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The Bradley-Terry—Luce (BTL) model is a benchmark model for pairwise comparisons between
individuals. Despite recent progress on the first-order asymptotics of several popular procedures, the
understanding of uncertainty quantification in the BTL model remains largely incomplete, especially
when the underlying comparison graph is sparse. In this paper, we fill this gap by focusing on two
estimators that have received much recent attention: the maximum likelihood estimator (MLE) and the
spectral estimator. Using a unified proof strategy, we derive sharp and uniform non-asymptotic expansions
for both estimators in the sparsest possible regime (up to some poly-logarithmic factors) of the underlying
comparison graph. These expansions allow us to obtain: (i) finite-dimensional central limit theorems for
both estimators; (ii) construction of confidence intervals for individual ranks; (iii) optimal constant of
£, estimation, which is achieved by the MLE but not by the spectral estimator. Our proof is based on a
self-consistent equation of the second-order remainder vector and a novel leave-two-out analysis.

Keywords: Bradley—Terry—Luce model; uncertainty quantification; central limit theorem; maximum
likelihood estimator; spectral estimator.

1. Introduction
1.1  Overview

In this paper, we study the problem of uncertainty quantification in the Bradley—Terry—Luce (BTL)
model. Given n individuals with unknown merit scores 8* = (07, .. .,9,’{)T and an ErdoGs—Rényi
comparison graph A = {A;};_; with success probability p, individuals i and j are compared L times
if A; = 1, and each binary result y;;, is independently in favour of the former with probability

.
i
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Equipped with the realization of the comparison graph A and all the pairwise comparison results, the
goal is to conduct inference on the unknown merit vector 6*. We give a detailed review of the BTL model
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in Section 2 ahead. Along with its generalizations [20, 21, 30] and close cousins in assortive networks
[3, 15, 29], the BTL model has found extensive applications in web search [9, 10], competitive sports
[23, 34] and social network analysis [25, 32].

Among many statistical procedures developed for the BTL model, the following two approaches
have received particular attention in recent years due to their wide applicability in practice.

e (Maximum likelihood estimator) In the current formulation, the maximum likelihood estimator
(MLE) leads to a convex program and can be solved by efficient algorithms developed in [12, 16,
18, 44].

e (Spectral estimator) The spectral method, also named rank centrality in its original discovery [24],
associates the pairwise comparisons with a Markov chain on the underlying comparison graph.
The estimator is then taken to be the stationary measure of the corresponding sample transition
probability matrix, and hence can be solved efficiently via power iterations [24].

In the past few years, a series of works [4—6, 24] have studied in depth the theoretical properties
of these two estimators, with focus on their £,/¢_ estimation accuracy and performance in partial/full
ranking; see Section 2 ahead for a detailed review of related results.

Compared to the above thorough study of the first-order asymptotics of the estimators, the
understanding of the associated limiting distribution theory is much less complete. A critical step
in establishing optimal error bounds for partial recovery of ranking in [5] is sharp tail probability
estimates for both the MLE and the spectral method. These results suggest, though do not directly imply,
asymptotic normality. In the seminal work [36], asymptotic normality was first rigourously proved for
the MLE when the comparison graph is fully connected (i.e. the underlying Erdo&s—Rényi comparison
graph satisfies p = 1). Using the same proof strategy, [14] later extended the above result to the regime
p = n~'/19 (up to some poly-logarithmic factors). Since the Erdods—Rényi graph is connected with
high probability as soon as np > (1 + ¢)logn for any ¢ > 0, this leaves open the most challenging
but practically relevant regime p < n~! (up to some poly-logarithmic factors), as many real world
networks only have near constant degrees. The goal of this paper is to fill this gap by providing a sharp
characterization of both estimators in this regime.

1.2 Main contribution

Using a unified proof strategy, our main theoretical results provide a non-asymptotic expansion of
both estimators in the regime p =< n~! (up to some poly-logarithmic factors). Let us start with the
MLE, which we will denote by 9. Our first main result states that (see Theorem 2 ahead for the formal
statement)

)
5
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(1.1)
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where

b= Ay, —wOF —01), di= D AN OF —67).
Jii jii

Here y; = Lt Zile Yjj¢ 18 the averaged comparison result between individuals / and j when A;; = 1,
Y(x) = /(1 + ) is the logistic function, and the approximation = in (1.1) is uniform over the

€202 YoJB\ £ UO Jasn Aleiqi elueAjAsuuad Jo Alsionun AQ 69/ 1L02/S201/2/Z 1 /a101e/1elew/woo dno olwapeae//:sdiy Wol) papeojumod]



UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1075

coordinates i € [n]. To the best of our knowledge, (1.1) as formally stated in Theorem 2 is the first result
in the literature with an explicit non-asymptotic expansion in the sparse regime p =< n~! (up to some
poly-logarithmic factors).

Thanks to the tractable form of the main terms {b;/d;} (we will defer their interpretation to Section 2
ahead), we are able to characterize the asymptotic behavior of the MLE 6.1n particular, we will present
three concrete applications of the expansion in (1.1): (i) a finite-dimensional central limit theorem (CLT)
of 9: (ii) construction of confidence intervals for individual ranks; (iii) optimal constant of £, estimation
in the BTL model; see Section 4 ahead for details.

Using the same proof strategy underlying (1.1), we are able to derive a similar expansion for the
spectral estimator which we denote by 6 (see Theorem 3 ahead for the formal statement):

0, — 6 ~ % (1.2)
where
b= Ay + 1) 5y — v —0)), di=m > AjrOF — o).
JiU# J#
Here n* = (7f,..., 7) 7 is the stationary measure of the Markov chain associated with the spectral

estimator (see Section 2.1 ahead for details), and the approximation = in (1.2) is again uniform over
the coordinates i € [n]. To the best of our knowledge, (1.2) is the first result in the literature that
gives a sharp non-asymptotic expansion of the spectral estimator in the sparse regime p =< n~! (up to
some poly-logarithmic factors). Analogous to the MLE 0, the expansion (1.2) also leads to a finite-
dimensional CLT for the spectral estimator and its exact constant of £, error. Interestingly, along with
a lower bound in the local minimax framework (cf. Theorem 9 ahead), we are able to conclude that the
MLE achieves the optimal constant of £, estimation in the BTL model but the spectral method does not.
An analogous observation in terms of ranking performance has previously been made in [5].

Let us now discuss briefly the proof strategy underlying expansions (1.1) and (1.2). The previous
proof strategy adopted in [14, 36] for the MLE 0 proceeds by building and then inverting a self-
consistent equation of 6, where the key technical step is to approximate the inverse of the Hessian of the
likelihood equation in an entrywise manner. In the fully connected case p = 1, such a technical result
is available from [35], but its approximation accuracy deteriorates quickly as p gets smaller, resulting
in the final condition n'/1%p — oo in [14]. In this paper we adopt a higher-order analogue of the above
approach by first building a self-consistent equation over the remainder vector

S

y=,- 1

1

X |

in the case of the MLE 6. This approach allows us to bypass the technical difficulty of approximating the
inverse of the Hessian, and reduces the problem to a sharp enough £ control of §, which we then tackle
with a leave-two-out analysis. As will be detailed in Section 3 ahead, leaving two out instead of one as
in previous works [5, 6] is essential for our analysis. We refer to Section 3 for a detailed discussion of
proof strategies.
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In a broader context, this paper can be categorized under the general theme of uncertainty
quantification/statistical inference for models with growing/infinite dimensions, see [7, 11, 17, 22, 26—
28, 31, 37, 40, 41, 45] for an incomplete list of recent works in other benchmark statistical models. This
paper, together with the prior works [14, 36], resolves uncertainty quantification in the BTL model in
both sparse and dense regimes.

1.3 Organization

The rest of the paper is organized as follows. Section 2 starts with a review of the BTL model and
then presents our main results. Section 3 discusses in detail our proof strategy. Section 4 develops three
concrete applications of our main theoretical expansions. Proofs for the MLE and spectral method are
given in Sections 5 and 6 respectively, followed by proofs for the applications in Sections 7-9. Some
additional auxiliary results are presented in Appendix A.

1.4  Notation

For any positive integer n, let [n] denote the set {1,...,n}. For a,b € R, a vV b = max{a, b} and
aAb = min{a,b}. Fora € R,leta, =aVv0anda_ = (—a) v 0. Forx € R", let ||x||q = ||x||,5q(Rn)
denote its g-norm (0 < g < oo) with x|, abbreviated as ||x||. By 1, we denote the vector of all
ones in R”. For a matrix M € R™", let |M llop and [|M]| denote the spectral and Frobenius norms

of M respectively. Let MT denote its pseudo-inverse. We use {e;} to denote the canonical basis, whose
dimension should be clear from the context. We use I to denote the indicator function.

For two nonnegative sequences {a,} and {b,}, we write a, < b, or a, = O(b,) if a, < Cb, for
some absolute constant C. We write a, < b, if a, < b, and b, < a,. We write a, < b, or a,, = o(b,)
(respectively a, > b,) if lim,_, (a,/b,) = 0 (respectively lim /b)) = 00). We follow the
convention that 0/0 = 0.

Let ¢, @ be the density and the cumulative distribution function of a standard normal random

variable. For any « € (0, 1), let z, be the normal quantile defined by P(4(0, 1) > z,) = «a.

l’l‘)OO(a

2. Main results
2.1 BTL model: a review

We start by laying down the details of our problem setting. Consider n individuals where each one is
associated with some latent merit parameter 6 € R for i € [n]. Comparisons among these n individuals
are then made on a random ErdoGs—Reényi graph A = {A;};_; with edge probability p, i.e. {A;};_; are
1i.d. Bernoulli variables with success probability p. For each connected edge A;; = 1, L independent
comparisons denoted by {yl-j/é}%:l are made between individuals i and j, where y;;, are i.i.d. Bernoulli
variables with success probability ¥ (6 — Qj*) with v being the logistic function ¥ (f) = ¢'/(1 +¢'). We
observe the comparison graph A and the comparison results {¥ije}, and the goal is to conduct statistical
inference of the merit parameters 6* = (07, ..., 9;:)T.
Throughout the paper, we will consider the following parameter space for 6*.

Ok) = {9* € R": max 0 — min 0} < k,1] 0% = 0}. 2.1

ieln] ieln]
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Here « is known as the dynamic range, and since the BTL model is only identifiable up to a global shift
in the merit parameter 6*, we make the centering condition 1;9* = 0. In our theory below, n is taken
to be the main asymptotic parameter, and all other problem parameters p, 6*, k, L are allowed to change
with n. We will mostly be interested in the following regime:

k= 0(1), np> (logn)® for some o > 1. (2.2)

We make a few remarks on the above conditions.

1. Here « = (1) is assumed to facilitate theoretical analysis. Direct conveniences brought by this
condition include that the comparison success probability v (6 —Qj*) is bounded away from 0 and
1, and the Hessian of the log-likelihood function £,(9) (see (3.2) below) will be well-conditioned.
This condition is commonly assumed in the existing literature [5, 6, 8].

2. Itis well-known that the underlying Erdo6s—Rényi graph is connected with high probability when
np > (1 4+ ¢)logn and disconnected if np < (1 — ¢) logn for any ¢ > 0. Therefore, the second
condition allows the sparsest possible regime (without losing identifiability) of the graph up to
some poly-logarithmic factors.

More discussions of these conditions will follow after the statement of the main results; see
Remark 2 ahead.

In the BTL model, arguably the most natural procedure is the MLE, which can be traced back to
[12, 44]. After some elementary algebra, the (normalized) negative log-likelihood function is given by

€,0) = ZA,.]. [y,] log M]. 2.3)
i<j i

J

1
- +_..10
1/[(0’_9/) yjl g

Here for each i < j, we let y; = (Z%:l )’ije) /L and we take y; = 1 — y;; by convention. In accordance
with the identifiability condition 1,1—9* = 0, we define the MLE to be

8 € argming ;7y_oly(0). (2.4)

Under conditions in (2.2) with any « > 1, the MLE exists and is unique with probability 1 — &(n~10)

since with the prescribed probability, the above optimization can be constrained to the compact set
{6 : 1160 — 6%l < 5} (cf. [5, Proposition 8.1]) and the likelihood is strongly convex on this set (cf.
Lemma 15 ahead). In what follows, we work on the event where 9 is well-defined.

Another popular approach, named rank centrality in its original discovery [24], associates the
pairwise comparisons with a random walk on the underlying Erdo6s—Rényi graph. More precisely,
consider a Markov chain with n states (corresponding to the n individuals), and let the sample transition
matrix P be defined by

P.

1. = .o,
) {EAzjyjz’ l 75.]»
y

1 - . .
=3 Zk:k;éiAikyki’ 1=]J.
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Here we take d = 2np throughout so that with probability 1 — &'(n~!0), the matrix P has non-negative
entries. Its population version conditioning on A is

1 * * . .

A (0F —0F), i #j,
=R = {0

U= g 2 papi AV OF —00), i=];
hence, the imaginary random walker on the graph has a higher tendency of moving to an adjacent node
(individual) with a larger merit parameter. By direct verification, this population transition matrix admits
the stationary measure

o o
§ =) 2.5)
21 ek

and the approach of rank centrality estimates it using the stationary measure 7 of P:

e
*
(S
S i €

T P=7". (2.6)

In accordance with the identifiability condition 1;{0* = 0, the associated estimator of 8* is defined as

~ 1<
6, = log, — > log . 2.7)
k=1

Since the above rank centrality algorithm builds on a long list of spectral ranking methods (see [43] for
a comprehensive survey), we will henceforth call it the spectral method. For the rest of the paper, we
reserve the notation 8 for the MLE and @ for the spectral method.

In the last few years, a series of works have made significant contribution towards understanding the
performances of both estimators, in terms of both £, and £, accuracy.

ProposiTION 1. [5, 6, 24] Suppose the conditions in (2.2) hold with ¢ = 1. Then, there exists some
C = C(k) > 0 such that the following hold with probability at least 1 — @(n~'?) uniformly over
0* € O(k).

. c . Cl
(MLE)  [§—6"> < — and |8 —6%|2 < —o",
pL npL
_ c _ 1
(spectral) |8 —6* 2 < — and [§ — 6% < —2",
pL npL

In fact, both error rates are known to be minimax rate optimal [6, 24] over @ (k); see also [5, Lemmas
11.1 and 11.3] for some more refined £, tail estimates. Other aspects of the estimators, notably their
ranking performances, have also been studied in depth in [5, 6, 24].

2.2 Non-asymptotic expansions

Compared to the above progress in the first-order asymptotics, the understanding of limiting distribution
theory in the BTL model is much less complete. In the seminal work [36], the authors derived the £
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1079

consistency and asymptotic normality of the MLE in the full comparison case p = 1. Adopting a similar
proof technique, the recent work [14] extended [36] to the sparsity regime n'/!%p — oo (up to some
poly-logarithmic factors). This leaves open the most challenging but practically relevant sparsity regime
(2.2) where the average number of comparisons is only slowly growing.

The following first main result of this paper provides a sharp non-asymptotic expansion of the MLE
6 in the regime (2.2), from which asymptotic normality and a few other interesting corollaries can be

readily deduced. We present its proof in Section 5.

THEOREM 2. Suppose that the conditions in (2.2) hold with @ = 3/2. Then for any i € [n], we have

~ b;
9l~ —_ Qi* = (1 + 81’i)j + 82,1'. (28)

1
Here ¢, ¢, are two vectors in R" such that [le; ||, = o(1) and ||, ||, = 0(1/+4/npL) with probability
1-— ﬁ(n_lo), and b,d € R" are given by

b= Ay —wOF —60). di=> A6 —0)).
jii Ji#i

REMARK 1. Using standard concentration arguments, we have b; < /np/L and d; < np for each i € [n],
so the main term satisfies b;/d; < 1/+/npL. Hence, upon proper normalization, &, is a small term in an
entrywise manner.

REMARK 2. We comment on two possible generalizations of the above theorem.

1. (Heterogeneity) A direct generalization of the current BTL model is to allow heterogeneity
in the pairwise comparisons, that is, replace the ErdoSs—Rényi probability p by p;; and the
number of comparisons L by L;; for each pair (7, /) of comparison. With these changes, the above
theorem continues to hold upon changing the conditions in (2.2) to min;_; p; > (logn)*/n and

max;_; p;;/ min,_; p;; < C for some universal C > 0, and the main term b;/d; to

2 i 40 — Ly 6F — 67))
2 i ALV 6 = 67)

)

where y;; is now Zﬁi 1 Yijes see [1, Section 3.1] for some related probabilistic properties of the
inhomogeneous Erdods-Rényi graph. The applications to be introduced in Section 4 ahead will
also hold upon proper modifications.

2. (Sparsity condition) The slightly worse exponent in np >> (logn)3/? (instead of 1) results from
the bound |8, < v/ (log n)3/(np)? O(1//npL) in Lemma 6, which is derived from an earlier

rougher estimate [|8]|,, < +/(logn)!/(np)°0(1/+/npL) in Lemma 5. Here 8, defined in (5.3) for
the MLE and (6.3) for the spectral method, is the key remainder vector we are trying to bound; see
the proof idea in Section 3 ahead for more details. At the cost of a much lengthier proof, we may
be able to iterate the above arguments and improve the condition to np > (log n)3+20/(2+26)

after the kth iteration, reaching exponent 1+ after {l / (217)—‘ iterations. An interesting theoretical
question is whether the expansion (2.8) still holds under the condition np >> log n, or even better,
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1080 C.GAO ET AL.

under np > Clogn with some large universal C > 0 as established for some first-order results in
[5]. We leave the complete resolution of this problem to a future work.

To the best of our knowledge, Theorem 2 is the first result in the literature with an explicit non-
asymptotic expansion in the regime (2.2). To help with its understanding, we now explain the form
{b;/d;} of the main term. For each fixed i € [n], let Zﬁ,l) (6;16_,) be the local negative likelihood of the ith
individual given the rest of the merit parameters 6_;:

D@10y =>4 [y log ———— 4§ log ———— ]
n \YilV_ij) = ij | Vij _ Ji _ )
= V6 —6) V0, 6)
It can be readily verified that: (i) 5, is a minimizer of Zﬁ,i) (9,.|§_,.) and (i) b; = —ael_e,(j) (6710%,) and

d;, = 8(_%, 6,(1[) (0716, so a local quadratic expansion of Eff) (9i|§_i) around ;" yields that

-~

. D P |
6, =~ argming [ 6 6718_) + 95,67 ©10_) - 6, — 67) + S0 6710_) - 6, - 0]

~ argmin,, [zfﬁ (610_1) — bi(6; = 6) + 5,6, - ei*)z] =67 + . (2.9)

1

The key task of Theorem 2 is to give a tight control of the above approximation error; see Section 5
ahead for details.

As we will elaborate in Section 3 ahead, the previous proof idea adopted in [14, 36] is no longer
applicable in the sparse regime (2.2), and our Theorem 2 is based on a completely different proof
technique. Interestingly, this new proof technique also allows us to derive the following expansion of
the spectral estimator 6; see Section 6 for its proof.

THEOREM 3. Suppose that the conditions in (2.2) hold with @ = 3/2. Then for any i € [n], we have

~ _ b _
6,0 = (1+3)= +5,; (2.10)

1

Here €}, ¢, are two vectors in R” such that |[£, ]|, = o(1) and [[&; o, = o(1/+/npL) with probability
1 — On=19, and b,d € R" are given by

bi= 2 Ay + 7))y = v @ —0)). =3 Ap6f —6)).

Jy#F Jy#F

Here 7r* is the population stationary measure defined in (2.5).

We now explain the form {Zi /21}} of the main term. Using a first-order Taylor expansion, we have

~ T, — T 1 T, — T T, — T,
6, — 07 =log (F— +1) = - 3 log (F 1) ~ S @11)
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1081

Then it follows from the definition of 7 that

o AT 2t A
2l s A

2.12)

Combining the above two displays, we have

5 g o a0 =) Ay Oi —3iml) by
U S A S AWOF — 609 4
w2y Ay T 2y AV — Y i

upon noting that )_’ij”j* =yt =+ nj*) (}_’ij L ACHE Gj*)). The key task of Theorem 3 is to give a
tight control of the above approximation error; see Section 6 ahead for details.

Theorems 2 and 3 provide us with valuable information on the asymptotic behavior of the two
estimators and allow us to compare the two procedures on a much more refined basis than existing
literature [5, 6, 24]. In particular, we will show that the MLE 0 achieves the optimal constant of £,
estimation in the BTL model but the spectral estimator 6 does not; see Section 4.3 for more details.

3. Proof Strategy

This section discusses the unified high level proof idea underlying our main theorems, focusing on its
difference from the previous one adopted in [ 14, 36]; detailed proofs are given in Sections 5 and 6 ahead.

3.1 Summary of previous proof strategy

We start by briefly summarizing the proof outline of [36] when p = 1 and explaining the additional
technical difficulties in the sparse regime (2.2). Differentiating the likelihood in (2.3) leads to the score
equations:

j
of victories of the ith individual. Let Au; = (% — ¢%’) /€% , which can be seen as a proxy for @\, - 0F
using a first-order Taylor expansion. Then, some algebra yields that

with its population version given by Ea; = L- Zj: ki & (% + eef*). Here a; = Z-:j#i y;j is the number

-~ * 9}‘ *
i P eV el (Aul- — Auj) P

— c = . X
i+ el O 1 (% + % )2 ebi + e

~ Y0 — Qj"‘)(Aui — Auj).
Combining the above two displays yields, in matrix form, that

a—Ea~ HO*) Au~ H©O*) (@ — 6%), 3.1)
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1082 C.GAO ET AL.
where a = (ay,. .. ,an)T, Au = (Auy, ..., Aun)T, and H(0*) € R™" is the Hessian given by

32¢,(9)

H®" = 502

‘9:9* = (ZAW OF = )T, — Ay 6] — 6; )]I,#) (3.2)

keksi

Given that the sample-mean type quantities {¢; — Eq;} are easy to analyze, it is natural to invert the
Hessian H(6*) and find a close approximation S of ideally simple form such that (note that H(6%) is
singular along 1, so we take the pseudo-inverse)

6 —0* ~ (H©6) (a — Ea) ~ S(a — Ea),

an expansion similar to our (2.8). The construction of such an S is the main technical ingredient of [36],
whose entrywise closeness to (H (0*))T at the order of n~2 is highly non-trivial to verify even in the case
p = 1[35]. For general p, this approximation error deteriorates to the order (n>p>)~! as reported by [14,
Lemma 7], which eventually leads to the sub-optimal condition n'/1% — oo.

We also mention a recent result by [19] that achieves the sparsity level p < via a debiasing
technique. However, their method requires L to be of greater order than (nlogn)?, wh11e our result and
the results of [14, 35] are all valid even for L = 1.

]gn

3.2 New proof strategy: remainder expansion and leave-two-out technique

To bypass the above difficulty of appr0x1mat1ng HT(6%), we take the following three- step approach. To
avoid redundancy, we elaborate on the MLE 6 and briefly discuss the spectral estimator 6.

1. With the approximation remainder vector defined by

8, =0,—6 —

1

Kl

instead of directly expanding the target 6 — 6* as in (3.1), we seek to construct a self-consistent
equation for the remainder vector §.

2. From the above self-consistent equation of §, derive a sharp bound for ||§]|.

3. Starting from the above bound for ||§]| and a rough bound on ||§]| ., we derive a sharp bound for
I8l in the regime (2.2). This step leverages a leave-two-out technique, which is inspired by,
and improves substantially upon, the leave-one-out technique in [5, 6].

We now discuss these three steps in more detail.

3.2.1 Step I: self-consistent equation of 6 By the definitions of b; and d; (in Theorem 2), we have

2450y — ¥ OF = 0)))

8, =0.—0F —
i i i Zj:j#iAijw (Gi* _ 9]- )

(3.3)
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1083

On the other hand, a local quadratic expansion of the likelihood (see (2.9) and recall E(l) (0;16_;) defined
therein) yields that

o Bl OHE) XAy — V6 — 6))
el erer) XAy 6 = o)

o)
|

D)

Combining the above two displays and Taylor expanding once more in the numerator yields that

2 jj#if (w(e* 07) =¥ (0] — é;))
81 ~ /‘ * *
Zjé/;’:iAijw ©F — 07
2 i AW (0F — 09

To make § also appear on the right side, we plug in @; - Qj* = 8; + (b;/d;) for each j # i in the above
display, which yields the following self-consistent equation of §:

b.
d;- 8~ ZAU,I/,/(QI.* - 9;*)51. + ZAijw/(ei* — Qj*)d_jf (3.4)

JJ# JIF# g

In the next two steps, we will use this equation to obtain sharp bounds of ||§]| and ||5]| -
The derivation for the spectral estimator 6 is analogous. The approximation remainder § is now
defined as

where EI’ =n- Jiiti AiZ)_)ﬁ is the sample version of El-. Due to the preliminary expansion in (2.11), we

have §; ~ 51 — 6 — (b;/d;). On the other hand, the definition of 77 (see (2.12)) yields that

7—nf DA =N XAy @ = 7D b

; T 2 A T 2 A 4

Combining the above two displays (and ignoring the small term n~! Dot (T — 7)) /) yields that

Xy Ay (T — )
”i*'zj':j;el' iiYji
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1084 C.GAO ET AL.

By plugging in n — n/* N (8 + (b /d; )) we arrive at the following self-consistent equation for the
spectral estlmator

(3.5)

&q\w

-8~ > Agymt 8+ > A

JU#L J#

3.2.2  Step 2: £, control of § by leave-one-out analysis  This is an essential intermediate step towards
the bound of [|§]|,, in the next step. By rearranging the self-consistent equation in (3.4), we have in
matrix form

H(©*)8 ~ R, (3.6)

where H(0*) is the Hessian in (3.2) and R € R" is some cumulated approximation error. This equation,
which expands § instead of 0 directly, can be seen as a higher-order analogue of (3.1). The bound
18]l = o(1/+/pL) (cf. Proposition 11) is now readily obtained by (i) the bound of ||R|| by preliminary
estimates in Proposition 1 obtained via a leave-one-out analysis and (ii) the eigenvalue bound of H(6*)
in Lemma 15, i.e. with probability 1 — ﬁ(n_lo),

np 5 )‘min,J_ (H(Q )) ~ max(H(e*)) 5 np;

see Section 5.2 for details. Here A | (H(6)) = min,cpa.y—,71,—0% H(@*)x is the smallest
eigenvalue of H(0*) orthogonal to the direction 1,,.
The derivation for the spectral estimator 6 is analogous by rearranging (3.5), we have

LS ~ R,
where L is defined by L; = —Aijyijnf fori # jand L; = Zj:j#Aij)'zﬁni*, and R € R" is some
cumulated approximation error. Note that even though L is not symmetric, its population version E(L|A)

is a symmetric Laplacian matrix similar to H(6*); hence, the bound for ||§]| can be similarly obtained
as above.

3.2.3  Step 3: L, control of § by leave-two-out analysis  For the more refined £, bound of §, we need
to bound directly the right side of (3.4). For the terms therein, the term Zj:j;eiAij‘:”/ OF - Gj”‘)(bj /dj) (and
other approximation error terms) can be readily bounded using concentration arguments, and the most
difficult term is

D A6 =63,

Ji#
If{A ij} i Was independent of {§ ; } o then the above term could be bounded by standard concentration
arguments along with the bound on ||§| from the previous step. To decorrelate these two terms, we
will define a proxy 51.0) of each §; by leaving out the ith observation, so that 8;’) is independent
of {A;};.;»; while being close to §;; see Section 5.3.1 for details. The definition and analysis of 8].(i)

further requires the analysis of a leave-two-out version of 6, which is essential for our purpose and
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1085

fundamentally different from the bound given by the original leave-one-out analysis used in [5, 6].
Indeed, as commented in Remark 2, a leave-one-out analysis as in [5, 6] will only yield the rough bound

[ (logn)! 1
1) < O\ , 3.7

which is not useful (i.e. of the order o(1/+/npL)) even for the case p = 1. Starting from the second stage
of this hierarchy (i.e. leave-two-out analysis), this bound is improved to /(logn)3/(np)?&(1//npL)
(cf. Proposition 10), which is accurate enough under the sparsity condition np > (logn)'>. We believe
a higher-order analysis (i.e. leave-k-out for a large but fixed k) will yield a better (but fixed) exponent
closer to 1, but we will not pursue this direction here to avoid digression.

To summarize, our new proof technique adds two novel technical components to the existing
theoretical analysis in [5, 6, 24, 35]: (i) a self-consistent equation for the remainder vector § of first-
order approximation; (ii) a leave-two-out technique that plays an essential role in the bound of 5] -
The first component allows us to bypass the technical difficulty of approximating the inverse Hessian
as in [35] in the case of vanishing p, which leads to a sub-optimal condition as shown by an earlier
analysis. The second component allows us to improve over the rough bound (3.7), which is not needed
for rate-optimal first-order bounds [5, 6, 24]. The rest of the proof combines concentration inequalities
and the rate-optimal bounds in Proposition 1; we refer to Sections 5 and 6 for proof details of the MLE
and spectral estimator, respectively.

4. Applications of the main expansions

In this section, we present three applications of the expansions in Theorems 2 and 3. Section 4.1 is
devoted to a finite-dimensional CLT for the MLE 6 and spectral estimator 6, followed by a construction
of confidence intervals for the rank vector in Section 4.2. Lastly, we discuss the implication for the
optimal constant in £,-estimation in Section 4.3. Some simulation results are presented in Section 4.4.

4.1 Application I: Finite-dimensional CLT

A direct consequence of the expansions in Theorems 2 and 3 is the following CLTs for any finite k-
dimensional components of the estimators. We start with the MLE 6. Without loss of generality, we
state it for the first K components.

PROPOSITION 4. Let & be the MLE in (2.4) and suppose the conditions of Theorem 2 hold. Then for any
0* € ®(«x) and fixed k € [n], we have

(1@ @, = 0D, OB = 6))) ~ A 0.1 (.1

for both 6 € {@\, 0*}. Here the sequence {p;(9)}’_, can be either

pi(6) = /L~ZA,,¢/<9,~—9,~> or  [pL-> v —6).

Jy# Jy#
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1086 C.GAO ET AL.

The proof of the above result is presented in Section 7. Using the completely data-driven version
of pi(g), the above result can be used to produce multiple and simultaneous confidence intervals for
finite-dimensional contrasts of the truth vector 6*.

We note that previous works [14, 36] that consider the asymptotic normality of the MLE are based
on a different identifiability condition. Namely, they assume that there are n + 1 individuals with merit

parameters (6;,...,0,;), ;5 and 6, are set to be 0 by convention, and asymptotics is studied on the
rest of the coordinates (6, ...,6,). As we will now show, our CLT in Proposition 4 can be naturally

transformed to be applicable in their setting as well. Therefore, our result is a strict improvement over
previous results in the regime (2.2).

Let (6y,....0,) € argmineeRHl:lL,e:oZnH(9) be the MLE under the truth I,I 5,....07) =0,
where £, ,(0) is the variant of (2.3) for n + 1 individuals. By Proposition 4, we have, heuristically
speaking, 0y — 6. ... 0 — ;) ~ A1 (0, Vi, (6%)), where

Vi (0% =L- diag( D AW OF =05 D AW OF — 9;));
£:0<l<n £:0<l<n
{0 [

note that this representation is not completely rigourous since V;;(6*) depends on n. Now under the
identifiability condition (95 = 0) in [36], the MLE for (0}, ..., 0;") becomes

95 = (0, ~By.....0— ).

where ‘SY’ stands for Simons—Yao. Then we have (@SY —6F,... ,@\,(SY —0F) ~ (0, (VSY(Q*))_I),
with (VSY(6%)) ™' € RF* given by

SY , hsxy) —1 1 1
(V ® ))ii = 0% -t TR’
L2 po<oznesiAi¥’ OF —07)  L- 3o AoV’ (67)
-1 1 ifi 4
.= 111 J-
U L2 cpen AoV 0))

(VSY(G*))

In the special case p = 1, this recovers [36, Theorem 2]. _
Similar to Proposition 4, we have the following finite-dimensional CLT for the spectral estimator 6.

PROPOSITION 5. Let 8 be the spectral estimator 6 defined in (2.7) and suppose the conditions of Theorem
3 hold. Then for any 6* € ® (k) and fixed k € [n], we have

(51(9')(51 — 0. 5 (0) (B, — e,j)) - M0, 1) 4.2)

for both 6 € {5, 6*}. Here the sequence {p;(0)};"_, can be either

2
(Z/#iAij(eg" +eMy; - 91'))
> i Ay (€% + )2y (6, — 0))

0= |L-
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1087

or its deterministic version with all {4;;},..; replaced by p.

A direct application of Cauchy—Schwarz yields that
0;(0) < p;(0),

and hence, the spectral estimator has a larger asymptotic variance than the MLE. We will rigourously
justify the optimality of the MLE using the local minimax framework in Section 4.3 ahead.

4.2 Application I1: Confidence regions in ranking

Consider the BTL model in the context of sports analytics, where after observing the outcome of a
tournament, one wishes to construct a confidence interval for the rank of her team of interest. More
concretely, let r~11),...,rY(n) be the indices of the teams with the highest merit parameter, the
second highest merit parameter and so on, so that

0 iy Z 0 1) = - Z 071,

where ties are broken arbitrarily. Correspondingly, {r(1), ..., r(n)} is the rank vector of teams 1 to n, and
we are interested in building a (discrete) confidence interval for the rank of a pre-fixed team. Without
loss of generality, we choose the first team with merit parameter 6;° (not necessarily the largest one).

Since rank is a global object, we need to construct confidence intervals for all n merit parameters,
instead of just for 6;. To this end, a straightforward idea is to use the €., bound in Proposition 1. This
approach has two disadvantages: (i) the constant C therein is implicit and could potentially be large after
complicated steps of analysis; (ii) the confidence intervals for all teams will have the same length, which
is not ideal since certain teams will have more comparisons than others so their confidence intervals
should heuristically be shorter.

We now describe a different procedure based on the non-asymptotic expansions in Section 2. The
key is to exploit the explicit main terms {b;/d;} therein to obtain short confidence intervals with data-
driven lengths. With a fixed confidence level 1 — «, we will construct confidence intervals such that the
target ;" belongs to its interval with asymptotical probability 1 — «, and all other teams belong to their
respective (slightly more conservative) intervals with overwhelming probability. For 6}, let

1 = [0 — 01O)z1_a2: 01 + 2121 _o 2],

where z;_, /, is the normal quantile such that P(.4(0, 1) > z;_, ») = /2. It follows directly from the
CLT in Proposition 4 that 6 € 4 with asymptotic probability 1 — «. For all other i # 1, let

7, = (14 co)y/2logn - p2(B),

where p;(0) denotes the sample version (with {Aij}) defined in Proposition 4 and ¢, is an arbitrarily
small but fixed constant. We then define the confidence intervals for {é;};’zz to be

o~ o~

€ = [Oi—r 0-+1:i].

[
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1088 C.GAO ET AL.

The constant in 7; comes simply from the application of a (conditional) Bernstein’s inequality to the
main term b;/d; in the expansion of Theorem 2, so that by construction 6 € %; simultaneously for i €
{2,...,n} with overwhelming probability. Since p;” 2 is smaller for those teams i with more comparisons,
the above confidence intervals have the desirable property of data-driven length.

The above construction of confidence intervals leads naturally to a confidence interval for the rank
r(1). We say two intervals satisfy ¢; < ¢; if the upper end of ¢ is smaller than the lower end of ¢;. Let
n, be the number of ¢’s such that €| < %, and n, be the number such that 4; < ¢,. By definition,
ny, n, take integer values between 0 and n — 1. The confidence interval for the rank r(1) is then taken to
be all integers inside

[ny +1,n—n,].
The following result guarantees the confidence level of the above interval. Details of its proof are given
in Section 8.
ProposITION 6. Suppose the conditions of Theorem 2 hold. Then with asymptotic probability at least
1 —a,wehaver(l) € [n; + 1,n —n,].
4.3 Application III: Optimal constant of £, estimation

With the main expansion in Theorem 2, we are able to pin down the exact constants of £, errors of the
MLE 6 and the spectral estimator 8. The proofs of the following two results are given in Sections 9.1
and 9.2, respectively.

ProposITION 7. Suppose the conditions in (2.2) hold with & = 1. Then it holds with probability at least
1 — O(n=19) that

n

16— 61> = H;—Z“) > ( PR A 9,2‘))_1,

i=1  kk#i

where the o(1) term is uniform over 6* € @ (k) in (2.1).

PROPOSITION 8. Suppose the conditions in (2.2) hold with & = 1. Then it holds with probability at least
1 — O(n=19) that

Lo(l) < e + 2y 6F — 67)

L
! = (iji;&i(eef* + ey - 9]‘*))

s

where the o(1) term is uniform over * € @ («) in (2.1).

REMARK 3. Note that as opposed to the main expansions in Section 2, the above results only require the
(almost) minimal sparsity condition np >> log n for the underlying Erdo6s—Rényi graph to be connected.
This is because the above results only require the £, control of the remainder vector § in (5.3) instead of
the £, control; see Sections 5.2 and 9.1 for details in the case of MLE.

The above results are much more refined than existing £, guarantees in the literature [5, 6, 24], whose
optimalities are all based on a (global) minimax framework. In particular, they allow us to compare the
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1089

two estimators  and 6 on a more fine-grained level. For example, while both 6 and 6 achieve the
(global) minimax rate 1/4/pL in terms of ¢, accuracy [24], a direct application of Cauchy—Schwarz
yields that the error of the spectral estimator in Proposition 8 is always larger than that of the MLE in
Proposition 7, and equality only holds in the case where all 6’s are equal.

In fact, the following result states that the £, accuracy of the MLE cannot be improved asymptoti-
cally in terms of the local minimax framework. For any 6* € R" and ¢ > 0, we use B(6*, ¢) to denote
the hyperrectangle x!_ [0F — &,6/ + ¢].

THEOREM 9. Let « = 0(1) and ¢, be any sequence such that g, > (npL)~'/%. Then for any 6* such
that max; 6 — min; 6 < « /2, it holds that

n

inf s B0 = (140) > (e -en)

0 0eBO*5)NO () PR

where the infimum of 8 is taken over all estimators of 6.

REMARK 4. It is clear that the localization radius (npL)~'/2 cannot be improved in terms of its order.
Indeed, iflocalized in a neighboErhood of 6* of size §, (an)’l/ 2 for some 8, = o(1), then the trivial
estimator 0, = 0* satisfies Eq |05, — 011> = o((pL) ") uniformly over this neighbourhood.

The proof of Theorem 9 is given in Section 9.3 and is based on van Trees’ inequality [13]. Together
with Proposition 7, they imply that the MLE is asymptotically and locally minimax optimal. This agrees
with the conventional wisdom in classical parametric statistics that MLE is the most efficient estimator
[42].

4.4  Simulation

We close this section with some simulation studies to verify the theoretical results above. Throughout
the simulation, we set the number of comparison to be L = 1 and the dynamic range to be k = 2. We first
verify the finite-dimensional CLTs established in Section 4.1. For a given number n of individuals, we
sample 6* = (07, ... ,9,’,‘)T i.i.d. from Unif([0, 2]), and examine the distribution of é\l and 51 prescribed
by Propositions 4 and 5. For numerical reasons, we use the slightly larger success probability p =
(log )3 /n for the Erdos—Rényi comparison graph, and the corresponding QQ-plots against the nominal
normal quantiles are presented in Figure 1. We see that starting from n = 500, both QQ-plots align very
well with the diagonal line, validating both CLT's established in Propositions 4 and 5.

Next we validate the ¢, risk predictions prescribed by Propositions 7 and 8. For numerical reasons,
we take p = (log )3~ /n to generate the Erdods—Rényi comparison graph. From the risk plot in Figure 2,
we observe that the theoretical predictions in Propositions 7 and 8 are very accurate, and also that the
MLE indeed achieves a smaller risk than the spectral estimator.

5. Proof of the main expansion for MLE

The goal of this section is to prove Theorem 2. We introduce some preliminaries in Section 5.1, followed
by two main steps of the proof in Sections 5.2 and 5.3, respectively. We refer to Section 3 for the general
proof idea.
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QQ-plot of the 1st coordinate of MLE QQ-plot of the 1st coordinate of spectral estimator

. Sample size “ Sample size
Q [}
= n= 100 = n=100
= [=
3 —— n=200 ] — n= 200
T 0 o
o — n= 500 o — n= 500
Q Q
£ — n= 1000 £ — n= 1000
@ ©
@ n= 2000 @ n= 2000

-

_2-

2 4 0 1 2 B 4 0 1 2
Theoretlcal quantiles Theoretical quantiles
(a) MLE (b) Spectral estimator
Fic. 1. QQ-plots comparing the theoretical and sample quantiles of 6; and 6. Simulation parameters: L = 1, n €

{100, 200, 500, 1000,2000} and p = (log n)3 /n. For each n, 6* = o5, .. ,Gj)T are i.i.d. from Unif([0,2]). The empirical
quantile curves are averaged over 1000 replications.

5.1 Preliminary

We will analyze 6 in a coordinate-wise manner. Fix any i € [n], and decompose the total likelihood in
(2.3)as £,(0) = 57 6_,) + € (6,16_,), where

(0= D Ay |:)_)jk log m + yij log M]
J<kijk#i J k 'j
6P@16_) = > Ay[5ylog m + 5, log M]
ji#i i i

Next define

UL z“)(ew_,)— D A5y — v —6)),

J#
gV @10_) = 392 ,(p(e 6_) = DAY (6, —6). (5.1)
Ji#

Some preliminary estimates regarding 0, ak (9,‘*“’9\—1') and g (9;*|§_i) are summarized in Lemmas 16
and 18 in the Appendix. Let

_ FO0r16_))
0, =6; — 0 P 5.2)
gD (0716_))
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Squared I, risks of MLE and spectral estimator

12.5-

Line.Type
%)) - = empirical
2 — theory
-='10.0-
-
<
g Method
o
(2] — MLE
— Spectral

7.5~

50- v ] v v
1000 2000 3000 4000 5000
Sample size n

FiG. 2. Squared ¢, risks of the MLE 0 (red) and the spectral estimator ] (blue), with solid lines denoting the theoretical
predictions by Proposition 7 and 8, and dashed lines denoting the empirical values. Simulation parameters: L = 1, n €
{1000, 2000, 3000, 4000, 5000} and p = (log )3 /n. For each n, 6* = (6%,.. ., 9,’1")1— are i.i.d. from Unif([0, 2]). The empirical
risk curves are averaged over 500 replications.

whose definition is motivated by the local quadratic expansion in (2.9). Lastly define the remainder
vector § € R" via

~ D710,
§D©6;716*)

We have the following £, bound for 6.

ProposITION 10. Suppose that k = ¢/(1) and np > (logn)3/?. The following holds with probability
1 — 019,

@ g*19%* . 1
max |§; — si% =o([—).
i g (G710~ ) npL

Here ¢ € R" satisfies |||, = o(1).

Combining the above result with (5.3) immediately completes the proof. The rest of this section is
devoted to proving Proposition 10. As an essential intermediate step, we need to first give a sharp £,
bound for (a leave-one-out version of) §. We present the £, bound in the next subsection and the main
proof of Proposition 10 in Section 5.3 ahead.

5.2 Control of ||8||

The goal of this subsection is to prove the following £, bound for § defined in (5.3).
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1092 C.GAO ET AL.

PROPOSITION 11. Suppose that k = ¢/(1) and np > logn. Then it holds with probability 1 — &(n~19)
that
1 logn logny\1/4 1
181 S —= - [,/ +(==7) ] =o(—=).
/pPL np npL pL
Proof of Proposition 11 Fix m € [n]. By definition, §,, can be decomposed as follows:
R Gl o G O B
S S G B S G DI B
_ " 610%,) — " 616,
gmOx16_,)
+ £ @10 )( : - : )+§ —9 (5.4)
m!Y—m g(m)(g;x;lwim) g(”‘)(%le_m) m m* .

For the first term in the above display, Taylor expansion yields that

L OR10%,) = F MO0, = D Au(U O —67) — (0 —6))
iti#m

_~ 1 _~
= D2 AV O = 0@ —6)) — 5 D A6, — 6,06 — 07,
iti#Em [RES

where for each i # m, &, ; is some number between é\l and 0. Now using again the decomposition of
0,, in (5.3), we have

Fm6516%,) — ™ ©6516_,)

FO@Or16%)

2. A O = 0

iti£m

1 ~
- z Z Amiw//(e;:; - ém,i)(ei - 01'*)2‘
irim

+ > A 6 — 018,
itiEm
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Go back to the definition of §,,, and the above calculation yields that

"™ O116_,)8,, = (F™@16%,,) — F™6116_,))
g™ %16_,)

(m) (p* | n* _
+ 0,107, (g(m)(g;l;lwim)

1) + g(m) (9:1|§—m) (é\m - ém)

! /n* * f(i)(ei*w:') ! rn* *
Z_Z‘Amiw(em_ei) D) (Q*|10* +2Amiw(9m_9i)8i
POICHTS

itiEm L iii#Em

1 .
=5 2 Al O — 6,06, = 07)?

iti£Em
m@*19_ ) P

(m) (p* | p* g(m,m_) (m) (g _

1M g* 0% (—g<M>(9,;';|9im) 1) +¢™ @500, -6,). (5

Rearranging the terms yields that

8 On10%,)8,, — D At O — 08, + (8" 0516_,,) — 8™ (0:16%,,))8,,
i:i#m
@10y 1 _
L A0 — 6,00, — 67)°
( ) k k mi m m,i 1 1
8" (ei |9_i) 2 iti#Em

== D AW O —0)
iiiEm
"6 ,)

(m) (n* | n*
+ 6-16" (—
f ( m| " g(m) (9;T1|9fm)

- 1) +8"™O10_,) (0, —6,)

= Rl,m + R2,m + R3,m + R4,m'

Here R;-R, are vectors in R". Let H be the Laplacian matrix defined by H; = > .. .; A9 (6] — 67
and H; = —A;y'(6] — 6;) for i # j, and D = diag(Dy,...,D,) be a diagonal matrix with D,, =
g™ (6x16_,,) — g™ (616*,,). Then in matrix form,

Note that: (i) Ay, | () 2 np with the prescribed probability by Lemma 15; (ii) By Lemma 18, the
operator norm of D satisfies

—~ np (logn)3
1Dl = max g O16,,) =8 O116%,)| S |7+ = 7= = otwp).

€202 YoJB\ £ UO Jasn Aleiqi elueAjAsuuad Jo Alsionun AQ 69/ 1L02/S201/2/Z 1 /a101e/1elew/woo dno olwapeae//:sdiy Wol) papeojumod]



1094 C.GAO ET AL.

Hence, for large enough n, with

1 n
ave(u) = — Z u;, VueR", (5.7)
n

i=1
the left side of (5.6) can be lower bounded by

IHS| — [IDllopllSIl = IH (S — ave(§)1,) | — o(np) I8l

n
2 npll8 —ave(§)L, || — o(mp)lI8]l = TPIISII — np/nlave(8). (5.8)

Hence by (5.6), Lemma 1 for the bound for |ave(§)|, and Lemma 2 for the bounds for [|R,[|-[|R4 ]|, we
have

181 S /nlave®)| + (p)~" - (IR; | + IR, ]| + R3]l + [IRy])

logn nlogn n [nplogny\1/2
< — / g + (np)~ 1 | [nlogn + (_ /u)
PL L L L
_ logn logn 1/4
- J_ an ’
as desired. O

LEMMA 1. Suppose that « = €(1) and np > log n. Then the following holds with probability at least
1 —o0mn19.

1 logn 1
Iave(é)lNF \V O(an_L)'

Proof of Lemma 1 Since both 6 and 6* are centered by definition, the definition of § in (5.3) yields that

f(m)(e* o* )
Z S miT—m’

8
WO =L e,
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1095

Letw,, = Ami/(zu#m mjlﬂ (G 6 )) Then

ave(d) =

Z tl;ém mi ymz W(G* - 9,*))
Zl i#Em Asz (9* 9,*)

= ;l Zwmi()_)mi — ¥, -6 ))

i#=m

1
= = > i = Y Oy = 61)) + w3, (G = V6 = 61)

i<m

(;) z(wmt - ymt - w(e;rkz - 91*))

i<m

= — ZZ(W’"’ = Wi) Wmie — ¥ (O — 65)),

t<m€ 1

where (x) follows as y;,, — ¥ (0 —6y) = (1 —=¥,,) — (1 =¥ O —6) = =0, — ¥, — 07)).
Now conditioning on the graph A, {w,,;} are deterministic and the summands in the above display are
independent across i < m, £. Hence, Hoeffding’s inequality yields that for any ¢ > 0,

Cn?Li )
Zi<m(wmi - Wim)2 -

P(‘ 1~ f™@x6%,,
n g (6:16%,,)

> t’A) < 2exp ( —
By Lemma 13, it holds with the prescribed probability that

Ami 2 — —
zwg“.:z(z joem AV O, — ej*)) Son Y AL SpT

i<m i<m ‘J i<m

Since a similar bound holds for >,_, w? , we have > ,_, (w,; — w;,)> < p~! with the prescribed
probability. By choosing ¢ =< +/logn/(n?pL), the above two displays yield that with the prescribed
probability |ave(8)| < n~'\/logn/(Lp) = /Togn/n - (1/+/npL). The proof is complete. (]

LEmMMA 2. Recall R|-R, defined in the proof of Proposition 11. Suppose k = (1) and np > logn.
Then the following hold with probability 1 — &(n10).

nlogn n /nplogn
R VIRV IRIZ < s IRIP S = ——=.
IRy 17V IR 17 V IIR3IIT S i3 IR, 3 T

Proof of Lemma 2 (Bound of R ) For each m € [n], let

_ lﬂ (0* - 6 )Aml ij
B Zk ki lkl/f (9* - 9:)

W
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1096 C.GAO ET AL.

Then, we have

D 3 o O A /)
= z Amlw (em - 91' ) zk:k#i ik‘(// (91* 0:

i:i#Em
WO — 0A,A; N\
= 3 (S5 v )
ijijiiEm ki ik i k
= 2 w0 = VO = 0D) 2 Wi i — V6 = 6)
i jijini jEm friztm
= z Wi 3y — VO = 07)) + Wi, (5 — ¥ (6] — 61))
Lji<j,ij#m
+ Z Wim;m ()-)im - W(et* - 9;:1))
i:i#Em

% 1 . .
(Z) Z z z(wym - jlm (yl][ W(Ql _0] ))

L
+ % Z Zwim;m(yiml - 1//(9,-* N 9;;))

itim =1

Here (x) follows as y;; — w(é?* -0 =(1- yi) — (1= V(O — 9].*)) = -0y — V(O — Qj*)). Now
are deterministic and the above two sums are independent across

conditioning on the graph A, {wl] )
their summands. Hence Hoeffding’s inequality yields that

1
P> i = Wi~ 0 )|

logn
S| D O = Wi,
ijii<jij#m
1 L logn
2
‘z Z Zwim;m(yimﬁ - 1//(91'* - 6;:1))) Sf L ' Z Wimm
itizm {=1 itiEm
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1097

with the prescribed probability. Now by Lemma 13, we have

AA
2 i tmi
Z (w Wijsm — Wji:m) S’ Z * _ pg* 2
i jri<jiigm giiraggm (ki Au¥' (0F — 67))
Sep) D AA S
ijii<jij#m
A 1
2 Vi S 2 " 35
iti#Em itiFEm (Zk ki kllf (9* 01? ) P

Combining the above two displays yields that max,,.;; IR;,,| < +Togn/L, and hence |R[l <
«/nlogn/L with the prescribed probability.

(Bound of R,) Using sup,cg [¥" ()| < 1, we have [Ry,,| S (3 Ail0; — 071 - 10 — 0%
Hence, by Lemma 15 and Proposition 1, we have

lloo-

||R2||2<Z(2Am,l f) 1612

m=1 i:i#m

< IAIZ, - 16— 0% 11

ll5

1 logn __nlogn

< (np)? =
(np)” - pL  npL 12

(Bound of R;) By Lemma 18, it holds with the prescribed probability that

x10%,) — g™ (0410,
g (616% )

1 3
<o (s \/“;i}?

Hence, again by Lemma 18,

me(n

Ryl = | £ @167, —

n

3
IRsI2 <> (f(’”)(é,illéim))z : (n;)z (% + (l(:iz) )

m=1

< n2p 1 (@ (10gn)3) _n nlogn . (1ogn)2.

L (np)? npL 2 L np
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1098 C.GAO ET AL.

(Bound of R,) Using the bound ¢ (6,16*,,) = 3., AV’ (6 — 67) S np by Lemma 13, it follows
from Lemma 19 that

o A N I A TR
R e _U e wl

Moreover, it follows from Lemma 18-(4) that g™ (9*|9_m) = (1 + 0(1))g(’") (9;,“1|§_m). Hence, by
Lemma 18-(1), we have

n

IR = Y [¢" @0, @, 6]
m=1
n n
S FCTGRICRE ) Py I G |
m=1

m=1

max

| max Z \f(””(e*w_m)\

1 [np log p /np log n
np L

The proof is complete. g

6516,

I
|

— m

A
|

5.3 Control of 18] o

We will now prove Proposition 10. We start by introducing the leave-two-out technique and some
additional notation in Section 5.3.1, followed by some preliminary estimates of the corresponding
quantities in Section 5.3.2. The main proof of Proposition 10 is given in Section 5.3.3.

5.3.1 Leave-two-out preliminary Recall that § satisfies the following self-consistent equation in
(5.5): foreach i € [n],

87071008 = D_Azv'6F — 675 + R,
JIF

for some error term R € R”. In the previous section, we derived the bound for ||§] by treating the above
system as a whole and solving for é. Here for |||, we need to bound the right side directly, and the key
difficulty lies in controlling the term ZH £i AijI/// (Chs 9].*)8]-. By standard concentration arguments, this
term could be properly controlled if the sequence {A;;},.;..; was independent of {5;};...;. For this reason,
we introduce in the following a leave-one-out version 8 of § that is independent of the ith individual
(and therefore {Aij} j:j#i).
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1099

Fix any index i € [n] to be left out. Recall the leave-one-out likelihood

(0= > A.k[y.k log _ ¥, log ;]
n —i Jk| 7 — J —6)]1
e v =6 v~ 6)
The leave-one-out MLE 6@ e R"~! is defined by
é\(i) = argming_ieRn—l :ave(é)_i):ave(eji)ggz_i) (971-). (59)

We start by finding an approximation Q_j(i) of é}i) for each j # i, analogous to the way 9_] approximates

§ By isolating the jth individual, we have the following leave-two-out decomposition @fz_i) @_) =

E( i,—j) (971 7]) + E( i) (9 |971 7]) where
(O = > Aki[yu log L + 3y log ;]
j — _ 9
k<t:k,Edli) V(O —6,) V(0 — )

GGl )= DA

- 1 1
k[yjk log ———— + ;1o —]
e Vo =00 Y uE—6)

Analogous to £ (6,6_,) and g?(6,]6_),), define for each j # i

i 0 i _
FEPO10_; = — 5Dl ) =— D A — v - 6)),

%, ket i)
92
g @lo_; ;) = 7 @O0 _) = D Ayl (6 —6)). (5.10)

k¢{ij}
Using a similar reasoning for 6, define for each j # i

(i) (g*19 )
i _ e T VO7165)
8 i 19—

This leads to the definition of a leave-one-out version of §: for each j # i, let 8;0 be defined by

: AR Gl
20)  px i=j 0]
oW _pgr = _—_____J b 4 50 5.11
J J g( 1‘])(0*|9*’ j) 7] ( )
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1100 C.GAO ET AL.

The following lemma is an analogue of Lemma I8 for the quantities fC*)(6;|6_; ;) and

g (6;16_; ;). Its proof relies on the analysis of the leave-two-out MLE defined as

—i,—j

9l — ArgmaXy_, . crn-2ave(o_;—)=ave(®*, ) £ O_;_))- (5.12)

LEMMA 3. Suppose « = (1) and np > logn. Then the following hold with probability at least
1 — O(n=19).
1. There exists some C = C(x) > 0 such that

1
max max |f( "/)(9 |A(’))| <C, npogn
i€ln] jij#i L

and

(=ig) (%1301 2 n’p
max > (£ (6; 6))" < c—.
ie[n] A L

2. There exist some positive ¢ = ¢(x) and C = C(x) such that

cnp < min min g~ ZJ)(9*|9* D= maxmaxg( W) (g 6%, ;) < Cnp.
i€ln] jij#i €ln] jyj#i

3. There exists some C = C(k) > 0 such that

.. 1 3
maxma ¢ @7180) — @, | < o L+ [CE),
ie[n] jij#i s L npL

Proof of Lemma 3
(1) For the first inequality, fix any i € [n] and then j such that j # i. Then

—fCRE8) = D Ap(— v —8)

ke {ij}
= D Al —v O =)+ D Ap(w 6 — 6D — w6 -8
ke {ij} k¢ {ij}

= (Il]) + (Hij)'
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1101

By Lemma 14, we have max;c,,; max;.;.; | (/;)] < /nplogn/L with the prescribed probability.
On the other hand, as v (-) is Lipschitz with a universal constant, Lemmas 13 and 16 yield that

max max |(IIU)| = max max

i€ln] jy#i i€ln] jy#i

> A6 — 60 — e — )|
ke{ij)

< max|| *ill s - Max max A
i€[n] jij#i

ke i)
log n nplogn
an L ’
with the prescribed probability. Putting together the estimates concludes the first inequality.

For the second inequality, note that again by Lemma 14, max;,, Z]"] #i(ll.j)z < n’p/L. On the
other hand, by Taylor expansion,

ULy = D A’ OF — £, @ — 07)
ke{ij}

for some El-jk between é\,(ci) and 6;". Hence using sup,.p [¥'(u)| < 1, we have

max Z(IIU) = maxz ( > a6 £ - 9,;*))2

el ; Viisi  ketig)

- (%) 1 n2p
S IAIG, - max = 657 S (- - =

where (x) is by Lemmas 15 and 16.
(2) This follows directly from Lemma 13 and the fact that ' (6; — 0) =<1 for any 6 € © (k).

(3) Fix i € [n] and then j such that j # i. Recall the definition of the leaye-two—out MLE 6 in
(5.12). Then using analogous arguments for the leave-one-out MLE 60, we have the following
estimates for the leave-two-out MLE 80+ (cf. Lemma 16):

- 1 lo
max [0 — 0%, 1 S |—, max|0® — 0%, I S |~
iyjij#i pL’  ijj#i npL

and

max 9 -89 < [ —.
ijij#i 7 npL
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1102 C.GAO ET AL.
Using the above estimates and Lemma 13, we have
80710 — g 07167, )]

=| 20 Ax(W' O —6) — v 6 ~ )]

k(i)
Z k|’9‘l§l) —6f] < Z Ajk@') _'9\]51,/)| + Z Ajk|9k1,/) 0|
kti) ketliy) keli)
1/2 i oy .. B
= ( 20 4) P0G =01 p- 30 =01+ 3 =PI 6]
e ki) k(i)

[1 y .
< ./np - + p/nl|8D — 6%, *i—jll ++/plognllé o) — 0%, Il +1logn - 16 — %, *imilloo

/1 n logn log n)3 n log n)3
/S — + _P+ g + (log ) = _P+ ﬁ
L L L npL L npL

The above bound is uniform over i, j so the proof is complete. 0

5.3.2  Bounds for 8§’ We first establish the following analogue of Proposition 11 for ||8®||. The
proof is similar so we only sketch the steps.

LEMMA 4. Suppose k = O(1) and np > logn. Then the following holds with probability at least
1—omn19).

1 [logn logny 1/4 1
max |8 ( ) =o(—).
me[n]|| IS ~ VP [ + npL («/pL)

Proof of Lemma 4 Following the arguments in Proposition 11, we arrive at the following expansion
analogous to (5.6):

H™ + D)™ = R + RY” + Ry + RY™. (5.13)

Here H™ , D and R(m)-R(m) are leave-one-out versions of H, D, and R 1_R4 defined by
o H™ e RU-DX-Dwith g™ = 3. Aup (07 —07) fori = mand H{" = —A, /' (6} —07)
forj ¢ {m,i}.
e D™ e RO~V i5 defined by D™ = diag(D{",...,D!",, D ....,D{") with D" =
Al O N T Al (i

——2
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1103

o R - R{" are defined by: for each i # m,

(=myj)
FEm @6, )

RY,I;) - _ Z Aijw/(gi* _ Oj*)

CmioFlo* )
jtmi) 8O 10, )
1
Ry = =3 D A OF — £, @ — 677,
Jé{m,i}

g )
I

4
R = gm0 @188 (6 - 6.

R =m0 610 (

Note that: (i) 1,_; is in the null space of H™ and the smallest non-null eigenvalue satisfies
MiN, g1y =1 ave(y=0 X H"x Z np by Lemma 15; (i) [D™|,, = o(np) by Lemma 3-(2). Hence,
continuing with the arguments in Proposition 11 leads to

18" < alave™)| + (ap) ™" (IR 1+ IRS™ 1 + IR | + IRY™1)).

The quantities on the right side can be bounded as follows:

e Note that by definition ave(@™) = ave(6*,,), hence by analogous arguments as in Lemma 1, we

have
< 1 . llogn.
~ JnpL n

e By analogous arguments as in Lemma 2, we have ||R§m)|| v ||R§m) v ||Rgm)|| < /nlogn/L.

om0, )

—m,—I

g(im’i) (9,‘* |9jm,,')

1
Sy — ‘
lave(3™)] = |— >

itim

e By analogous arguments as in Lemma 19, we have

5 — g | < (|f(m’i)(9i*|§y?))|)3/2
i ~ np :

i

(5.14)

1/2
The bound ||Rim) < (n«/ nplogn/L3 2) now follows from subsequent arguments in Lemma
2 upon using Lemma 3.

Collecting the estimates yields the desired claim. O
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1104 C.GAO ET AL.

The following control of ||§™ Il is also needed in the bound for ||§]| ,, below.

LEMMA 5. Under the conditions x = &/(1) and np > log n, the following holds with probability at least
1—O0mn'9.

logn
max [|§™] , < [ —.
me[n) npL

Proof of Lemma 5 By combining (5.14) and Lemma 3-(1), we have

i} Emd @0 [\32  /logny3/4
5" -6 5 (—}f = ‘) < (257 (5.15)
np npL
Hence, for any i # m, we have
(m) f( ml)(e |A(m)) f( ml)(9*|9im z) alm) — 5(m)
|8i | < (—m.i) (0 A(m) + |9i - 91' |
gl (61627)
1 1
R )
‘f ( | —m,— z) g(—m,l)(grmgii) g(fm,i)(erg;l"éﬁ’?))

(*) 1 ’*(m) logn 3/4
=op' 3 48" =1+ (L r)
Jem.i}

np log n 2 np (log n)3
(np)~ L

_ logn\3/4 logn (logn)?
S (D Ap) 18 =0l + (o) + +

it npL npL (np)2L

(*<*) logn N (logn)3/4 N JVlogn  (logn)? _ [logn
~ \ npL npL npL (np)2L ~\ npL”’

Here (x) follows from (5.15) and Lemma 3, and (%) follows from Lemma 16. The proof is
complete. g

5.3.3 Main proof

Proof of Proposition 10 Recall the following decomposition of § in (5.4): for each m € [n],

f<’">(9*|9*) — MO0 ,)
" gm(0x16_,,)

1 1
(m) (p* | n*
+ £ (9% 0% ( - _ )
PO\ G anior,y ~ ey

+ @, — 6,
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1105

Recall the definition of the leave-one-out MLE 8 in (5.9). Then 8,, can be further decomposed as

5 _ Zieen AV O =0 = v 6, = 0))
" gm(©6:10_,,)
D Ai (005, = 0) = 065, — D))
M (6516,
T G105, ( g™ (0,;z|eim))
gM@x10F )\ g™ ©x16_,)
£ @ox16% ) (1 g<m><e;;|9im>)
gm(0:16%,,) gm@x16_,)/"

+ (’e\m - e_m)

= Sl,m + 82,m + 83,m +

By Lemma 18, we have 1 — g™ (6716*,)/¢™ (616_,,) = o(1) under the condition np > log n. On the
other hand, it follows from Lemma 6 that under the condition np > (log n)3/2, we have max,, e 101 mlV

18,,,] = 0(1/+/npL) and

(m)(e* |9i 1
|83,m| S 8m f(m) ’: *m + 0( )s
8" (Oy10%,) ~npL

where |le],, = o(1) and the o(1/+/npL) is uniform over m € [n]. The proof is now complete by
collecting the estimates. O

LEMMA 6. Recall the definition of §; -85, from the proof of Proposition 10. Suppose ¥ = (1) and
np > log n. Then the following holds with probability at least 1 — ¢(n~'?) uniformly over m € [n].

1 1
181l S ——=] —>
npL\ np
1 logn  /logny1/4 (log n)3
5, | < (] / ,
P2l 5 JnpL ( np + ( an) + (np)? )
Il mml g 9216 )| /mpL L\ npL (np)S/ALVA L

Here ¢ € R" satisfies |le]l, = o(1). In particular, if np > (10gn)3/2, we have max,,c(,; 181, V

185,,| = 0(1/5/npL) and |8 ,,| < &, | F™ (6416%,,) /8" (0416%,)| + 0(1/5/npL), where |l¢]l o, = o(1)
and o(1/+/npL) is uniform over m € [n].
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1106 C.GAO ET AL.

Proof of Lemma 6 (Bound for §, ,,) By Lemma 16, we have

B - B 1/2 ~
81l S )™ D" 4,08 =8 = p) 7 (D0 A) I~
iti£Em iti£Em

1 1 1
< -1, N i
S (p) - np 3 ipL U/ wp

. . .o ~m) .
(Bound for 8, ) Using Taylor expansion and the expansion in (5.11) for each Gim , 1 # m, we have

~ 1
8O0 )800 = D A V'O = 6@ = 67) = 5070 6,0 @ = 677
itim
(—m,i) (9* |9* )
- Z Amiw/(e;:z *)f s

g(—m:) *
iii#Em " (9 |e—m z)
1
2 Al O = 008 = 5 D At 6 = £, 0@ — 677
itiEm [RES)

_ RO p0m | p(m)
=R" + R + Ry".

The proof for 8, ,, is now complete by using Lemma 7 and the lower bound g™ (O |§7m) 2 np.
(Bound for 45 ,,) It follows from Lemma 19 that

|f<'"><9:,|§m>|)3/2

|83,m| = |9m - ém' 5 ( np

By Lemma 18-(1), we have ’ Fom (G,T1I§_m)| /(np) < \/logn/(npL). Furthermore, we have by Lemma

18-(2)
(m) (p* 15 2 % 0k np (logn)3
|F™@n0_)| = |f (9m|9_m)|+ﬁ(,/L +./ i )

Hence we have

logny1/4 |f™ (0* )| (log n)3
< .
193l 5 ( npL ) [ an (np)3L

Fmexex,, N 1 [(logn)1/4 (10gn)7/4]
g™ 6| 9* w | A/npL npL (np)S/4L1/4 1

as desired. The proof is complete. g

= o(D)
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1107

LEMMA 7. Recall Rim) -Rgm) defined in the proof of Lemma 6. Suppose k = ¢/(1) and np > log n. Then
the following hold with probability 1 — &(n~19).

1/4 3
max |R(m)| < llﬂ, |R(m)| ~ [logn " (nplogn) N (log n) ’
melnl L™ meln L L34 npL

JIogn  (logn)?
max |R(m)| < Vo8 + (logn) .
meln] L npL

Proof of Lemma 7 (Bound of Rgm)) Using a similar argument for the control of R, ,, as in Lemma 2, we
have max,,c [, |R§m)| < /Togn/L with the prescribed probability.

(Bound of Rgm)) Note that by definition, 8™ is independent from data involving the mth individual.
Hence, by applying Bernstein’s inequality conditioning on data without the mth observation, we have

R =" A, O — 675"
iii#Em

=p- D VO =005 + D (A — )6, — 65"
itiEm i:i#Em

< p/lls™ | + /plognl|8™ | +logn - 87,

[ logn (10gn)1/4] 41 logn
. ogn -
~pL np npL & npL

logn nplogn)t/4 logn)3
=/g+(p;g4) . (g)’
L L3/ npL

with the prescribed probability. Here () follows from Lemmas 4 and 5.
(Bound for Rgm)) By definition, we have

RS (X A8 = 071) 18 — 05,
iziztm

@)
S p/n-

The first term satisfies, using the independence between {A,,;} and 6 and Bernstein’s inequality,
> A8 =6 1=p D B — 671+ D (A —DIE™ — 67|
i:i#Em itiEm i:i#Em
< pV/nllf™ — 6%, 1l +logn - 9 — 6%, Il

() /1 /10 n [ (lo n3
<pf —l—l ogn g \/7 (logn)
npL
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1108 C.GAO ET AL.

where (x) follows from Lemma 16. Hence,

RS < < /np (log n)3 logn _ Vlogn (logn)?
npL npL L npL

This completes the proof. d

6. Proof of the main expansion for spectral method

The goal of this section is to prove Theorem 3. We give a proof outline and introduce some preliminaries
in Section 6.1, followed by two main steps of the proof in Sections 6.2 and 6.3, respectively. We then
complete the proof in Section 6.4.

6.1 Preliminary

First note that by a simple Taylor expansion, we can identify the following main term of 67, —0F:

~

P I R L
A= S T e 6.1)
! Tk nz )

i k=1

To find a close proxy of A that is tractable for analysis, we note the following property of 7;:

- _ XV
L A

s

which leads to the proxy choice (analogue of 6 for MLE)

2 AT
7, = SHETV (6.2)
2 iz AiYii

The remainder vector § for the spectral estimator is then defined by

. . T i
==L+ 6.3)
i k=1 k i

Now that the main term (77; — 7;") /7" is tractable for analysis, the goal is control ||§]|,. Similar to the
proof of its counterpart Proposition 10, an essential intermediate step is to give a tight bound for ||§]|,
which we now discuss in detail.

6.2 Control of ||8||

The goal of this subsection is to prove the following £, bound of 4.

PROPOSITION 12. Suppose that k = ¢/(1) and np > log n. Then it holds with probability 1 — &'(n~10)

that ||8]] = o(1//pL).
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1109

Proof of Proposition 12Fix m € [n]. By the definitions of § in (6.3) and 7, in (6.2), we have

o~ —

n o o~ * 5 = _ * n = *
5 — m = T 1 Z ;- 2iigm AT — 7)1 Z T T
= —* - - * —_ - .
Tm e T "

m *

T+ 2icistm AimYim = T
Using again the expansion (6.3) for each 7; — ", we have

Zi:i;ﬁm A i (T — 7) Zi:i;ém A it} 8

8§ = - -
Ty, - Zi:i;ém AinYim T - Zi:i;ém AinYim

m

17— 71 2iizm A O — Yim o
+ n Z T Ty Ay
=1 i m iitm imYim

In matrix form, the above display is equivalent to L§ = R; + R,, where L is defined by L; = —Al:/-)"zijnl.*
fori#jand L; = 3. .;A;y;m;, and Ry, R, € R" are defined by

Rl,m = Z Ay Vi (T — T[i*)’
[RES

1 ‘ ﬁi B 7Ti* = * 5 *
R2,m = n Z T Z Aiy O = Vi)
i=1

l iii#Em

Note that E(Lij|A) = _Aijw(ei*__ 91?")71]?“ = —Aljtg(e]* -0 ) and E(L;|A) = Zj;j;éiAijW(ef — 01k,
and hence [E(L|A) is a symmetric Laplacian matrix. Hence,
L3Il = [IE(LIA)SI — 1L — E(LIA) [l4p 18]
= [E(L|A) (8 — ave(§)1,) [l — 1L — E(LIA) [, 18]l

> [Amin, s (ELIA)) = 1L~ ELAop] , 18] = v/ Apyin 1 E(LIA)) - [ave()].

> Ain, L ELIAD (I8 —ave(®)1,, || — [IL — ELIA)[|op 1]

Here for any M € R™", A 0 | (M) = min cpayT o =1 x"Mx. By Lemma 8, ||L — ELMqp =
Amin, (E(LIA))/2 and A, | (E(L|A)) 2 p with the prescribed probability, hence rearranging the terms
yields that

1811 S Vnlave@®)| +p~" - (IR, 1| + IR, 1D

The proof is now complete by plugging in the estimates of |ave(§)| in Lemma 9 and of ||R,|| and ||R, ||
in Lemma 10. (]
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1110 C.GAO ET AL.

LeEmMaA 8. Recall the matrix L defined in the proof of Proposition 12. Suppose that k = (1) and
np > log n, then with probability at least 1 — €'(n~10),

plogn logn
hin, L LI = cp, L= ELIAy, = C(\/ 2 v =22)

Amin.1 (E(L|A)) /2 for large

for some positive ¢ = ¢(k) and C = C(x). Consequently, |[L —E(L|A)||
enough n.

op—

Proof of Lemma 8 Recall that E(L|A) is a symmetric Laplacian matrix with E(L;|A) = Aijt//(ejf" —
0 fori # jand E(L;|A) = Z]:]#ZAUW(HJ.* 6F)m . Hence, the first claim follows from Lemma 15
: o 1
by noting that W(Gj* -0 =<n"'.
Next we establish the concentration of L. Note that L can be written as L = >, _; S;;, where
- - T_ 5 T, 5 T, = T
S; = Aij( — yijnj* “ee) — yjl-ni* “eje; + yﬁni* -ee; + yijnj* -eje; ),

and §;; are independent across i < j. Hence, by the Bernstein inequality for asymmetric matrices [38,
Theorem 1.6], we have

Ci?
P(IL — ELIA) gy = 14) = 20 exp (- m) (6.4)
for some universal C > 0, where R and o2 are such that
max||SU||op <R, o2 = max {” ZE(S,-]-STIA op’ }
i<j i<j

Obviously, R can be taken to be &(n~"). For o2, we have by direct calculation that

A..
E(S;S; 14) = T’fw’(e,.* — OO + ()] (eie] +eje] —eie) —ejel).

This implies that, with w; = A,y (0 — 9}.*)[(71*)2 + (71.*)2] /L, W = Zi<j]E(S..ST |A) is a Laplacian

matrix with Wi = —w; fori #jand W, = z] i Wy;- Hence, using the fact that w, il Aij = (L)1,

Lemma 15 implies that ||W||op S (n*L)~ 1 -(np) =p/ (nL). A similar estimate for ||>_; E(STS |A)||

concludes that 0% can be taken to be &/ (p/(nL)).
Finally, plugging the estimates of R and o2 into (6.4) yields that with the prescribed probability,

I 1
IL—E@A) o S Viogn-o +logn-R S | Emt v 228,
nL n

The fact that | L—IE(L|A) || op = < ||E(LIA)|| op /2 (for large enough n) holds under the condition np > log n.
The proof is complete. g

i<j
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1111

LeEmMMA 9. Suppose that k = @/(1) and np > log n. Then, it holds with probability at least 1 — (n~'0)

that
log n log n
lave(§)| < C
an

for some positive C = C(k). Consequently, |ave(§)| = o(1/+/npL).

Proof of Lemma 9 By the decomposition (6.3), we have

®) (7_1 - n*) 1 i ﬁm
—ave(8) = ave -
¥ n

m=1

l Zn: Zi:i;ﬁm Aim ()_]mini* - )_)imn;:l)
ne T+ 2icistm AimYim

o l i Zi:i;émAim ()_)mini* - S)imnl’tl)
noe= Ty 2 iizm AV (07 — 07

+ l i u,—’:mAlm(ymz i )_’imn;;) ] ( 1 _ 1 )
7.[;:«1 Zi:i#m Aim)_)im Zi:i;ﬁm Aimlp(ei* - 6;;)

= () + ().
To control (1), let w;,, = Ay, /(T - X gt Am ¥ 6 — 65))- Then
n-(I)= Zwim()_}mi 7T ytm m - Z(Wlm Wmt)(yml i )_)imn:r;)'
i#m i<m

It can be readily checked that the summands y,,7* — ¥,,7, are independent across the indices
i < m, centered, and sub-Gaussian with variance proxy bounded by L~! ||7'r”‘||go < (n’L)~'. Hence,
conditioning on the graph A, Hoeffding’s inequality yields that

cr?
P - |(D)] > tA) < 26XP(— n2L)='- > (wy, —w -)2)'

By Lemma 13 and the lower bound min,, ., 7% > n~!, we have X, _, (w;,, — w,)* < X, (Wi, +
wfm) < n?p/p* = n?/p. Hence, by choosing t < ,/logn/(pL), the above display yields that with the

prescribed probability,
1 [logn 1 logn
DS - = J— /=
n\ pL npL n
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1112 C.GAO ET AL.

To control (II), using the lower bound min w2 nT !"and standard concentration on the graph

me(n] ~
A, we have
D1 < 0p) 2 x max | 37 Ay (i = Fimy)
iii#Em
n
X | D A — w67 — 63|
m=1 ii#m
< (np)~ -2 nxmaX’ZA ymz i ytm m))
iti£Em
" _ e e 27122
<[ 2 A — w67 =00 ]
m=1i:i#m
plogn logn
< (np)*/n - ,/ =L\ wL
an
where (x) follows from Lemma 14. The proof is complete. Il

LeEMMA 10. Recall the definitions of R; and R, in the proof of Proposition 12. Suppose that k = (1)
and np >> log n. Then the following holds with probability at least 1 — &'(n~ ') for some C = C(k) > 0:

Jlogn p
IR lloo VIRl oo = C /L 1Ry IV IR Nl = 0/ 7)-

Proof of Lemma 10 It suffices to bound ||R; ||, and [|R, ]l .. We first bound ||R, || ,,. By definition, we
have

2 2
IR < (VAT = 71) " max (3 Ay G = Sini)

Here (x) follows from Lemmas 17 and 14.
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1113

Next we bound ||R By definition of 7 in (6.2), we have

1“00'

2z A Oyt = V)
Rl,m - Z Alm Ymi

i [;ﬁm ZJ/#’ Al.lyji

Z A. w(e* )ZJ/#l l](yl] J y]ln )
m

fim 2 jjzi AV O = 07)

2 A O — 3ii)
2ji A 6] —67)

+ Z Ay Gt = ¥ O = 07))

iti#m
+ 3 At 240577 =) (s - 1 )]
imYmi ij \Vij ji'ti S _
Figm it gAY g A G — 6

— pl 2 3
= Rl,m +Rl,m +Rl,m

(Bound of |[R]|l.) Fix m € [n]. Define w; = A, A% (6, — 67)/ (X2 Ay¥ (0F — 67)). Then R},
can be written as

Ri,m = Z ‘/Vij()_]ijﬂj>k _)_)jini*)
ijiiFEm,i#j
= Z Wij()_)ijnj* _)_]jini*) + Z (ylm T ymz z)
i j£m,i#] itiEm
= Z (Wij_wji)()_]ijn y]l i + z ytm m }_)mini*)'
i j£Em,i<j ii#m

Now conditioning on the graph A, {w;;} are deterministic and the above two sums are independent across

their summands, which are sub-Gaussmn with variance proxy bounded by L™ 1||71*||go S (nzL) L
Hence, Hoeffding’s inequality yields that with the prescribed probability,

- _ logn
2 oy =y _yji”i*)‘ ST 20 Gymw)?

ijij£m,i<j \ iJidj#£m,i<j

logn »
‘ Z yzm m ymz i ) 5 2L ’ Z Wim-
itiF#Em \ ii#Em
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1114 C.GAO ET AL.

Now by Lemma 13, we have

2 lmAljw(e* 91*) 2

ij:dj#£m,i<j i j#Emi<j
ST D ApA; S
i j#Emi<j
A, Y (0F —6F) 2 _
> vin S 2 (S ) S
iti#Em iti#m Vil RN i

Combining the two estimates yields that max,, [, |R}’m| < logn/(n2L).

(Bound of ||R% ) Fix m € [n]. Note that Rim can be further decomposed as

lloo

2 iim A Oy = Vi)
2 AV 6 = 07)

= Z Ay i — v (6, — 91'*))
iti#m
ll‘n(ylm m yml i )

+ Ay O — ¥ Oy, — 6] %
D A G — W ( ))Zj#,-Ai,we,—i)

iti#Em
2,2
Rl m + Rl,m
To deal with R1 > DOtE that
L L
2.1
Rip= 2 D2wgge= 2, 2 w5—wpiy
iyjiijAmij =1 iyjijEmi<j £=1
where
Atht]( mi l//(@,j; - 91*)) 1

_ * *
Wi = s Zjjg = (yije”j — YjieT )

2k AW (OF — 67) L
Now conditioning on A and all comparisons involving the mth individual, {w;} is deterministic, and

Zjjp are independent across i < j and sub-Gaussian with variance proxy of the order (nL)~2; hence,
Hoeffding’s inequality applies to conclude that with the prescribed probability,

lo lo
IR S = > Wit £ max

[w.|.
n2L 4~ Y L ijijEmit Y
INENESIRES
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1115

By definition, we have max; ;.; iz, ;4; W] < (np)~! by Lemma 13, and by Lemma 14 we have

_ _ 2 1
Z Wi S’ (np) 2. np - Z Aim(ymi - 1[/(9:1 - 91*)) 5 Z
i jAm i izigm
Plugging in the above estimates yields that max,, ., |Rf:,1n| < Jlogn/(nL).
To deal with R%l, note that R%i = Zi:i#m w;z;, where
_ Aim (= * * - * - *
w; = 2 = (i = O = 0) Ginm = Fpi})-

Zjij#iAijw(@j* -0
Further decompose

Rii = Z wiz; + z wi(z; — Ez;) = () + D).
iti£m iti£m

Since Ez; = — (7 +7,5)¢' (0, —67) /L so that |Ez;| < (nL)~', Lemma 13 yields that with the prescribed
probability,

_ A _
DS D wilEgl S L)~ > s Ave—o " g
iziskm iriskm SJIFG T i

For (II), note that {z;};,.,, are independent, and each z; is the product of two sub-Gaussian terms with
variance proxies L™! and (n?L)~!, respectively, so that z; is sub-exponential with norm K < (nL)~.
Therefore, Bernstein’s inequality yields that

cr?
IP’(|(II)| zt’A) fexp(— — )
Iwll“K= + [wll oK
By Lemma 13, we have [[w],, < (np)~! and ||w]|? < (np)~! with the prescribed probability. Hence, by
choosing t =< (nL)~!- JVl1ogn/(np), the above estimate yields that |(II)| < (nL)~!- J1ogn/(np) with
the prescribed probability. This concludes that ||R%’2||Oo < 1/(nL). Combining the estimates for R%’l
and R%’z yields that ||R% lloo S V/logn/(nL) with the prescribed probability.
(Bound of ||R?

llo,) By definition, we have

Rl S p) 72 3 Ay | 3 A5Gy =5 || 3 A5y — v 0 = 6))]
digm i jii

_ 1/2 1/2

itim itim
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1116 C.GAO ET AL.

where
U= 2 AgGym| =5, Vi= 2 Ay = v 6] = 6)).
jii jii

Now we bound >, A;, U for each m € [n]. Since ' — y;m* = () + ) (y; — v (0] — 6)),
we have

( Z AimUiz)l/2 _ [ Z Aim(ZAij(”i* + nj*)(yij o — 9]'*)))2]1/2
i:iFEm iti#Em Jiii
= sup D> Ayt DAyl + 1) 5y — v O — 6)),

ue izitm i

where % = (D ,cpn @ D 2mAi u? < 1} is defined conditioning on A. Let %hbeal /2-covering of

m=y

7 in the sense that for any u € %, there exists some ' € % such that \/Zi:i#mAim(ui - ug)2 < 1/2.

Since covering % is equivalent to covering the unit ball in dimension »;.; #mAjm» We can find such a 74

with |2 < exp(C Zizi#m A;,,) < exp(C'np) with the prescribed probability. Then a standard covering
argument yields that

D AwUP =25up D0 Ay DA + 1) (5 = w0 = 6))
izikm ueU izitm G

L
1
=2swp {720 D A Al + 70— O = 6)
ue =1 ijiitmjtm, ik

L
Z Z Ayt (" + nrtz)(yimi S ACHE 9:1))}‘

=1 i:i#m

+

~1—

Now by Hoeffding’s inequality as in the analysis of R%, we have for any fixed u € % and 1 > 0

P(‘I% i Z AimAij”i(”i* + 77./*)0’,']'( i ACA Q/*))‘ > t|A)

(=1 ijiitmytm,iz
CL#? )
5 )
i jim jmi A Ay (T + 75)?

< exp ( —
Hence, by a union bound, Lemma 13, and choosing ¢ =< p/+/L, we have with the prescribed probability

L
: P
Sup ‘_ > > AwduGy )y — YO — 9,'*))‘ S =
ueU =1 ijitmjEmiti
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1117

Using a similar analysis, we have

1
sup |7 Atar? 713 e — 67— 8)| £ /2 = oL,
et © fim nL VL

Putting together the two estimates yields that
1/2 p
max ( A; U-2) < —.
me[n] l;ﬂ met ﬁ

. . . 2\ /2 - .
A similar calculation yields that max,, ., (Zi:i 2m AimVi ) < np/+/L, so combining the estimates
yields that max,, ., |Rim| < (nL)~! with the prescribed probability. Combining the estimates for
IR}l - I1RY

concludes the proof. (I

lloo lloo

6.3  Entrywise expansion for the main term A

Recall from Section 6.1 that A; defined in (6.1) is the main term of ’9: — 9;“. The goal of this subsection
is to prove the following expansion.

PROPOSITION 13. Suppose that « = ¢/(1) and np > (logn)>/?. Then the following expansion holds
with probability 1 — @(n~19).

Zj:jyéiAij()_)zjn;k - )_’ji”i*) .

7 DAy @ =00 T

A= (1+ep)

where €, &, € R” satisty |lg,||,, = 0(1) and ||&,|l,, = o(1/+/npL).

As in Section 5.3 for the MLE, we will first perform some preliminary analysis in Section 6.3.1, and
the main proof of Proposition 13 will be given in Section 6.3.2.

6.3.1 Some preliminary analysis We first introduce a leave-one-out version of the spectral estimate
7. Fix an index m € [n] to be left out, and define a new transition probability matrix P/ e R"™ " as
follows. For off-diagonal elements, let

pim — Py, i # m andj # m,
Yo |BPy =50 —6)), i=motyj=m.

This leads to the choice of diagonal elements P;.m) =1- Z” £i Pg"). Note that in the case of i = m or
J = m, we have taken unconditional expectation of P;; so that P is independent of the data involving
the mth individual, including the comparison indicators {A,,;}; s,,. With the above definition, let 7 be

the stationary measure of P, i.e. 7" is defined by

(ﬁ(m))Tp(m) — (ﬁ(’"))—r’ (6.5)
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1118 C.GAO ET AL.

which, after some similar manipulations for 7, leads to

~on) _ 2t AP i ASi " A L - Y = 03T

i Dt Pg") B 2 ijzim AiYji + Ly - Y (O — 67)

Note that different from the analogue 8™ € R"~! in (5.9) for the MLE, 7 is still in R”. Analogous
to @ in (6.2), define 7™ € R" as

—om) _ 2 itim Ay + Lig - Y O] — O5),
' 2 iiim AiYji T L - P O — 07)
Lastly, define the leave-one-out analogue of § in (6.3) as

ﬁfm) e 1 n ~(m) * — (m) *

_Z = i L5, (6.6)

Note that by construction, all of 7™, 7 and §" do not depend on the mth individual. We have the
following estimates for ™.

LEMMA 11. Suppose that k = &(1) and np >>> logn. Then the following holds with probability at least
1 — @(n=19 for some C = C(k) > 0.

max [|8"|| = o(1/y/pL) and max||§™ |, < Cy/logn/(npL).
me[n] me[n]

Proof of Lemma 11 The £, bound follows from analogous arguments as in Proposition 12, except now
using the estimate max,, [, 170 —7*|| < 1/+/n?pL (instead of |7 — 7*|| < 1//n2pL) in Lemma 10.
The £, bound follows from the following simple estimate: for any i € [n],

(m) *

50 < ||n(m)—7'[ ||C>o Z‘Nk logn
1

b}

npL
using Lemma 17 in the last inequality. g

REMARK 5. In contrast to its counterpart Lemma 4 for the MLE, we do not need to analyze a leave-two-
out version of 7 here for the spectral estimator. The reason is that in the proof of Lemma 4, we need a
leave-two-out analysis for the control of g(=") (Chy |’9\£"l.1)) therein, which does not appear in the analysis
of the spectral estimator. On the other hand, if we were to perform a leave-k-out analysis to improve the
exponent in the regime (2.2), a corresponding leave-k-out version of 7 would become necessary for the
spectral method as well.
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL

6.3.2  Main proof of Proposition 10

Proof of Proposition 13 Fix m € [n]. Recall the definition of § in (6.3). Then we have

Zi:i;ém A ()_)mini* - )_}imn:;t)
A, = . — +5
T Zi:i;ﬁm miYim
_ Zi:i;ﬁm Ami (}_]miﬁ;< - }_)imﬂ;j;) (1 . Zi:i;ém Ami (}_)lm - 1'[/(91* - 0:1)))
T[;’;l ’ Zi:i;ﬁm Amiw(ei< - e;tl) Zi:i;&m Amiyim

m

Using standard concentration in Lemma 14, we have

max Zi:i#’"Ami()_}im — 96 — 9:1)) ‘ < vnplogn/L — [logn o(l)
melnl T+ 2 icistm AmiYim ~ np npL .

+ 6

m-

1119

Hence, it remains to show that [|§]|, = o(1/+/npL) with the prescribed probability. To this end, recall

the definition of 7 in (6.5). Then we have

5 — it At (T = 7)1 KTy — )
" ”rtl : Zi:i;ﬁm Aimyim n k=1 ﬂlj
- o~ ~(m) ~ ~
_ (Zi:i;émAimymi(”i ) I ”k(m))
T 2icistm AimYim ne— o
+ (zi:i;ﬁmAim)_}mi(ﬁi(m) —7}) _ l S ﬁlgm) — 7'[_1?)
T - Zi:i;ém Aim)_}im n k=1 7le

= CSl,m + 82,m‘

Using Lemma 17, the two terms inside §; ,, can be bounded as follows:

e The first term satisfies

-~ ~(m)
Dt AT = ) <1 ~  ~(m)
‘ " - ‘N‘ZAim“Ti_”i |

T+ 2 icitm AimYim P im

1 172 1 logn 1
< - A~) QF™ —7 < = Sapon! =0(——
_p(Z m) IS v oL =TT

ititm

e Usingn} 2 n~!, the second term satisfies

‘liﬁk_ﬁém)\ < valem 7)< 280 L o
- — n|7" -7 — = o(——).
n Ty ~ ~ n '\ npL ~/npL

k=1
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1120 C.GAO ET AL.

We hence conclude [|§; (|, = o(1/+/npL). For §, ,,, using the definition of 8 in (6.6), we have

_ s (=0m Y
(7'[;';! : z Aimyim)82,m = Z Aimymi(”im - ni*) + Z Aimymini*ai(m)—i_

itigm izigm itigm
1 7™ -
z Atm(ymz i ylijm) n Z T
iti£m k=1 k
— p(m) (m) (m)
R K m+ Z Azmymz >k(Sim +R2r,nm'
iti£Em
By analogous arguments as in the proof of Lemma 10, we have
IR + RS logn 1 I
max — o( )s
meln) Ty = D i A imyim vnpL vnpL

under the condition np >> logn. Lastly, for the middle term, by Lemma 11 and Bernstein’s inequality
applied conditionally to {A;, }; ., (note its independence from 8™ by construction),

‘ Z Aim}_]mini*gi(m) = ‘p' Z )_)mini*s(M)‘ + ‘ Z (Aim _p))_}mini*ai(WL)

iigtm iziztm iigm
< (p/mV/nlls™] + [plogn - z ((Sl.(m)ﬂi*)2 +1logn-n M8,
iigm
log n)3/?
=o( [T+ /& Qogmy ",
nL np

Putting together the pieces, we conclude that ||6]|, = 0(1/+/npL) under the condition np > (log n)3/2.
The proof is complete. 0

6.4 Completion of the proof

Proof of Theorem 3 Fix i € [n]. Recall the definition of A; in (6.1). Then by definition of 6* and the
condition 1,) 6* = 0, we have

0, — 07 = (log®; — log ') — ave(log # — log 7*)

L L
T —
1og( +1)——§1o ( —i—l)EAi—l—Ri.

€202 YoJB\ £ UO Jasn Aleiqi elueAjAsuuad Jo Alsionun AQ 69/ 1L02/S201/2/Z 1 /a101e/1elew/woo dno olwapeae//:sdiy Wol) papeojumod]



UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1121

Here with h(x) = log(x + 1) — x forx > —1,

T —nF 1 T, -7
Ri=h(Z ) = L ()
7] n e Ty
Define the event
T, —nf 1
o= {max | %2k < 2. ©6.7)
kel | m} 4

Then it follows from Lemma 17 that .27 holds with probability 1 — &(n~1°). On the event .27 using
|h(x)| < x% forx € (—1/2,1/2) and Lemma 17 again, we have

I (Te—7f\ L (=72 1 1
> on(FE) =S 2 (FE) S = o=,
nie— 7Ty n b npL /npL

k=1

On the other hand, by definition of A; in (6.1), we have

7 — To—mi\2 w—nt "o -
h(ﬂl il ) < (ﬂl *ﬂ,) _ T (AlJrl Ty *”k)
7] ] ;] ne
(4;) + o : )
=o0(4)+o0

! /npL
by the estimates in Lemma 17, and thus, we have |R;| = 0(A,)+0(1/+4/npL). The proof is now completed
by invoking Proposition 13. O

7. Proofs of Application I
In this section, we provide proofs for the application in Section 4.1.

Proofs of Propositions 4 and 5As the two proofs are similar, we only present the proof for the MLE.
We start by proving the CLT with § = 6*. By the expansion in Theorem 2, we have for each i € [n]

pi(0%)@; — 07) = (1 + &1 )f; + &)

Here 8/2’1- = p;(0%)e, ; satisfies ”8/2,:'” o = 0(1) with probability 1—0(n~19) since standard concentration

yields that max; . 0;(0%) = O(y/npL) with the same probability, and the sequence {f;} is given by

. L- A (Y — 0x — 9*
fi= pi(Q*)% — VL Z“/-Js‘él l](yl] Y (0; ; )) .
i i Ay 67 = 69)
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1122 C.GAO ET AL.

Letz < A4(0,1,). By the Cramér—Wold theorem, it suffices to prove that for any fixed a € R,

aT(fl,...,fk) ~alZ.

Let <7, be the event {A : minme[n] > citm mlw o6, — 9 ) > conp} for some small enough constant ¢

such that <7 holds with probability 1 — &(n~'%) by Lemma 13. We first prove a conditional version of
the above result by verifying the Lindeberg—Feller condition. With

_apNLA, (5 — v (6 — 61)
i = .
\/Zm:m#ﬁ Afmw/(el?k - 9;:1)

we have

L [ Zl i#L AZt[th W(Q* B 9*)]

Z \/me;ﬁ@Aemdf (9* 9*)
k
2

T(froeeoof,

n

k n
Z Uez—z Z Uy + Z WUy + Uy

=1 i=1,i#t =1 i=k+1 I<t<i<k
k n
= Wt 2 Vi

(=1 i=k 1<t<i<k

Here {V,;} withindex set {{ < k,k+1 <i <njU{l < { < i < k}aredefinedby:if £ <k, k+1 <i <n,

agVLA (3 — ¥ (60 — 67))
\/Zm:m#l A(Zml'[//(ez6 )

Vii=Uy =

1

andif 1 < ¢ <i <k,

Vi = VLA, 5y — ¥ (0F — 67)) - & - . .
‘ ‘ ( ‘ ' ) (\/Zm:m;ﬁe Aéml/f/(el?k - G;;t) \/Zm:m;éiAimw/(ei* - 9;‘;1))

Note that {V,;} are independent across its index set, centered when conditioning on A, and satisfy

(3 + 3 Jsvam

(=1i=k+1 1<t<i<k

2a;a
= llal*+ X =

I=<t<i<k \/Zm:m;ﬁﬁ Aémw/(etjk - ertl)\/Zm:m;éiAimw/(Qi* —607)

— llall® = E(a'2)?,
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1123

where the convergence holds under the condition min,,, [, 2 ;. istm A, W' (6 —0F) = conp on the event
47,. On the other hand, the Lindeberg-Feller condition holds trivially since {V/, ;} are bounded. Hence,
the Lindeberg—Feller CLT applies to conclude that for any A € .27,

a' (fis. o)A~ a' Z.

For the unconditional version, it holds for every ¢ € R that

Pa' (fi,...f) <D
_ E[P(aT(fl,...,fk) < tlA)EAEm] +IE[]P(aT(f1,...,fk) < t|A)]IA€Mn]
>P@'Z<nH+0=Pa'Z<1t

by the dominated convergence theorem This concludes the claimed CLT for § = 6*. The claim for

6 = 0 follows from the fact that Pr (9) (l +o0 P(l))pk (6*) uniformly over k € [n]. Indeed, using the
lower bound min;,,; o; ©*) A p; (9) = /npL with probability 1 — O(n~19), we have

* " |pz (6%) — Oi ('9)| 0% * A A
(6%) — p:(0)| = E A 0 —0F) — 0. — 6.
i = 2i®)] = 016" +p@ N\ np ‘jij;éi SA A ]))‘

logn
f(%Ay) o= e||ooN\/7 P\ L

logn = o(y/npL).

A

The case where {A;;} are replaced by p can be dealt with similar arguments so the proof is complete. O

8. Proofs of Application II
In this section, we provide proofs for the application in Section 4.2.

Proof of Proposition 6 It can be readily verified that the event {r(1) ¢ [n; + 1,n — n,]} is contained in
the event {6 ¢ €, for some i}, whose probability can be bounded by

P((6; ¢ % for some ) < PO ¢ 6)) + > PO} ¢ E).
i#1

Since P(0] ¢ ¢|) — a by construction of 4} and the CLT in Proposition 4, it suffices to show the
second probability is vanishing.

Using preliminary estimates in Proposition 1, it is not hard to see that p; @) are uniformly close to
their populations: p; (9) = (14 0(1))p;(6*) with probability 1 — ﬁ(n_lo) and o(1) uniform over i € [n].
Note that p;(6*) = /npL. Hence, by the expansion in Theorem 2, for each i # 1, we have for large

€202 YoJB\ £ UO Jasn Aleiqi elueAjAsuuad Jo Alsionun AQ 69/ 1L02/S201/2/Z 1 /a101e/1elew/woo dno olwapeae//:sdiy Wol) papeojumod]



1124 C.GAO ET AL.

enough n

vy ¢ ) = B(|0 e ey | 2 1)

]

< P()%( > (1 n %0),/210gn - pl._z(@*)) + O,

Now note that b,/d; = Zj:j#l- Z%=1 Zip, where Zizp = Ay (y;;0 — ¥ (0] —9/.*))/(L- Zk:k#i AV’ (0F —6)))
are centered and independent when conditioning on A, and satisfy

L
2 _ 2% 2%
Z#_;JE@UAA)—;),. @), max max |Z;,] < 20,°(@").
JyFi L=

Hence, for large enough n, it follows from Bernstein’s inequality (with the prescribed constants in [2,
Theorem 2.10]) applied conditionally on A that P(|b;/d;| > T;) < 2n~(17¢/2)_ Take the union bound to
complete the proof. U

9. Proofs of Application I1I

In this section, we provide proofs for the application in Section 4.3.

9.1 Proof of Proposition 5

Proof of Proposition 7 Recall the definition of § in (5.3), and the terms b;, d; in Theorem 2. Then for
any ¢ > 0, with the prescribed probability, we have

~ = /b, \2
_ p*p2 m -1 2
16—0"1 = (1+) D (24) + A +eHisl™

m=1 M

By Proposition 11, we have 181> = o((pL)~1). For the main term, let D = diag(d,,...,d,) be a
diagonal matrix, which is invertible with the prescribed probability, and when this happens,

n

b 2
> (3%) = 1o b2 = E(ID~'b1P1A) + (107 b1 ~ E(ID”bIP14)). o)

m=1 m

The second term in the above display can be bounded by Lemma 12 as follows. Note that b,, =
D 2m AmiZi WIth Z,; = 3, — ¥ (6, —0]) therein satisfying the anti-symmetry condition Z,,; = —Z,,,.
Moreover, up to anti-symmetry, Z, . are independent sub-Gaussian variables with variance proxy
bounded by a constant multiple (only depending on «) of L~!. Hence, with the prescribed probability,
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1125

Lemma 12 implies

)
(||D—1b||2—E(||D—1b||2|A))gL—h/logn(l;g[iﬁdi) ﬁ(max Aij)

el i

< Vnnp

_ -1
logn(np)zL =o((pL)"),

~

where we use Lemma 13 in the second inequality. Next, for the first term in (9.1), it holds by direct

calculation that

tr(D‘l)
L

tr((ED)™")
L

1 < 1
= 1 1 h— £
( + 0( ))pL n; Zi;i;ﬁm ]/f/(e);kl _ 91*)

—~

= (14 0(D)

E(ID™'p1%14) =

where () follows from the fact that uniformly overi € [n], d; < np and ||D—IED||0p = max; |d;—Ed;|
+/nplogn by standard concentration. Putting together the two estimates, we have

~ (1+¢) Z R B o1
10— 0" = 200 3 (w6 4 ) +Cul+e Dol 1)

=1 jij#i
The proof for the upper bound is now complete by choosing ¢ | 0 slow enough (e.g. ¢ =< (logn/n)'/*)

such that the second term is still 0((pL)_1). The proof for the lower bound is analogous by noting that
for any ¢ > O,

n
~ b, \2
_ pn*2 _ m T 2
19-6712 = a1 e)m§_l(dm) ' = DI,

and then using the same estimates established in the upper bound proof. U

LEmMMA 12. Let A € {0, 1}"*" be a symmetric matrix and D € R"*" be a diagonal matrix with positive
diagonal entries d;, ..., d,. Define b € R" such that b; = 3. ,;A;Z;, where {Z;}; ;.;_; are a sequence
of independent sub-Gaussian random variables with variance proxy 7> and Z; = —Z; forany i > j.
Then there exists some universal C > 0 such that

-2
|||D—1b||2—IE||D—1b||2|sCer@(m[iqd,-) Vi(max > Ay).
1E€(n

with probability at least 1 — &(n~10).
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1126 C.GAO ET AL.

Proof. Using the symmetry of A and the anti-symmetry of {Z}i.i<j» we have
= (b
—1712 ]
e =3 (2) = T a2 (T az)
i=1 t i=1 JiAi
" 2
= Zd (ZAUZU + ZA'i(_Zji))
i=1 Jiy>i Jy<i
n
—2
- Z d; ( Z AjAip ZiZiy + Z AjiyiZjiZyi — Z AjAyiZiiZy l)’ ©-2)
i=1 B> B <i B>

Wthh can be written as a quadratic form of {Z;}; ;.;_;. Let .# be the set of double indices defined by

I ={(i.j) :i,j € [nl,i <j}withN = |4 = (3).Let Z = (Z; Dijes € R such that it has independent
sub-Gaussian coordinates with variance proxy 72. Then there exists a matrix S = S € RVXN

such that |[D™'0I1> = ZTSZ = 3, v .inesSaj.iinZipZar ) Where S is defined as

AyAy (d? +d Y, ifi=ij =,
AUAI,]/dl_ ifi' =i,/ #j,
Sipi) = AUA”/d_ - ! i./, ” i.’j/ -
’ U :J’d, ifj/ =1,
—AyAnpd 2, if i’ = j,
0, otherwise.

That is, the entry in S is zero if the two corresponding edges (i, /), (',j)) have no joint vertex, as the
matrix A can be interpreted as an adjacency matrix of a graph. Let hy,, = maX;cp,) 2.;.i; A;j» Which be
understood as the maximum degree of the graph.

To apply the Hanson—Wright inequality (cf., [33, Theorem 1.1]) to control the deviation of Z'SZ,
we now relate the quantities ||.S ||12p and ||S ||%p. We first bound ||S ||12,. Denote d,;;, = min;,,; d;. We have

ISIF <4dys D AAI{{ijdn (i)} # 0}

(iy).(7 j)eS
- — 2
8dmm Z AU max — 8dmmnh 9.3)
(ij)ed
For [|S]lgps let v = (v ) € RN be any vector such that ||a||?> = zkja%m < 1. Note that S is

symmetric and in the above derivation of S we have (9.2) being equal to Z ' SZ, which holds without any
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1127

condition on Z. Hence,

" 2
vy = Zdi_z(ZAijvij + ZAﬁ(_Vﬁ))
i=1

Jy>i Jiu<i

féd;z((z/«g)(zvéw(Z%)(Zvé))

Jiy>i Juy>i Jiu<i Jiy<i
n
-2 2 2
<4 3 ((23) + ()
i=1 Jy>i Ju<i

<8d-2h

min’ ‘max*

Then we have

IS d-Zh (9.4)

op = mm max-*

Since each Z is sub-Gaussian with variance proxy 72, the Hanson—-Wright inequality now applies
to conclude that for any ¢ > 0,

2
t t
P(12"sZz" —E@Z"SZ")| = 1) <2exp(—-C A
( ) ( 48|12 rzllsllop)

for some universal C > 0. So by choosing t = 72 («/logn||S||F V (logn) ||S||Op) and plugging in the
estimates in (9.3) and (9.4), we obtain

DB = EID™BI| S 72 (Viog ndiyt /Mo + (108 M i)
202 flognd 2 \/nhy s
with the prescribed probability. ]
9.2 Proof of Proposition 6

Proof of Proposition 8 We work on the event .7 defined in (6.7), which holds with the prescribed
probability. Using x — x> < log(1 +x) < x for x € (—1/2,1/2) and the fact that

0, — 0% =log ( + 1) - = Zlog ( 1),

we have (recall the definition of A in (6.1))

*
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1128 C.GAO ET AL.

This implies that for any ¢ > 0,

16 — 6% < (1 + )| AlI>+

46 1)-max{g(%) n(;;(%) ) }
oS (BT

Using Lemma 17 and the lower bound min, ¢, 7, 2 n~!, we have

> (B ) <t | I R
- o

7-[*

< nt. n_z_logn n? ! O(L)

npL pL pL”
Hence, the upper bound follows from Proposition 14 by choosing ¢ | 0 slow enough, e.g. of the order
J1ogn/(npL). The lower bound proof is analogous so the proof is complete. g

PROPOSITION 14. Recall the definition of A in (6.1). Suppose that « = (1) and np >> logn. Then the
following holds with probability 1 — &(n~10).

a = 1220 Z Siigm (€7 + )2 OF — 07)
nt (S + 0 — 03)

Proof of Proposition 14 Recall the definition of 77, in (6.2). By (6.3), we have

L (T — T2
1A = (1 +0) 3 (F2) + o6 il

m=1 m

By Proposition 12, we have ||§]| = o(1/4/pL) with the prescribed probability. For the main term, we
can further decompose it as
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL

Ty — T _ Zi:i;&mAmi()_}mini* _)_)imnrtl)

* * o, - V.
T T Zz:z;ﬁmAmzytm

Zi:i;émAmi()_}mi i* _)_)im ;:z)
T - ZZ ti#Em mzw(e* —05)

Z Aml(yml 7T ytm m)( 1 _ 1 )
iti#m T[;l;t Zi:i;émAmi)_}im Zzl;&m mzw(e* 0;;)

=), +dDh,,.

For (II),, in the above display, standard concentration and the lower bound min,
that

*
me[n] T

D), | Sn- (”p)_z ) ‘ z Ami()_)mini* _)_}imn;tkz)
iti£Em itiEm

Hence, by Lemma 14,

2
X

Z(II)2 < —— - max

me[n]

ZAWH yml i ylm )

i |3 A — v —3)|

m=1 ii#m

. 1 plogn n’p logn 1 ( )
~n2pt  nL L ~ L pL

For (1),,, we have by definition of 7,, that

2 iitm Ami i = Fim )
T Zin;ﬁm mtw(g* 9;;)

(D), = = (D7'b),,.

where D = diag(zl e Zn) with E,Z € R”" defined in Theorem 3. This implies

ID™'BI1> = EQID~'B)%1A) + (ID~"BI1* — E(ID™'BI1?|4)).

zn!

' \ D Ai (i — W6 = 9,;‘;))‘.

1129

yield

9.5)

The second term in the above display can be bounded by Lemma 12 as follows. Note that Em =

S iz A with Z,; = 3,75 —

iiiEm “tmi mt yzm m’

—Z;,,- Moreover, up to anti-symmetry, Z,

therein satisfying the anti-symmetry condition Z,;
are independent sub-Gaussian variables with variance

proxy bounded by a constant multiple (only depending on «) of (n2L)~!. Hence, with the prescribed
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1130 C.GAO ET AL.

probability, Lemma 12 implies

~ ~ 1 =2
(D712 = E(I1D'BIIA)) < —‘/logn(mindi) ﬁ(max A,..)
n2L ieln] ‘ 7

where we use Lemma 13 in the second inequality. _
Lastly, by direct calculation, the main term E(||D~'5||?|A) in (9.5) satisfies

~ 1
E(D~'p|?|1A) = -
(ll [14) I

3 Ziign A7+ 7)Y (6 — 67)

2
=t (T Do A6 — 65
1 & Diigm A (@ + 2y 0F - 63)

L * * 2"
m=1 (Zi;i;sm A (€% 4 PRy (6 — 952))

It remains to show that both the numerator and the denominator concentrate around their mean value
with respect to A. For the denominator, it can be readily verified that E( D £m A, % + e@i)w/(gi* _

9;;)) = np, and Bernstein’s inequality yields that with the prescribed probability,

) > Ay — P+ iy 6F — 63| S aplogn + logn = o(np).

itiEm

A similar calculation holds for the numerator. In summary, we have for any ¢ > 0,

1A < (1 +e)

(1+0(1)) Z > i (€% + 2P (0F — 0%)

1
* 4+ 0 Ho(—).
= (i€ + w0 = 63)) -

A lower bound can be similarly proved, and hence, the proof is complete by choosing ¢ | 0 slow enough
(e.g. e x (logn/n)1/4). O

9.3 Proof of Lower bound (Theorem 3)

Proof of Theorem 9 Let r,, be a sequence such that (npL)~!/> < r, < &, A 1. Foreach i € [n], let ()
be a prior density defined by 7;(x) = r, K ((x - 07/ rn), where K(-) is a C* kernel function supported
on [—1, 1] such that K(£1) = 0.

By definition of @ («), we have

inf sup E, [0 — 6% = inf sup Eyll(6 — ave(®)1,) — (6 — ave(®)1,,) 1%
0 HeB(0*,e,)NO (k) 0 9eB(0*,c,)NO (k)
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1131

Then using the fact that || — ave(9)1n||2 =n"l. ZKJ( 9) for any 6 € R", we have

inf sup Eyll(@ — ave(®)1,) — (6 — ave(9)1,) ||
o 6eB(0*,6,)NO (k)

1. R .
= —inf su E[(G.—3) — (6. — 6.
ng QGB(G*,SSQQ(K)E 0[( ! J) ( i /)]

1, T _7
- inf sup D Eg[(Bi—8) - (6,- )]
0 0eB(O*.£n/NO(K) <)

() 1
> —inf E E 9 —9 | | 9 | |d9
= n'g /ee[e*—r,,l,l,e*wnln] 9[ il )

i<j
= —1nfz / [T @) ( [T d6) [ / Eq[(6; - 8) — (6, —Qj)]zni(ei)nj(Qj)dGide:l
i<j k:kiyj ki
(***) 1
3 / [T =) I] 46 [mf / By [T, — (6, — 6) 7 0)m,(6)de,de, |
i<j kik#ij kik#ij
= —z / [T m@0)R;0__p( T d60)- (9.6)
i<j k:k#ij k k#ij

Here (x) holds as follows with é(/c) = {0 € R": max; 91./ — min, 9; < «k} dropping the centering
condition. For any 6, with

o* = a‘rgmaXQEB(e*,€n/2)ﬂé(K)EQ[(é\_ ave(é\)ln) - (9 - ave(@)ln)]2

and 6 = 0* — ave(6*)1,,, we have by the translation invariance of the model

Ee*[( —ave(d)1 ) ( — ave(@*)ln)]2 = EQ[( — ave(9)1 ) ( —ave(9)1 )]

and since 6* € B(0*,¢,/2) and 6* € O (x),
1 n

lave(®*)] = 1~ > (07 =01 < 10" = 0l o0 < &,/2.
i=1

This entails that ||§ — 6%« =< &,, and hence, e B(G*, €,) N ©(«), which concludes the proof of (x).
Next (xx) follows with [6* —r, 1, 0 +r,1,] = x,[6/ —r,, 6 +r,] by bounding the (local) maximal
risk by the Bayes risk induced by the product pr10r H?:l w;(0;) on [6* —r,1,,0" + r,1,]. Note that in
(xx) we have B(0*, ¢, /2) C @ (k) for large enough n due to the condition max; 6 — min; 6 < «/2.
Lastly, the infimum over T}; in () is taken over all estimators of §; — 6; with the knowledge of 0_; ;.
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1132 C.GAO ET AL.

Letu = (6, 9]-) € R? and Tij = Tij () =6,— Gj € R. Now by the multivariate van Tree’s inequality
in [13, Equation (11)], each Rij(G_i, 9_]-) can be lower bounded by

1 1 ~
R[j(e_[s 9_j) = Z / %j(u;Q_i,_j)ﬂi(Qi)nj(ej)inde - ;aﬁij(ﬂi,ﬂj), 9.7
where with .#(11) being the Fisher information matrix of u = (6,, ¢;) defined below:
aT,.j T 4 aTi].
Fiib_ ) = (W) A1) (E)

and }U (7, 7r;) is also defined below after we introduce a few other notations. We now estimate the two
terms on the right side of (9.7).
(First term in (9.7)) The fisher information of the parameter u can be calculated as

9L, (1 9_,~’_j))T (35,, (w;60_; ;) )]

A EE“[( o au

— L) - [Zk:k#i/w/(gi =0 —1#/(9/1‘ —0) } ‘
YO —0)  Dhur V'O —6)

This entails that, with Dy = 31 (W' (6; — 6) + ¥/ (6; — 6)),

S s6,_) = (%)T - (88_73)

1 D,’j
pL (Zk:k;éi,/ v'(O; — ek)) ( Zk:k;éi,j ‘/"(Qj - 9/«)) + v, - Qj)Dij
1 D
=1 +o(1) - —- f

PL (Xt V' O = 0) (Zeaiy V' 0; — 00))

1 1 !

where the o(1) term is uniform over all § € ®(x) and i,j. Moreover, by definition of 7;(-) and the fact
that r,, = o(1), direct calculation yields that

1
/ Dkekrij V(0 — 0p) 7;(0,)7;(0;)d0;do;

1+0(1)
D kckrig V' (O0F — 6)

=/ : K, (6;—6;)d6; =
Zkik;&[‘]’ w/(el- — 9]() n\"1 i i
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1133

uniformly overall & € ® (k) and i, j. With a similar bound for the term involving index j, we have

=(1+ a(l)) L ( ! S+ ! . ) 9.8)
ki V' O] — Dckzig V' OF = 6

Here the o(1) is uniform overall 6 € ® (k) and i, ;.
(Second term in (9.7)) On the other hand, let A = det ((pL)_lf(,u)). Then

C(mE(a%’“) s = (X V-0 X vG ).

kik#ij kik#ij

Hence, by definition of 7;(-) and nj(~), we have

a(C”(u)JTi(Hi)JTj(Qj))
d6:

1

(ki V' 0= 0p) - K, (0 = 07)
B pLA?

—1 g * * A
|7 K, 6= 04— K, (6, 6; )ﬁ].

i

With a similar bound for (C (W), (Gi)nj (Qj)) / 89j, and the simple bounds that A > n*and [dA/ 06, v
|8A/89j| = O(n?) uniformly over all & € ® (k) and i, j, we have

Ty J)E/ ! [8(C“(“)”i(9i)”j(9j)) n 8(C12(M)ni(9i)nj(0j))]zdeide'
77,'(9,')77]'(01') 00, 39], j
1 L[ (Kw) 1
S n2p2L2 (1 v 2/ K(x) dx) N n2p2L2rn5' 9.9)

Now apply (9.7) with (9.8) and (9.9) to yield that

Ry(@_i) = (1+0(h) -7 | ! 1 )
! i Zkk;élew (9 _0]() zk!k#i,jl/f/(ej*_ek)

under the condition r, <« (an)’l/ 2, By (9.6) and the above lower bound, the local minimax risk is
lower bounded by

1+ o(l) / .
6,)do_, .,
Z 2kt (91'* — 6 i 2kkzij 'O — ek))( H 7 (0))do_;

i<j kik#iyj
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1134 C.GAO ET AL.

where the o(1) is uniform over all 7, j. Note that for any 6_; _; in the support of the product prior, we
have

SUUOF -6y =(1+o0) D YO -6 asr,=o(l),

kek£ij fek£ij

where the 0(1) is uniform over all 7, j. Hence, the local minimax risk is further lower bounded by

IT+o@ ( 1 N | )
mpL A\ Yt VO =00 Ty V'O = 0)
1+ o(1) 1 |
= . +
npL ; (Zk:k;éi VO =00 D VO —OF ))

_ 1+o(1) i 1
pL im Dari V'O —6)

as desired. O
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A. Additional auxiliary results

LeEMMA 13. Suppose that np > log n. Then there exist some universal positive constants ¢, C such that
the following hold with probability 1 — &(n~1°).

cnp < min ZAU < max ZA < Cnp,

ze[n] i€ n]

max Z A A m,NC(”P)2

me|[n]

Proof. For any fixed i € [n], we have cnp < Z jij#iAij = Cnp with the prescribe probability by
Hoeffding’s inequality. The first claim now follows by taking the union bound over i € [r]. The second
claim follows since

max z AjA,,; < max A, -EE%ZAU,S(@)Z
Blal

me[n] . me[n] P

by the first claim. O

The following lemma gives some standard concentration results in the analysis of both MLE and the
spectral method.

LEMMA 14. Assume np > ¢, logn for some sufficiently large ¢, > 0 and x = &(1). Then the following
hold with probability 1 — &(n~'0) uniformly over 6* € O (x).

C 2
> (A — ey - 9,-"‘)))2 <=~

i1 A
- N nplogn

max —W(@i—Gj))) = PR
plogn

max | ZA (it S| = P8R

Here C = C(x) > 0.

Proof of Lemma 14 The first two claims are proved in [5, Lemma 7.4]. For the third claim, note that the
summands y y,m 1 y,mnm are independent, centered, and sub-Gaussian with variance proxy bounded
by L7!|z* 12 2 S < (n2L)~!. Hence the claim follows from Hoeffding’s inequality

cr?
IP’() A (y w5 =y, 7k >tA)<2 (— )
lé;n inUniT} = Sinn)| = 114) = 2exp D)7 3, A
the bound max,, ¢, 2 ;.;2m Ay < 7p by Lemma 13, and a union bound. U

The following lemma controls the spectrum of Laplacian matrices corresponding to a weighted
Erdo&s-Rényi graph.
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1138 C.GAO ET AL.

LEMMA 15. Let A be the Erdods-Rényi graph adjacency matrix with connection probability p, and
{w;;}i; be a non-negative weight sequence such that w;; = w;;. Let H be a weighted Laplacian matrix
defined by H;; = —A;w;; fori # jand H; = Zj;eiAzijif Assume that p > ¢;logn/n for some
sufficiently large ¢) > 0 and k| < min;; w; < max;,;w; < k, for some k,k, > 0. Then for some

i ij
positive ¢, C only depending on ¢,
(CKl)np = )‘min,J_(H) = )‘max,J_(H) = (CKZ)np

with probability at least 1 — &(n~'0). Here Amin, Stands for the smallest eigenvalue along directions
orthogonal to 1,,.

Proof of Lemma 15 Let £, be the graph Laplacian induced by A. For any unit vector ¢ € R” such that
I,Tc = 0, we have

1 1
¢THe =2 (e = ) Agwy = ey D 56 = Ay 2 Ky - i 1 ().
i#j i#]
The claim now follows from standard results of the Erdo6s-Rényi graph [39]. The upper bound proof is
similar. 0

The following lemma provides rate-optimal bounds for the global MLE 6 and the leave-one-out
MLE 6™ in (5.9) for each m € [n].

LEMMA 16. Suppose that « = €(1) and np > logn. There exists some C = C(k) > 0 such that the
following hold with probability 1 — ¢(n~'%) uniformly over all 6* € @ (k).
B — 6%, 11> < CpL)~" and max,, ¢, 18" — 67,11, < Clogn/(npL).

1. We have max,,(,

2. We have maxme[n]H’@\("’) —0_,I> < CpL)~".

Proof. These are essentially proved in [5, Lemmas 8.6 and 8.7]. Note that there are two differences
between our leave-one-out MLE 8 in (5.9) and the one in Equation (57) of [5]: (i) our (5.9) does
not have the £, constraint |6_,, — 6* ||, < 5 in its definition; (ii) our (5.9) satisfies ave(6_,,) =
ave(0*,,) by definition. The above bounds continue to hold with the prescribed probability since for (i),
the constraint is satisfied with the prescribed probability by (a leave-one-out version of) [5, Proposition
8.1], and for (ii), Lemmas 8.6 and 8.7 in [5] hold for /m only after the additional centering pim _
ave(é\(’”) — 6*,,), which coincides with the leave-one-out MLE in our definition (5.9). O

The following lemma summarizes some rate-optimal bounds of the spectral estimate 7.

LEMMA 17. Lemma 9.1 of [5], see also [6]Suppose that « = &/(1) and np > log n. Then the following
hold with probability at least 1 — ﬁ(n_lo) for some positive C = C(k).

1. We have max,, ;|7 — 7| < Cn~'/logn/(npL).
2. We have max,,, (1 [T — 7*||o, < Cn~'\/logn/(npL) and |7 — 7*| o, < Cn~'\/logn/(npL).
T — 7| < Cn='/T/QL) and |7 — *|| < Cn~' T/ (D).

3. We have max,, .,

The following lemma summarizes some useful estimates regarding f' (m) ©,,10_,,) and g(’") ©,,10_,)
defined in (5.1) for each m € [n].
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UNCERTAINTY QUANTIFICATION IN THE BTL MODEL 1139

LeEmMA 18. Suppose k = /(1) and np > log n. Then the following hold with probability 1 — &'(n~10)

for each m € [n].
—~ —~ 2
Fom (9,;*;|97m)’ < /nplogn/Land >0 _, ( Fom (9;;;|97m)) < n?p/L.
O G0,) = 1 6316%,)| S p]L+ /(og ¥/ (apl).
3. We have g™ (9}:16*,,) = np.

4. We have |g<m>(9;;|élm) — g™ ©r10*,)| < /np/L + /(logn)3/(npL). Consequently,
g™ @x16_,) = (1+e,)g" ©%16%,) under the condition np > logn for some & € R"
such that ||&]|,, = o(1).

1. We have max,,

2. We have max,,c(,

Proof of Lemma 18 Claims (1)(3)(4) follow from analogous arguments as in the proof of Lemma 3, and
it remains to prove Claim (2). By definition, we have

OO0, = OR0% ) = D A (W@ —8) — v — 0)).
isi#Em

Recall that U is the leave-one-out MLE defined in (5.9). Then we have

> AW —0) — v @, —6)

iritm
= D AV =8 = v 6, —67)
irim
+ Z Amt(l/f(erji - ’9\1) - L[f(@;; - ’9:_(7”))) = Am,l + Am,Z
itiEm

The term A, , is controlled with the prescribed probability by

lAm,l| =p ‘ Z (W(@;; — 91*) — 1//(9:1 _ é‘l(m)))|

ii#Em
+ ‘ D A =)W O — 07 — (6 — 5}’”)))‘
iti#Em
< pIB™ — 6%+ /pTognlB®™ — 6%, +logn- [0 — 67,1

() 3
< p/n- \/7~|—10gn ,logn \/7 ‘,(logn) (Al)

Here (x) follows from Bernstein’s inequality applied conditioning on data without the mth observation,
and (xx) follows from Lemma 16.
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1140 C.GAO ET AL.

On the other hand, A, ; is controlled by

R 12 .
Bl = D0 A8 =81 = (D An) 18" =L,
ikm ikm

® 1 \/T
~ \/@ : np_L - Z’
where (x) follows by Lemma 16. Since both estimates are uniform over m € [n], the proof is

complete. d

Recall 6 defined in (5.2) and its motivation of local quadratic expansion in (2.9). The following
lemma quantifies the closeness between 6 and 6.

LEmMA 19. Suppose that k. = (1) and np > logn. Then there exists some C = C(x) > 0 such that
the following holds with probability 1 — &(n~10).

o o 6*16_, )|\ 3
|9m _ 9m|2 < C(w) , Vm e [n].
np
Proof of Lemma 19 This follows directly from the estimates before Equation (78) of [5]. O
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