiaTja,  Bp =0y + Z Z(l — Aij)TiaTja) (5.26)

a=1i<j a=1 i<y

and

ag=a+ 3N A miamie, By =B+ Y (1 Aij)miamy, (5.27)

a#b i<j a#b i<j
and consequently,
= 5 [[(ay) — (8] — [0leg) — B(5,)] (5.28)
N = o 06(85) — (o + )] — [6(8) — ¥l + 8] (5.29)

From Lemma 5.1, we have a concentration of ¢, A towards t*, \*. That is, there exists some
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n' = o(1), such that with probability at least 1 — €357, the following inequalities hold

[t —t*| <n'(p" —q¢")/p", and |X = X*| <0/ (p* — ¢*),

uniformly over all the eligible .

Part Three: Multiple Iterations. Consider any m € II; such that |7 — Z*[|; < Yfimin.
Define oy, Bp, o, Bq, t, A as Equations (5.26) - (5.29). A combination of results from Part

One and Part Two immediately implies that

H7T - Z*||1

hix(m) — Z%)|, < nexp(—(1 — ) Aminl ,
liea(m) = 21, < mesp(=(1 = mimd) + —— Ll

(5.30)

holds uniformly over all the eligible 7 with probability at least 1 — exp|—(7iminl )%)] —n~".

This is sufficient to show Theorem 5.3.

The only thing left to be proved, the most critical part towards the proof of Theorem

5.3, is the claim we made in Part One. We are going to prove the claim as follow.

Proof Sketch of Part One. The error associated with the [hyx(7)];. is a function of
m and A;.. It can be decomposed into a summation of two terms, one only involves the

ground truth Z* and the other involves the deviation m — Z*. That is,
|[hex(m))i, — ZE ||, < fin(Z5 Ail) + fia(m — 2%, Ay ).
Consequently,

Ihen(m) = Z*\l, <> finZ* A )+ fialm — 2%, As). (5.31)
=1

=1

/

involves Z* involves m—Z*

With a proper choice of f.; and f. 2, the first term on the RHS of Equation (5.31) leads to

the minimax rate n exp(—(1 —n)7minf). Up to a constant not dependent on 7, Z* or A, the
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second term can be written as
D fialm =25 Ay, Z ~ Z' )" (A —EA)(A-EA) (1., — Z7,).

In this way it is all about the random matrix A — EA and there exist sharp bounds on
IA — EAllop. Note that 32, [0 — Z%)* < 34 | — 25|, < llm — Z*|),. The second

term ends up being upper bounded by |7 — 7*||; multiplied by a coefficient factor.

Proof of Part One. Denote z = r~1(Z*). By the definition of h; \(-) in Equation (5.11),

we have

2 Zasﬁz- Wfri exXp |:2t Zj?ﬁi Tja (Ai’j N )\):|
pr1 o €XP |:2t Zg;ﬁz Tja (Aiﬂ' — A)]

el = 22, <

< 2w Z 1 Aexp |2t Z(Trj,a — T2 ) (Aij — A)
a#z; J#i

Define f(z) = 1 Aexp(—=z). It can be shown that for any zo < 0 and any integer m > 1
we have f(z) < exp(zg) + Zlﬁgl exp(lxg/m)l{x > (I + 1)xg/m}, which can be seen as a
stepwise approximation of the continuous function f(z). By taking o = —(ng + ns,)1/2

and letting z =2t 3, (mj0 — 7mj2,)(Aij — A), we have

m—1

. Ng + Ny )l l(ng +ny)I
H[ht/\( Wi — Z; ||1<2wZeXp[ (2)} + 2w exp[ (2771)}
aF#z; 1=0
1 I
X Z H[%Z(Wj,a — 72 )(Aij —A) > — (L+ x;“ + 1) H )
0475,27; ]#l m
We choose some m — oo slowly such that
m = o(Amind) and m = o([wnl /[k[n/fmin]?]*). (5.32)
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Thus, we have

m—1 k
l(ng I
Hht A(ﬂ-) o Z*Hl < 2wnk eXp(_ﬁminI) + 2w Z [exp |:_(7’L—i-nb):|
7 2m
=0 a=1 b;ﬁa
(1+1)(ng 4+ np) I
o s |
X i;bﬂ[;(wa mp)(Aij — A) = yr— (5.33)

where we use the fact that ming.4,(ng + bp)/2 > fimin.

The key to the rest of the analysis is to understand Equation (5.33) through the de-
composition of the critical quantity >, .;(mja — mjp)(Ai,; — A). We will show for any pair
of a,b € [k] such that a # b, and any ¢ € [n] such that z; = b, it is equal to a summation
of two terms: one only involves the ground truth Z*, and the other involves the deviation
m — Z*. The former remains steady along iterations and contributes to the minimax rate,
while the latter needs to be connected with the error |7 — Z*|,.

Let 6,4 be a vector of length n such that [0q]; = )4 — Z7 .+ Z;,b — i, Vj € [n]. Then

we have

D (Mo = mip)(Aig = N) =D (Zfa = Z5)(Aij = N+ (Tja = Zio+ Z5y — i) (Aij — N)

i i i
(5.34)
=Y (Zha— Z5p)(Aij = N) + D (Aij — N[bapl;
i i
=Y (Zja = Z5)(Aij = N+ (Ai. —EA; )bap + > _(BAij — N)[fap); -
J#i J#i
involves Z* involves m—Z*
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With the help of Equation (5.34), Equation (5.33) can be written as

() = 27l

k
l(ng I
S 2wnk eXp<_ﬁminI) + 2w Z exp |:_(’fl—i-nb):|
1=0 a=1 b#a 2m

i:2;=b jF#i 4mit i

3 H[Zw;,a Z (A ) > LD el gy A)[ewhﬂ

+2wi2”2@<p{ na+nb)1” <3 H[(AL.—EA )eabzni?:tl}]

a=1 b#a 1:2;=b

Equations (5.18) and (5.32) imply Zfiﬁl exp [—l(ng +np)I/(2m)] < 2. Thus, we have

|hea(m) — ZF||; < 2wnkexp(—nminl) + 2wLi™ + 4wl3y™ |
N—— N——
involves Z* involves m—Z*
where
Kk Ng +n
sum 2 Z exp[— = 0) ]ZL“abl
=0 a=1 b#a 1:2;=

with Ly ;(a, b, )

Hl>
N
*
—

N

- ¥
QN*
f=al
~

=
<

—)\> > —(l+3/2)(na+nb)f/(4mt) _Zj;éi(EAi,j —
A)[0ap)j], and

um ﬁminl
Ly 2 ZZ Z [ - —EA; )0 > "

a=1 b#a i:z;=

In this way we turn ||hs\(m) — Z*||; into calculations on L{"™ and L3"™, where the former
only involves the ground truth Z* and the latter only involves the deviation m — Z*.
We can obtain upper bounds on L{"™ and L§"™ as follows. Their proofs are deferred to

the end of this section.

e For Li"™ there exists a sequence 7" = o(1) such that with probability at least 1 —

exp[—Q(ﬁminI)%], we have

L™ < nmkexp [—(1 — 20" ) iminI] - (5.35)
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e For L3"™, there exist constants ¢ and r such that with probability at least 1 —n™" —

exp(—5np*), we have

[sum o cknp* ||t — Z*||; = en®kp* exp(—5np*)
2

= (Amind /(mt*))? Pmind /(mt*) (5.36)

Thus, we have
() — Z*||, < 2wnk exp(—Timinl) + 2wnmk exp [—(1 — 2n”)ﬁminf]

dewknp* ||m — Z*||; N dewkn?p* exp(—5np*)
(mind /(mt*))? Tomind / (mit*) ’

with probability at least 1 — exp[—Q(ﬁminI)%] —n~" —exp(—5np*). By Propositions 4.1 and

5.1, we have p*t*2 < I. Then due to Equation (5.32), we have

1

)

whnp' [nr LA
(Pmind /(mt¥))? n nl = | /nI Tkl i)

Nmin

and

Nmin

wkn?p* exp(—5np*) Vnp* [ n
— = wmk —_—
nm1n1/<mt*) \Y nl

} nexp(—5np*) < nexp(—5nminl).

Thus, with probability at least 1 — exp[—(fiminl )%] —n~", there exists some 7 = o(1), such

that

=21,
/AT [k [ il

|he(m) — Z*||; < nexp(—(1 — n)7iminl) +

The proof for Part One is complete. The very last thing remained to be obtained is
upper bounds on L§"™ and L§"™, i.e., Equations (5.35) and (5.36). Recall the definition
of 0,5. We have some properties on 0, which will be useful in the analysis for L{"™ and

L3 |04, <2 and

10aplly < |70 = ZZ|, + |76 = Z5], <Ml = Z*]l, < Y7min, (5.37)
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and

k
DD Mbaplly <2k |Ima = 25|, < 2k|lm — Z*]); . (5.38)

a=1 b#a a

1. Bounds on L{*™. By applying Markov inequality, we have

EL1i(a,b,1)

(14 3/2)(ng + )L
4mt

—Pp {t* M (Za— Z)(Aij — \) > — Y (BAij — N[0ap);

J#i #i
t*(1 +3/2)(ng I
< exp [ 43/t )l | ey, )\15)9@71,] Eexp |3 (Za — Z5,)(Ais — \)
4dmt . ) ,
JF#i
With the help of Proposition 3.4, we have
Eexp |t* Z(Z;ﬂ — Z5p)(Aij — A)
J#i
= exp(—t* (A — X*)(ng —mp)) exp(—t*\*(ng — np)) HEexp(t*(Z;a — ;b)Ai,j)
J#
* * —tA EetX ? ’ tX —tY na;rnb
= exp(—t* (A = X")(ng —mp)) |€ FomiV [Ee"* Ee™*" ]
a I
— exp(—#" (A — A*)(na — np)) exp {_("2””)} .
Hence
E ium (5-39)
m—1 k
l(ng +mnp)I (I +3/2)(ng + mp)I
= Z [exp [_2m exp " +1 Z(EAi,j = A)[0apl;
1=0 a=1 b#a J#i
a 1
X exp(—t*(A = A (na — mp)) exp [—(”2”“} ]
m—1 k L tr(+3/2)
1+ = — ng + np)l . N .
<> D ) exp {( m 2m2t I 7z, (A= X (g —np) +1 Z(IEAM = A)[ea,b]j] .
1=0 a=1b#a J#
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We are going to show —(1 — n")iyminl upper bounds terms in the exponent of RHS of
Equation (5.39) by some n” = o(1). We first present some properties of \*,¢* and I that
will be helpful:

I=(p*— q*)z/p*, (5.40)
A* e (¢, p"), (5.41)
and t* < (p* — ¢*)/p*. (5.42)

Here Equations (5.40) and (5.41) are proved by Propositions 4.1 and 5.1 respectively. Equa-
tion (5.42) is due to t* < log(1 + (p* — ¢*)/q¢") < (p* — ¢*)/p* under the assumption that
p*.q" =o(1), p* < q".

The first term in the exponent of Equation (5.39) is upper bounded by —(1—7/(8m))7imin ]
by the assumption t*/t = 14 o(1). Since [t*(A — \*)| < #'t*(p* — ¢*), by Equations (5.40)
and (5.42) the second term is upper bounded by 7'fipminl up to a constant factor. For the
last term in the exponent of Equation (5.39), since |\ — \*| < n/(p* — ¢*) we have

t* < t* +t*

ST = N)lbasls

J#

D (EA; ;= A)[bap):
i

< (1490t (p" — q") |0apll;

D (BA; ;= N)[fasli
i

< (147t (" — ¢")Ymin

S_, ’Yﬁmin‘h

where we use Equations (5.37) and (5.40) - (5.42).
As a consequence, there exists a sequence n” = o(1) that goes to zero slower than
m~1, 7,7, such that the summation of three terms in the exponent of the RHS of Equation

(5.39) is upper bounded by —(1 — n”)fimin/. Thus, Equation (5.39) can be written as
EL™ < nmkexp [—(1 — ") iminl | -

Since 1” goes to 0 slower than m~!, we have n” > m~! > (ﬁminl)i by Equation (5.32).

57



Then by applying Markov inequality, we have

N|=

P [L$"™ > nmkexp [—(1 — 20" fiminl || < exp [=1"fiminI| < exp [*2(ﬁminl )

|

That is, with probability at least 1 — exp[—2(fiminl )%], Equation (5.35) holds.

2. Bounds on L5"™. Depending on whether the network is dense or sparse, we consider two
scenarios.
(1) Dense Scenario: q* > (logn)/n. In this scenario, we have a sharp bound on |4 —

EA||op. First we observe that

> [(Ai. —EA; )a,)” = 67, Z A )T (A —EA; )00

i:z;=b iz, =

<ol Z[(Ai,_ —EA; )T (A —EA; )04y

=07, (A~ EA)T(A—EA)0,

By applying Markov inequality, we have

. Uusl(A =AY (A —EA)[0,,,
L = Z Z nmll’l[/(4mt))2

a=1 b#a

Since ||0qp]l,, < 2, we have [16ap]? < 2 10apll;- Lemma 5.4 shows [[A — EA|qp, < \/c1inp
holds with probability at least 1 —n~" for some constants c1,r > 0. Together with Equation

(5.38), we have

k
229 [(A—EA)T(A—EA)0,, < S A~ EAI2, 160,

a=1 b#a a=1 b#a

k
<35 2eimp [0,

a=1 b#a

<dciknp||mr = Z*|, .
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r

Thus, with probability at least 1 — n™",

derknp ||m — Z*||y

Lsum <
2 = (Ainl /(4mt))?

(2) Sparse Scenario: q* < (logn)/n. When the network is sparse, the previous upper
bound on || A—EA[|sp no longer holds. Instead, removing nodes with large degrees is required
to yield provably sharp bound on [[A — EA|[op. Define S = {i € [n],>_; A; ; > 20np*}. We
define A, P such that A;; = A; ;1{i,j ¢ S} and P;; = (EA; ;)I{i,j ¢ S}. Then we have

the decomposition as

Z]I[ —EA; )0, >

112i=

ﬁminI
E >
I [ P, )ea’b — 8mt }

B:2;=

Nmind
4mt

. . Tmin{
+ ‘Zbﬂ ;(Az,] — EAZ‘J')[QG’bhj]I{l eSorje S} > e
1i2,= J#i

£ L271(a, b) + L272(a, b)

Define L§4* £ 3°%_ 3, ., La1(a,b). We have

67,[(A— P)T(A - P)] 24— P, sl

k
< Y e <L

a=1 b#a

Lemma 4.2 shows ||[A — P|lop < y/c2np holds with probability at least 1 — n~! for some

constant ¢o > 0. Then we have

sum 462]-{771]9 ||7T - Z*Hl
21 = (Fiminl /(8mt))?

Lemma 5.3 shows 3, . [4;; — EA; ;|I{i € S} < 20n%p* exp(—5np*) holds with probability
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at least 1 — exp(—5np*). Then by applying Markov inequality, we have

k

sugnéz ZLQ’Q(a,b)

a=1 | b#a

|Aij — EA; j||[0as)i;I{i € S or j € S}
< 7 9.
Z Z Tumind /(8mt)
=14,5=1
P oAy, |Aiy — BA[I{i € S}
ﬁminI/(8mt)

<

a=1
80n2kp* exp(—5np*)
- Timinl /(8 mit)

As a consequence, we have

deoknp® ||m — Z*||,  80n2kp* exp(—5np*)
(ﬁmin‘[/(Smt))z ﬁmin-[/(gmt) ’

L%'le S Lsum + L§u21'1’1 <

with probability at least 1 —n~! —exp(—5np*). By the bounds on L§"™ and L§"™, and due

to t/t* =1+ o(1), we obtain Equation (5.36).

5.5.4 Additional Lemmas and Propositions and Their Proofs

Lemma 5.1. Let cinir be some sufficiently small constant. Consider any m € Iy such that
|lm— Z*||; < cinan/k. Let oy, Bp, o, By, t, X be the outputs after one step CAVI iteration
from 7 described in Algorithm 4. That is, they are defined as Equations (5.26) - (5.29).
Define

Yicj Lact TiaTjaAi MMQZELQEL#WMW@%J
Zz<] Za 1 T4,aTj,a Zi<j Z@éb Ti,aT5b

p=
Under the same assumption as in Theorem 5.3, there exists some sequence € = o(1) such
that with probability at least 1 — 357", the following inequality holds

|m—Z*||;
n/k '

Il

{!ﬁ—p*\ lg—q*|  [t—t] A=\
max

, < e+ 24cy
p*_q*7p*_q*’(p*_q*)/p* p*_q*}

uniformly over all the eligible w. In addition if we further assume ciny goes to 0, the LHS

of the above inequality will be simply upper bounded by €.
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Proof. We are going to obtain tight bounds on |p — p*| and |§ — ¢*| first. Note that we have

the “variance-bias” decomposition as in

k k
i e TiaTa(Aiy — BAG)L i Y am TiaTiaBAL
p—p*| < - + k -
Zi<j > am1 TiaTja Zi<j > am1 TiaTja

We have concentration inequality holds for the numerator in the first term by Lemma 5.2.
That is, with probability at least 1 — e357", we have

k
Z Zﬂi,aﬂj,a(Ai,j —EA; )| = ‘ (A—EA, rmnT)| < 3ny/np*

1
— 2
1<j a=1

holds uniformly over all = € II;. For the denominator, we have

n? k 1 b n?
2
o 2 Zzﬂ,aﬂyya ) Z 7. ally = %’
a=1

i<j a=1
since 22:1 |7 all; = n. Thus, we are able to obtain an upper bound on the first term as

k
|2 i) 2oam1 TiaTjalAi; — EA; )| <. FP

k i
>i<j 2oa=1TiaTja "

For the second term, since EA; ; = p* 22:1 ZF 7% 4+ q (1 —SF_ ZF, Z* ), we have

,a7j,a a=1“i,a“j,a

k k
Yici Loy TiajaBA; (=" i< [Ea:l m’“ﬁj’“] [Za:l - ZZ“Z;“}

k k

qu’ > a=1Ti.aTja Zi<j > am1 TiaTja
" *)}<7r7TT,11T—Z*Z*T>’

Zi<j >a=1Ti.aTja
( . *)Rﬂ-ﬂ-T _ Z*Z*T,llT— Z*Z*T>’
=P —4q 3

k
Zi<j > 0=t TiaTja

where in the last inequality we use the orthogonality between Z*Z*T and 117 — Z*Z*T. For
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its numerator, we have

< |l = Z7{|y (Il + 11271)
< |l =270 @IZ7( + e = 271,)

< 3nllx—2°].
This leads to

< 3kn”'(p" —¢") |7 — 27, -

k
ZK]’ Za:l 71'i,aﬂTj,aIE:Ai,j B p* 3n ”ﬂ— _ Z*H ( —q )
Zi<j Zszl Ti.aTja a n?/k

Thus,

[k2p* k2p* 3l —Z7|
[p—p*| < " +3kn~ (p" = q") |7 I < [ n(p* — q*)2 ™ n/k

Similar result holds for |§ — ¢*|. Denote 1y = 4/ (kQ_q 5z T SHWn_/i*”l, thus

(p* —q%).

max{|p —p*|,|q — ¢*|} < mo(p* — ¢").

By the assumption of nl in Equation (5.18) and Proposition 4.1, we have n(p*—q¢*)?/(k*p*) =<
nl/k? — oo. Therefore, the first term in 79 goes to 0. The second term in 79 is at most
3cinit which implies 19 < 4cinig-

By the fact that the digamma function satisfies ¢ (z) € (log(z — 1/2),logx),Vx > 1/2,

we have

Y(ap) — ¥(Bp) > log %_71/2

By
o [ b /2 + dici Za 1 TiaTja ,j} / [ZK] Ea 1 Ti,aTj, a}
ER Ryl o ae—
o | PR =1 [ziq o m,awj,a}
1—p+ 65"/ [Zm Sk m,awm}
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Recall that we have shown },_, Z];:l TiaTja lies in the interval of (n?/(2k),n%/2). By
Equation (5.18), there exists a sequence 7' = o(1) such that ay, 8, < 7'(p* — ¢*)n?/k. Then
we have

p*—Ip"—pl—n'(®* —q")

vlaw) =0 2 o8 g o — )

Similar analysis leads to

¢+ —=ql+7 0 —q)
L—q* —|g* =4 —7'(p* — q%)

Y(ag) —¥(8y) < log

Together we have

pr=Ip =Pl =0 —q¢) 1—q —|¢" =4 —n' (" —q)
L—p*+p* =pl+7'(p* —q*) ¢ +I|¢* =4l +7'(p* —q*)
% ~ / * * 4 * *
— — 1—
> log e A A i i )
q* g (1 —p*)

—_

t—t*zlog[

* *
= 4log [1 — (o + n,)pq*q] )

Recall that we assume cop* < ¢* < p*. Thus (9o +7')(p* — ¢*)/p* < 5cinitco. When ¢t is
sufficiently small, we have (no+n")(p* —¢*)/p* < 1/2. Then using the fact —z > log(1—x) >
—2z,Vx € (0,1/2). We have

t—t">=8(no +n)p* —q")/q".
Analogously we can obtain the same upper bound on ¢ — t*, and then

p*—q"

*

|t —t*] < 8co(no + 1)
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Identical analysis can be applied towards bounds on |;\ — A*|. Note that

5 1—p+65")/ [Zm > a-1 m,aﬂj,a]
= log : :
ap + Bp + (ap™ + B85/ {ZK]‘ 25:1 Wi,aﬁj,a}

log

)

similarly for ay, 8, Omitting the immediate steps, we end up with

A =X = [9(Bg) — ¥lag+ By)] — [¥(Bp) — ¥(ap + Bp)] — X[ < 8(mo + n)(p* —q*).

The proof is complete after we unify and rephrase all the aforementioned results. |

Lemma 5.2. Let A € [0,1]™" such that A = AT and A;; = 0,Vi € [n]. Assume
{4 j}ic; are independent random variable, and there exists p < 1 such that I~ <

ﬁ > icj Var(Aij) < p, and then we have

sup |(A —EA, 77l)| < 6n./np,
welly

n

with probability at least 1 — e357".

Proof. This result is a direct consequence of Grothendieck inequality [22] (see also Theorem
3.1 of [23] for a rephrased statement) on the matrix A —EA. The Lemma 4.1 of [23] proves

that with probability at least 1 — e357",

sup
ste{—1,1}"

Z(Ai,j —EA; ;)sitj| < 3ny/np.

1,

Then by applying Grothendieck inequality we obtain

(Ai,j — EAZJ)XZTX] < 3eny/n 5
/[:7j

sup
[ Xill,<1,vien]

where c is a positive constant smaller than 2. This concludes with

sup [(A —REA, mxl)| < 6n./np,
welly
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Lemma 5.3. Let A € {0,1}™*" be a symmetric binary matriz with A;; = 0,Vi € [n],
and {A;j}ic; are independent Bernoulli random variable. Let p > max;;jEA; ;. Define
S={i€n],>>;Ai; =20np} and Z; = 3, |A;; — EA; j|I{i € S}. Then with probability at

least 1 — exp(—5np), we have

Z Z; < 20n2pexp(—5np).

2

Proof. Note that E} . [A; j — EA; ;| < 2np(1 — p) < 2np. For any s > 20np, we have

IP)(ZZ > S) <P Z |Ai,j — EAZ‘J'| — EZ ‘Ai,j — EAZ"]‘| > s —2np
J J
%(s — 2np)?
wp+ 3o - 2

< exp

< eXp(_S/2)7

by implementing Bernstein inequality. Applying Bernstein inequality again we have

IP(ZZ > 0) =P ZAi’j > 20np
J

S P ZAi7j _EZAiaj 2 18np
| j

(18np)?/2 ]

< B St s S
= oxp [ np + 18np/3

< exp(—21np/2).

Thus, we are able to bound EZ; with

20np 0o
EZ; < / P(Z; > 0)ds + / P(Z; > s)ds
0 20np

oo
< 20npexp(—21np/2) +/ exp(—s/2)
20np

< 20np exp(—10np).
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By Markov inequality, we have

> " |Ai; — EAjj|I{i € S} > 200 pexp(—5np) | =P |y Z; > 20n*pexp(—5np)
i.j i
nIEZl
~ 20n2p exp(—5np)

< exp(—5np).

Proposition 5.1. Define A\ = log /log Z;. For any p,q > 0 such that p,q = o(1)

and p < q, there exists a constant 0 < ¢ < 1/2 such that

—— € (¢,1—¢).

Proof. First we are going to establish the lower bound. Let z = p — ¢, and then we can

rewrite \ as

1

log(1+x/q)
1+ amhesi—g—2p

A=

Case I: x > ¢/10 Define s = (p — ¢)/q. Since p < g we have s > 1/10 and also upper

bounded by some constant. We have

A—q 1|1 1

_ a log(1+s)
P=@ 5 191+ ogirsg/G-(s1D0)

_ 1 [ —q)log(1+sq/(1—(s+1)g)) — qlog(1 + )
s [ qlog(1+sq/(1—(s+1)q)) + qlog(l + s)
1 (1= @) =55 — qlog(1 +5)

~ s 2qlog(1l + s)
1 1—g¢q

= 8log(1+s)’

which is lower bounded by some constant ¢ > 0.
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Case II: z < ¢/10 By Taylor theorem, there exist 0 < €1, €3 < 1/10 such that

T r 1—e [z]?
-3
q q 2 q

1— 2
and log |1+ aj = < - © x .
l—qg—z l—-qg—=x 2 l—-qg—=x

Thus, we have

log(1+ ) q(1-9)*— [2q(1 — @) + 15 (1 — ¢)’] = + c1a” + ca®
log(1 + 1=5=) ¢*(1—q) = 52 ¢% ’

where ¢; = (1 —€1)(1 —¢) + ¢ and ¢ = —(1 — €1)/2. Thus,

A—q 1 (1 —q) — 52¢%
p=g¢ = |ql-q) - [20(1-q)+ 51~ q)* + 352w + c12? + cpa?
_ 390 -9+ %61 —q) - F(0 - 0)%] + c1gz + c2ga”
g(1 —q) = [24(1 — @) + 511 = @)? + *52¢%] & + 122 + coa

Note that |c1], |c2] < 1. We have

1
—_ 1o1 =
A qZ4Q( Q)Zl/&
p—q  2q(1—q)

By using exactly the same discussion, we can show (p—\)/(p—¢q) > ¢. Thus, we proved

the desired bound stated in the proposition. |

Lemma 5.4. [Theorem 5.2 of [35]] Let A € {0,1}™*™ be a symmetric binary matriz
with A;; = 0,Vi € [n], and {A;;}ic; are independent Bernoulli random wvariable. If

p= max; j EA; ; > logn/n. Then there exist constants ¢, > 0 such that

|A ~ EAllop < e/,

with probability at least 1 —n™".

67



Chapter 6

Generalization: Degree-corrected

Block Model

Despite a rich literature dedicated to their theoretical properties, SBMs suffer significant
drawbacks when it comes to modeling real world social and biological networks. In par-
ticular, due to the model assumption, all nodes within the same community in an SBM
are exchangeable and hence have the same degree distribution. In comparison, nodes in
real world networks often exhibit degree heterogeneity even when they belong to the same
community [43]. For example, Bickel and Chen [8] showed that for a karate club network,
SBM does not provide a good fit for the data set, and the resulting clustering analysis is
qualitatively different from the truth.

One way to accommodate degree heterogeneity is to introduce a set of degree-correction
parameters {6; : i = 1,...,n}, one for each node, which can be interpreted as the popularity
or importance of a node in the network. Then one could revise the edge distributions to
Ay = Ay g Bern(0:0; B.;).(;)) for all i > j, and this gives rise to the Degree-Corrected
Block Model (DCBM) [14, 33]. In a DCBM, within the same community, a node with a
larger value of degree-correction parameter is expected to have more connections than that
with a smaller value. On the other hand, SBMs are special cases of DCBM in which the
degree-correction parameters are all equal. Empirically, the larger class of DCBM is able

to provide possibly much better fits to many real world network datasets [43]. Throughout
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the chapter, we allow k and B to scale with n as n tends to infinity. Since the pro-
posal of the model, there have been various methods proposed for community detection
in DCBM, including but not limited to spectral clustering [25, 30, 35, 44] and modularity
based approaches [5, 11, 33, 54]. On the theoretical side, [24] provides an information-
theoretic characterization of the impossibility region of community detection for DCBM
with two clusters, and sufficient conditions have been given in [11, 54] for strongly and
weakly consistent community detection. However, two fundamental statistical questions

remain unanswered:
e What are the fundamental limits of community detection in DCBM?

e Once we know these limits, can we achieve them adaptively via some polynomial time

algorithm?

These two questions are also the main topics of Chapter 3 and 4 for the SBM. We are

going to provide answers for them in this chapter for the DCBM.

6.1 Model

Recall that a random graph of size n generated by a DCBM has its adjacency matrix A

satisfying A;; = 0 for all 7 € [n] and
Aij = Ajz' iﬁJd Bern(HzHJBZ(Z)Z(])) for all ¢ 7&] S [n] (61)

For each u € [k] and a given z € [k]", we let ny, = nu(2) = Y ;| 1{2(;)=u} be the size of the

uth community. Let P = E[A] € [0, 1]"*™. We propose to consider the following parameter

69



space for DCBM of size n:

Pn(0.p.q,k, B;0) = {P € [0,1]"" : 3z € [k]" and B = B" € R**¥,
s.t. Py =0 P‘j = 919]3 (1)2(3)> Vi#je [ ]

— Z 0; € [1 —6,1+ 6], Vu € [K], (6.2)

max By, < ¢ < p < min By,
uFv u

Bk—1<nu_ﬁkn+1, Vu € [k]}.

We are mostly interested in the behavior of minimax risks over a sequence of such
parameter spaces as n tends to infinity and the key model parameters 0, p, g, k scale with n
in some appropriate way. On the other hand, we take § > 1 as an absolute constant and
require the (slack) parameter § to be an o(1) sequence throughout the chapter.

To see the rationale behind the definition in (6.2), let us examine each of the parameters
used in the definition. The starting point is 8 € R’ , which we treat for now as a given
sequence of degree-correction parameters. Given 6, we consider all possible label vectors z
such that the approximate normalization i > 2(i)=u Blu = 140(1) holds for all communities.
The introduction of the slack parameter 0 < 6 = o(1) rules out those parameter spaces in
which community detection can be trivially achieved by only examining the normalization

of the 6;’s. On the other hand, the proposed normalization ensures that for all u # v € [k],

By~ ——~ Z Z ]DZJ and  Byy ~ n Z Z
Ny My

zzz) uj#i:z(j)=u 1:2(i)=u j:z(j)=v

Therefore, By, and By, can be understood as the (approximate) average connectivity within
the u'" community and between the u'™ and the v*" communities, respectively. Under this
interpretation, p can be seen as a lower bound on the within community connectivities and
g an upper bound on the between community connectivities. We require the assumption
p > q to ensure that the model is “assortative” in an average sense. Finally, we also require
the individual community sizes to be contained in the interval [n/(8k) — 1, fn/k + 1]. In

other words, the community sizes are assumed to be of the same order. Although we have
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focused on the case of assortative networks, we expect the same expression of minimax rates

to hold in the disassortative case, i.e., min,., By, > ¢ > p > maxy Byy.

6.2 Minimax Risks

The key information-theoretic quantity that governs the minimax risk of community detec-

tion is I, which is defined through

1 n exX —iﬂ - 2 y = 4,
exp(—T) = anl P( ‘92(\/113 \/a)) k=2 (6.3)

LY exp (<0 (VB — VaP), k>3,

Note that it is very similar to Equation (3.2), thus we use the same notation I despite a bit

abuse of notation.

Minimax upper bounds Given any parameter space P,(0,p,q,k,3;6), we can define

the following estimator:

2= argmax [T [@bp) (1 = 0,6;p)' =491 riymar iy
2'€Pn(0.p,0:k,8:0) 1<i<j<n (6.4)

+ (0:0;0)7 (1 = 0:0;0)" 915y 207y -

If there is a tie, we break it arbitrarily. The estimator (6.4) is the maximum likelihood
estimator for a special case of DCBM where By, = p and By, = ¢q for all u # v € [k]. In
other cases, the objective function in (6.4) is a misspecified likelihood function. For any
sequences {an} and {b,}, we write a, = Q(by,) if a,, > Cb,, for some absolute constant
C > 0 for all n > 1. The following theorem characterizes the asymptotic behavior of the

risk bounds for the estimator (6.4).

Theorem 6.1 (Minimax Upper Bounds). Consider any sequence
{Pul0,p,q,k, B;6)}5=, such that as n — 0o, I — 00, p > ¢, [|0]|cc = o(n/k), mincp,) 0; =
Q(1) and logk = o(min(I,logn)). When k > 3, further assume B € [1,4/5/3). Then the
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estimator in (6.4) satisfies

1
limsup - log ( sup Ef(é,z)) < —1.
n—oo 1 P (0,p,q,k,8;0)

Before proceeding, we briefly discuss the conditions in Theorem 6.1. First, the condition
min;ep, 0; = (1) requires that all 6;’s are at least of constant order. One should note that
this condition does not rule out the possibility that max; #; > min; 6;, and so a great
extent of degree variation, even within the same community, is allowed. Next, logk =
o(logn) requires that the number of communities k, if it diverges to infinity, grows at a
sub-polynomial rate with the number of nodes n. Furthermore, 5 € [1, \/5/73) is a technical
condition that we need for a combinatorial argument in the proof to go through when k£ > 3.
When k£ = O(1) and (1) = min; §; < ||f]|, = O(1), Theorem 6.1 only requires I — oo,
which is equivalent to n(p — ¢)%/p — oco. Informed readers might find the result in Theorem
6.1 in parallel to that in [52]. However, due to the presence of degree-correction parameters,
the proof of Theorem 6.1 is significantly different from that of the corresponding result in

[52]. For example, a new folding argument is employed to deal with degree heterogeneity.

Minimax lower bounds We now show that the rates in Theorem 6.1 are asymptotic
minimax optimal by establishing matching minimax lower bounds. To this end, we require
the following condition on the degree-correction parameters 6 € R’}. The condition guar-
antees that P,(0,p,q,k,3;d) is non-empty. Moreover, it is only needed for establishing

minimax lower bounds.
Condition 1. We say that 6 € R’} satisfies Condition N if

1. When k = 2, there exists a disjoint partition C1,Cq of [n], such that [C1] = |n/2],

ICa| € {|n/2],|n/2] + 1} and |C,|™! Yice, Ui € (1—6/4,146/4) for u = 1,2.

2. When k > 3, there exists a disjoint partition {Cy},ex) of [1], such that |Ci| < [Co| <

e <1kl 1G] = [Cal = [n/(BK)] and |Cul ™" Syee, i € (1—6/4,145/4) for all u € [k].

We note that the condition is only on 6 (as opposed to the parameter space) and the

actually communities in the data generating model need not coincide with the partition
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that occurs in the statement of the condition.

With the foregoing definition, we have the following result.

Theorem 6.2 (Minimax Lower Bounds). Consider any sequence
{Pu(0,p,0,k,8;0)}52, such that as n — 0o, I — 00, 1 < p/q = O(1), plfll3, = o(1),

n=1

logk = o(I), log(1/d) = o(I) and 0 satisfies Condition N. Then

1
liminf - log (ir}f sup EK(;?,z)) > —1.
n—oo [ Z Pn(0.p,a:k,B:0)

Compared with the conditions in Theorem 6.1, the conditions of Theorem 6.2 are slightly
different. The condition 1 < p/q = O(1) ensures that the smallest average within commu-
nity connectivity is of the same order as (albeit larger than) the largest average between
community connectivity. Such an assumption is typical in the statistical literature on block
models. The condition [|]|%, p = o(1) ensures that the maximum expected node degree
scales at a sublinear rate with the network size n. Furthermore, when k& = O(1), the con-
dition logk = o(I) can be dropped because it is equivalent to I — oo, which in turn is
necessary for the minimax risk to converge to zero.

Combining both theorems, we have the minimax risk of the problem.

Theorem 6.3. Under the conditions of Theorems 6.1 and 6.2, we have

inf  sup  El(2,2) = exp(—(1+ o(1))]),
Z Pn(0.p,q,k,B:0)

where o(1) stands for a sequence whose absolute values tend to zero as n tends to infinity.

When 6 = 1,,, the foregoing minimax risk reduces to the corresponding result for SBM
in the sparse regime where ¢ < p = o(1). In this case, Equation (6.3) implies that the

minimax risk is

exp (—(1+o())2(/p—va)?), k=2
exp (—(1 +o(1))22 (/P — \/5)2) , k>3

exp(—(14o(1))I) =

Note that when ¢ < p = o(1), the Rényi divergence of order % used in the minimax risk
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expression in Theorem 3.1 is equal to (140(1))(y/p—+/q)?, indicating a match with Theorem
3.1.

6.3 An Adaptive and Computationally Feasible Procedure

Theorem 6.1 shows that the minimax rate can be achieved by the estimator (6.4) obtained
via combinatorial optimization which is not computationally feasible. Moreover, the proce-
dure depends on the knowledge of the parameters 0, p and ¢q. These features make it not
applicable in practical situations. In this section, we introduce a two-stage algorithm for
community detection in DCBM which is not only computationally feasible but also adap-
tive over a wide range of unknown parameter values. We show that the procedure achieves

minimax optimal rates under certain regularity conditions.

6.3.1 A Two-Stage Algorithm

We first give the method for initialization (Algorithm 5), and then present the complete

algorithm (Algorithm 6).

Initialization: weighted k-medians clustering. We first give Algorithm 5, which is
an analogous of the low-rank based spectral clustering (i.e., Algorithm 1) for the regular
SBM.

To explain the rationale behind our proposal, with slight abuse of notation, let P =
(Pij) € [0,1]"*", where for all i,j € [n], P;j = Pj; = 0;0;B.(;).(;)- Except for the diagonal
entries, P is the same as in (6.2). For any i € [n], let P; denote the i*" row of P. Then for

all 7 such that z(i) = u, we observe that
‘91_1Pz = (QlBu,z(l)y e )enBu,z(n))

are all equal. Thus, there are exactly k different vectors that the normalized row vectors
{61 P;}7_, can be. Moreover, which one of the k vectors the i" normalized row vector

equals is determined solely by its community label z(¢). This observation suggests one can
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Algorithm 5: Weighted k-medians Clustering
Data: Adjacency matrix A € {0,1}"*", number of clusters k, tuning parameter 7.
Result: Initial label estimator 2°.
1 Define T-(A) € {0,1}™*"™ by replacing the ith row and column of A whose row sum
is larger than 7 by zeroes for each i € [n];
2 Solve

P = argmin 1T-(A) — P|%;
rank(P)<k

3 Let P; be the i*" row of P. Define Sy = {i € [n] : ’ = 0}. Set 2%(i) = 0 for
i € Sy, and define P, = ]51/ P, . for i ¢ Sp;

4 Solve a (1 + €)-k-median optimization problem on S§. That is, find {20(i)}i€5(c) in
[k]1%] that satisfies

k
min g ‘
vy, ER™

u=1 {1€85§:20(i)=u}

P,
1

pi P — vy ]52

P — vy
1

k
oY Y |2
1_(+€) min min )

clk]m wER™
R LT R e st —u)

|

(6.5)

design a reasonable community detection procedure by clustering the sample counterparts
of the vectors {01_1]31, 92_1]32, <.y 1P}, which leads us to the proposal of Algorithm 5.
In Algorithm 5, Steps 1 and 2 aim to find an estimator Pof P by solving a low rank

~ [|—1 .
P; . P; as a surrogate for Gi_lPi.

approximation problem. Then, in Step 3, we can use
Finally, Step 4 performs a weighted k-median clustering procedure applied on the row

vectors of the n x k£ matrix.

Full algorithm. The full algorithm for community detection in DCBM is given in Algo-
rithm 6. It is analogous to Algorithm 2 for the regular SBM, with the only difference that
we use normalized majority voting in Algorithm 6 instead of penalized majority voting as

in Algorithm 2.

6.3.2 Performance Guarantees

In this part, we state high probability performance guarantees for the proposed procedure.

The theoretical property of the algorithms requires an extra bound on the maximal entry
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Algorithm 6: A Two-stage Algorithm for DCBM
Data: Adjacency matrix A € {0,1}™*™ and number of clusters k;
Result: Clustering label estimator Z € [k]™;
1 For each i € [n], apply Algorithm 5 to A_;. The result, which is a vector of
dimension n — 1, is stored in (2°,(1),...,2%,(i — 1), 2°.(i + 1), ..., 2°.(n));
2 For each i € [n], the ith entry of 2, is set as

1
29,(i) = argmax ————— Aij;
wel) Ha:2%0) = u}| .,AOZ_ !
7:22,(4)=u
3 Set 2(1) = 2°,(1). For each i € {2,...,n}, set
2(i) = argmax [{j : 22,(j) = u} N {5 : 22,(j) = 2%,(9)}. (6.6)

u€[k]

of EA. We incorporate this condition into the following parameter space

PL(0,p,q,k, B; 5, )

= {P = (0:0; B.(3)-(j) 1{izj}) € Pnl0,0, ¢, F, B;9) : Sg[%ﬁBuu < ap}.

The parameter « is assumed to be a constant no smaller than 1 that does not change with
n. By studying the proofs of Theorem 6.2 and Theorem 6.1, the minimax lower and upper
bounds do not change for the slightly smaller parameter space P}, (0,p, ¢, k, 3; 0, «). There-
fore, the rate exp(—(1 + o(1))I) still serves as a benchmark for us to develop theoretically

justifiable algorithms for the parameter space P, (0,p,q, k, 3;9, a).

Error rate for the initialization stage. As a first step, we provide the following high

probability error bound for Algorithm 5.

Theorem 6.4 (Error Bound for Algorithm 5). Assume § = o(1), 1 < p/q = O(1) and
1]l = o(n/k). Let 7 = Ci(np||0]|% + 1) for some sufficiently large constant Cy > 0 in
Algorithm 5. Then, there exist some constants C',C > 0, such that for any generative

model in P.,(0,p,q,k, B; 9, a), we have with probability at least 1 — n~ 1+,

(1+ k> 2\ /nl0]2, p+1
i 0; <C
min Z

{i:5(0)#p(=(1))}

pP—q
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where the minimization is over all the permutations on [k].

Theorem 6.4 provides a uniform high probability bound for the sum of 6;’s of the nodes
which are assigned wrong labels. In the special case when 6; = 1,Vi € [1] (i.e., under
the regular SBM), it immediately implies £(2, 2) < (14 €)k%2y/np+1/(p — q), a slightly
weaker result compared to Theorem 4.1. The proof of Theorem 6.4 essentially follows that
of Theorem 4.1, with additional effort to handle #. Thus we omit it in this thesis and refer

the readers to our paper [20] for details.

Error rate for the refinement stage. We now state a general high probability error
bound for Algorithm 6. To introduce this result, we define another information-theoretic

quantity. For any t € (0,1), define

Ji(p.q) =2 (tp+ (1 —t)g—p'¢" ). (6.7)

By Jensen’s inequality, it is straightforward to verify that Ji(p,q) > 0 and J(p,q) = 0 if

and only if p = ¢. As a special case, when t = %, we have

Jy(p,a) = (VP — Va)*. (6.8)

For a given z € [k]", let ny < ... < ng be the order statistics of community sizes

{nu(z) :u=1,...,k}. Then, we define the quantity J by through

exp(—J) = igxp (o ("5 o) (69)

with t* = n(l?j:;@). With the foregoing definitions, the following theorem gives a general

error bound for Algorithm 6.

Theorem 6.5. Under the conditions of Theorem 6.4, we further assume that 6 = o(2=1),
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1612, p > n7t,

L+ 0lvP _ (P—q
Vi(p—q) _O< kp > and  (610)

o (+982100 5 (g
rwnzn(r)l{n {i € [n]:0; <~} + il —q) } = 0< fEm ) . (6.11)

Then there is a sequence n = o(1) such that the output Z of Algorithm 6 satisfies

. . ) < s 1
711520 7%(07;22&6’&)1[”{6(,2,2) < exp( (1 n)J)} 1

Theorem 6.5 gives a general error bound for the performance of Algorithm 6. It shows
that Algorithm 6 converges at the rate exp(—(1 4 o(1))J). According to the properties
of Ji(p,q) stated in Appendix B of [20], one can show that when n.) = (1 + o(1))n(),
J = (1+0(1))I, and that in general

n(l)(\/ﬁ_ \/6)2 < <W> Jt*(p, q) < <W> (\/]3_ \/&)2

Using this relation, we can state the convergence rate in Theorem 6.5 using the quantity 1.

Corollary 6.1. Under the conditions of Theorem 6.5, there is a sequence n = o(1) such
that the output Z of Algorithm 6 satisfies

li inf P{l(3,2) < —(1=n)p~ )} =1,

e b ey T L) S exp (= (L =m)F D)}

li inf Ptz < —(1-nI)t =1 k > 3.
000 P (0, pea k. :6.0) {€(,z2) <exp(—(A—-nI)} =1, fork>

Therefore, when k£ > 3, the minimax rate exp(—(1+o0(1))I) is achieved by Algorithm 6.
The only situation where the minimax rate is not achieved by Algorithm 6 is when k = 2
and 8 > 1. For this case, there is an extra S~! factor on the exponent of the convergence
rate. The proof of Theorem 6.3 essentially follows that of Theorem 2 for the regular SBM.

Hence we omitted it in this thesis and we refer readers to our paper [20] for details.
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