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A Novel and Optimal Spectral Method for
Permutation Synchronization

Duc Nguyen and Anderson Ye Zhang

Abstract—Permutation synchronization is an important prob-
lem in computer science that constitutes the key step of many
computer vision tasks. The goal is to recover n latent permuta-
tions from their noisy and incomplete pairwise measurements. In
recent years, spectral methods have gained increasing popularity
thanks to their simplicity and computational efficiency. Spectral
methods utilize the leading eigenspace U of the data matrix and
its block submatrices U, Us, .. ., U, to recover the permutations.
In this paper, we propose a novel and statistically optimal spectral
algorithm. Unlike the existing methods which use {U;U{ };>2,
ours constructs an anchor matrix )M by aggregating useful
information from all of the block submatrices and estimates
the latent permutations through {U;M ' },>,. This modification
overcomes a crucial limitation of the existing methods caused
by the repetitive use of U; and leads to an improved numerical
performance. To establish the optimality of the proposed method,
we carry out a fine-grained spectral analysis and obtain a sharp
exponential error bound that matches the minimax rate.

Index Terms—spectral method, permutation synchronization,
spectral perturbation, minimax rate.

I. INTRODUCTION

In permutation synchronization, the objective is to estimate
n latent permutations using noisy and potentially incomplete
pairwise measurements among them. It is an important prob-
lem in computer vision and graphics where finding corre-
spondence between sets of features across multiple images is
a fundamental task with wide-ranging applications including
image registration [1], shape matching [2], multi-view match-
ing [3], [4], detecting structures from motion [5], and so on.
Various methods have been proposed for permutation syn-
chronization including iterative algorithms [6], [7], [8], semi-
definite programming (SDP) [9], [10], and spectral methods
[11], [12], [4], [13]. Compared to other approaches, spectral
methods have gained increasing popularity and have been
widely used in permutation synchronization thanks to their
simplicity, fast computation speed, and impressive numerical
performance. Despite the popularity, it remains unclear how
well spectral methods perform theoretically and whether they
achieve statistical optimality or not. In this paper, we address
these questions by proposing a new and provably optimal
spectral algorithm.
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a) Problem Formulation.: The permutation synchroniza-
tion problem is formulated as follows. Let Z7, ..., Z} € Ily
where I1; is the permutation group in d dimension defined as:

I, :={Pe{0,1}: PTP=PP" =1;}. (1)

We introduce missing and noisy data by assuming that, for
each pair 1 < j < k < n, the observation Xj; € Rdxd
satisfies

Z3(Z0) T oWy, if Ay =1,

X ik “—
/ otherwise,

2

Odxds @
where A;, € {0,1} independently follows Bernoulli(p) for
some p € (0,1]; o € R controls the amount of noise;
W, € R¥9 is a random matrix with each entry indepen-
dently distributed according the standard normal distribution;
and Ogx g is the dxd matrix of all zeros. Roughly speaking,
each X block, if not missing, is a noisy measurement of
Z:(Z #)T which is the ‘difference’ between two permutation
matrices. Denote Z* = (Z;",...,Z:")T € II. The goal
is to estimate Z* given {Ajr}i<jck<n and {X;x}t1<j<k<n-
Note that Z7f,...,Z) are identifiable only up to a global
permutation. For any estimator Z = (Z] ..., Z;)T e 117,
its performance can be measured by the following normalized
Hamming loss (modulo a global permutation transformation):

n

0Z,2*) = min EZH{Z} ” Z;PT}. 3)
j=1

Note that model (2) has a matrix representation. The observa-
tion matrix X € R"¥*"¢ can be written as

X = (A0J4)oZ*(Z*) " +a(A®Ja)oW, )

where W € R"4*"d j5 a block-symmetric matrix with W;; :=
0, Wy = W;,;,Vl <j<k<n; Ae{0,1}"" is a sym-
metric matrix with Aj; := 0, Ap; = A, V1 < j <k <
Jq is the d x d matrix of all ones; ® is the Kronecker product
and o is the Hadamard product.

b) Spectral Methods.: Existing spectral methods [11],
[12], [4], [13] use the eigendecomposition of X followed
by a rounding step to estimate the latent permutations. Let
U= (U/,...,U])" € R*¥*4 be the matrix composing the
top d eigenvectors of X. That is, the columns of U are the
eigenvectors corresponding to the d largest eigenvalues of X.
Its dxd blocks are denoted as Uq,...,U,. The first block
Uy € Rdfd is then used as an ‘anchor’ to obtain an estimator
Ziy.y Zp €1y

7y = 14, Zj = argmax(P, UjU1T>,Vj =2,...,n, (5)
Pelly
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where the optimization subproblem serves to round U; Al
into a permutation matrix and can be efficiently solved using
the Kuhn-Munkres algorithm [14] (see Section II-A for an
intuitive description of the innerworking of this algorithm).
To distinguish the existing algorithm from the one proposed
in this paper, we refer to Z := (Z,',...,Z)7 as the ‘vanilla
spectral estimator’. It is computatlonally efficient and has
decent numerical performance.

Despite of all the aforementioned advantages, the vanilla
spectral method suffers from the repeated use of U; in con-
structing the estimator Zj for all 7 > 2. From a perturbation
theoretical point of view, U (along with its blocks Uy, ..., U,)
are approxnnatlons of their populatlon counterparts. By using
U, U1 , the estimation accuracy of Z; is determined by the
approximation errors of both U; and U;. As a result, the
approximation error of U; is carrled forward in {Z;},>2 and
deteriorates the overall numerical performance.

To overcome this crucial limitation of Z, we propose a
new spectral method that avoids the use of U; as the anchor.
Instead, we construct an anchor matrix M € R*9 by carefully
aggregating useful information from all of U and estimate the
latent permutations by Z := (Z],..., Z1)T where
Zj := argmax(P, UjMT>7Vj € [n].

Pelly

The construction of M is built on an intuition that ‘averaging’
information across all n blocks of U leads to a more accurate
anchor with smaller variance than U;. As a result, the estima-
tion accuracy of Z ; 1s mostly determined by the approximation
error of U; only, which leads to an improved numerical
performance. See Algorithm 1 for the detailed implementation
of the proposed method and Figure 1 for comparisons of
numerical performances between the vanilla spectral estimator
and ours.

c) Statistical Optimality.: By carrying out fine-grained
spectral analysis, we establish a sharp upper bound for the
theoretical performance of the proposed method, summarized
below in Theorem 1. We note that in this paper, p, o2, d are
not constants but functions of n This dependence can be more
explicitly represented as p,,, 02, d,,. However, for s1mpllclty of
notation and readability, we choose to denote them as p, o2, d
throughout the paper. See Theorem 3 for a non-asymptotic and
refined version where d is also allowed to grow with n.

— o0 and d = O(1).
Then the proposed spectral method Z satisfies

n
20_p2)+n 8,

The upper bound in Theorem 1 consists of an exponential
error term and a polynomial error term n~%. Note that by
properties of the normalized Hamming loss ¢, the polyno-
mial error term is negligible. Considering this, our spec-
tral algorithm achieves the minimax lower bound [6] which
states that if 75 — oo, then infz supy.cpn EO(Z, Z7) >
exp(—(140(1))5%). This establishes the statistical optimal-
ity of the proposed method for the partial recovery of the latent
permutations. Theorem 1 immediately implies the threshold
for exact recovery. When np/(202) > (1++)logn for some

Theorem 1. Assume 28 — oo, —&
o log®n

E@(Z,Z*)gexp( (1—o(1))

constant y > 0, we have £(Z,Z*) = 0 holds with high
probability. According to the minimax lower bound, no es-
timator is able to recover Z* exactly with vanishing error if
np/(20?) < (1—v)logn. As a result, simple but powerful,
the proposed spectral method Z is an optimal procedure.

Theorem 1 allows the observations { X} to be mlssmg at
random as long as the probability p satisfies np > log n.
Note that in order to have a connected comparison graph
A, np needs to be at least of order logn. Compared to
this condition, our assumption np > log®n requires some
additional logarithm factor. The assumption np > o2 is
the necessary and sufficient condition to achieve estimation
consistency according to the minimax lower bound. Theorem 1
assumes that d, the dimension of each permutation matrix, is a
constant. To establish Theorem 1, we first provide a block-wise
£ perturbation analysis for all block submatrices Uy, ..., U,,
quantifying the maximum deviation between them and their
population counterparts (see Theorem 2). In addition, we give
a theoretical justification for the usage of the anchor M by
showing that it achieves a negligible error (see Proposition
1). With both results, we investigate the tail behavior of each
U;M T and eventually obtain the upper bound in Theorem
1. We leverage the leave-one-out technique [15], [16] in our
proofs.

d) Related Literature.: Permutation synchronization be-
longs to a broader class of group synchronization problems
where the goal is to identify n group objects based on
pairwise measurements among them. In recent years, spectral
methods have been widely used and studied in group syn-
chronization problems. In [17], spectral methods are proved
to be optimal for phase synchronization and orthogonal group
synchronization in terms of squared /5 losses. To obtain this
result, [17] develops perturbation analysis toolkits to show that
the leading eigenstructures can be well-approximated by its
first-order approximation with a small /5 error. However, the
difference that permutations are discrete-valued while phases
and orthogonal matrices are continuous is critical. For per-
mutation synchronization, instead of ¢5 perturbation analysis,
we need to develop block-wise analysis in order to obtain
sharp exponential rates. [16] considers a Zs synchronization
problem where each object is £1 and assumes that there is no
missing data. It proves that a simple spectral procedure using
signs of coordinates of the first eigenvector of the data matrix
achieves the optimal threshold for the exact recovery of objects
by /. analysis of the leading eigenvector. [12] extends [16]’s
{~ analysis to a permutation synchronization setting where
there is no missing data and each observation is corrupted
with probability ¢ by a random permutation matrix. It shows
that the vanilla spectral method achieves exact recovery when
q satisfies certain conditions. Our work’s novelty relative to
[12] is two-fold. Firstly, we propose a novel spectral algorithm
that addresses a subtle but important limitation of the vanilla
spectral algorithm, leading to a significant improvement in
empirical performance. Secondly, our /., analysis is different
from those in [16], [12] as we need to consider the low signal-
to-noise ratio regime where exact recovery is impossible but
partial recovery is possible. We go beyond ¢, analysis and
study the tail behavior of each block of U in order to obtain
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exponential error bounds for partial recovery. In addition,
the presence of missing data in our model complicates the
theoretical analysis as the magnitude and tail behavior of each
block Uj; is not only related to the additive Gaussian noises
but also the randomness of the Bernoulli random variables
{Ajk Frts-

e) Notation.: For any positive integer n, define [n] :=
{1,2,...,n}. Let I denote the dxd identity matrix and J4
denote the dxd matrix of all ones. Define Oy := {O €
R¥*4 . OOT = OTO = I} to be the set of all dxd or-
thogonal matrices. Given a,b € R, let aVb := max{a, b} and
aAb := min{a,b}. For a matrix B € R%*% the Frobenius
norm and the operator norm of B are defined as ||B||p :=

1/2
(o >, B2)
where Sy := {v € R? : |lv|| = 1} is the unit sphere in d
dimension and |.|| is the Euclidean norm. For two matrices
A, B € R"*% et (A, B) == Y ic14,) 2 jelan) Aij Bij denote
the matrix inner product (this reduces to the usual vector
inner product when do = 1). For some di,dy € N, we
use AM(p,X) to denote the normal distribution with mean
p € R% and covariance ¥ € R¥*% and MN (S, %1, o)
to denote the matrix normal distribution [18] with mean pa-
rameter S € R% > and covariance parameters 3, € R4 >
¥y € R%*42 Define (a)y := max{a,0}. For the rest of the
paper, we will use e; € {0,1}¢ to denote the vector with 1 in
the i-th entry and zero everywhere else. For any matrix Y and
any positive integer ¢, we denote A;(Y") to be the ith largest
eigenvalue of Y. For two positive sequences {a,} and {b,},
b, 2 ay and a, = O(b,) both mean a,, < Cb, for some

n ~

constant C' > 0 independent of n. We also write a,, = o(by,)

or 2= — oo when limsup, 7% = 0. Lastly, we use I{.} to

denote the indicator function.

and |[B||,, = maxyes,, ves,, u' By

II. A NOVEL SPECTRAL ALGORITHM

In this section, we first give a detailed implementation of
the proposed method. In Section II-A, we provide intuitions
to explain why it works and how it improves upon the
existing algorithm. In Section II-B, we compare the numerical
performances of the proposed method with the vanilla spectral
method on synthetic datasets.

Algorithm 1 describes our proposed spectral algorithm. The
first step computes the top d eigenvectors of the observation
matrix X, which can be done using any off-the-shelf numerical
eigendecomposition routine. The output of Step 1 is the
empirical eigenspace U € R"™¥*¢ corresponding to the top d
eigenvectors. Step 2 constructs the anchor M used to recover
the permutations by performing d-means clustering on the nd
rows of U and extracting the estimated cluster centers. Step 3
recovers the underlying permutations via the Kuhn-Munkres
algorithm. Note that (8) in Step 3 can be interpreted as a
projection of U; M " onto II,. This is because all permutation
matrices in II; have the same Frobenius norm and (8) can be
equivalently written as

Z; = argmin’|P—UjMTHF7Vj € [n]. (6)
Pellq

Algorithm 1: A new spectral method for permutation
synchronization.

Input: Data matrix X € Rn¢xnd
Output: n permutation matrices Z1,2s,..
1 Obtain the top d eigenvectors of X as U €
2 Denote the rows of U as v, ..., vnq € R¥! such that
U= (v{,...,v;)". Run d-means on vy, ..., 04
and denote i1, ..., fiqg € R%*1 as the cluster centers:

nd
. . 2
argmin mll;lbd E HUJ —,l,LZj H .
15 prg EREXL 2€[d] =1

(7N

i) Zp €1l
Rndxd.

(Mla"'7ﬂd) =

Define M := (v/nji] ,...,v/ni) )" € R4 such
that the rows of M are the d centers multiplied by a
\/n scaling;

3 Compute for each j € [n],

Zj = argmax<P, UjMT>. (8)
Pelly

A. Intuition

To understand Algorithm 1, we need to study U through
the lens of spectral perturbation theory. Denote

U= (U;",... U T e Rrdxn )

where Us := Z7 //n,Vj € [n]. Note that the expected value
of the data matrix X is equal to EX = p((J,—1,)®J4)o
Z*(Z*)T. One could verify that (EX)U* = (n—1)pU*. As
a result, U™ is the leading eigenspace of EX that includes its
top d eigenvectors. Since X is a perturbed version of EX,
U can also be seen as a perturbed version of U*. However,
this correspondence only holds with respect to an orthogonal
transformation, as the leading eigenvalue of EX, (n—1)p, has
a multiplicity of d. That is, UO* ~ U* for some O* € Oy
(see Section III-A for the definition of O*). As a result, the
blocks {U;} are close to {U} only up to a global orthogonal
transformation, i.e., U;O* = U; for all j € [n].

To estimate the latent permutation Z7, the vanilla
spectral method uses the product U;U, as U;U] =
(U;0)(U,0%)T = Ux(Uy)T = Z;(Z7)" /n. Intuitively, if
U;U;" is very close to Z3Z3 [n then by (5), we have Zj =
Z;(ZT)T. As a result, when the perturbation between UO*
and U™ is sufficiently small, the vanilla spectral method is able
to recover Z* up to a global permutation Z;. However, as
hinted at before, the use of the product {U;U;' } in the vanilla
spectral method inevitably leads to a crucial and fundamental
limitation. For each j € [n], write U;O* = Uy +¢; such that
&; can be interpreted as the approximation ‘noise’ of U;O*
with respect to U Then

U;U = (U;0M)(U010%)" = (Us+&)(Ur +&) "
= U (UD)T+&UD T +Us&] +6;¢] -

That is, U;U," is an approximation of U5 (U;) " with an error
fj(Uf)TJrU;ng (the higher-order term ;&' is ignored). As a
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function of U; U, the estimation accuracy of Z; is determined
by both &; and &;. As a result, the error caused by &; is carried
forward in {Z;};>2 and impairs the numerical performance
of the overall algorithm (see Figure 1). Additionally, using U
as the anchor makes the performance of the vanilla spectral
algorithm less stable because it highly depends on the accuracy
of U 1-

Algorithm 1 overcomes this crucial limitation of the vanilla
spectral method by constructing an anchor that ‘averages’
information across all rows of U instead of just using its first
block U;. The key insight into our construction is to recog-
nize the special structure of the permutation synchronization
problem where the true eigenspace U™ consists of d unique
rows e{ //n,... e, /\/n, each of cardinality exactly n. The
empirical eigenspace U, being a noisy estimate of Uo7,
thus exhibits clustering structures where the cluster centers are
the transformed rows {e; O* " /\/n}?%_, Clustering algorithms
such as the d-means algorithm can be used to estimate the
cluster centers, and thereby the rotation matrix O*, accurately.
With M being an accurate approximation of o*" (up to a row
permutation), we have

UiM" = U;0" = U; +¢;,

and consequently the estimation accuracy of Z ; is only related
to &; where as the accuracy of U;U | depends on both & and
&1. The reduced noise in U;M " leads to an improved and
more stable numerical performance.

B. Numerical Analysis

To verify our intuitions and showcase the improved perfor-
mance of our spectral method over the vanilla spectral method,
we perform experiments on synthetic data following the model
in (2).

In Figures 1a-1d, we compare the performance of Algorithm
1 against the vanilla spectral algorithm. In each figure, we vary
a single parameter while keeping all of the other parameters
fixed: in Figures la-1b, we set d = 2,p = 0.5, n = 2048 and
vary o; in Figure Ic, we set 0 = 1,p = 0.1,d = 3 and vary
n; in Figure 1d, we set n = 200,0 = 2,d = 2 and vary p.
In Figures la and lc-1d, each line shows the average over
100 independent trials. One can see that our spectral method
outperforms the vanilla spectral method across all settings.

The box plot in Figure 1b shows the distribution of the
losses across 100 trials for both methods. The boxes extend
from the first quartile to the third quartile of the observed
losses with colored bolded lines at the medians and dotted
points as the outliers. It is clear that the performance of the
vanilla algorithm is highly variable across trials. On the con-
trary, our method has a smaller variance and is more precise.
Figure 1 reflects our intuition that because the vanilla algo-
rithm repeatedly uses U; to estimate the latent permutations,
its performance is highly dependent on the approximation error
of a single block U;. On the other hand, because our algorithm
constructs an anchor that averages information across all n
blocks, it is more stable and consistently outperforms the
vanilla algorithm with a much tighter error spread.

ITI. THEORETICAL GUARANTEES

In this section, we establish theoretical guarantees for Al-
gorithm 1. Similarly to previous analysis [12], without loss of
generality', we assume that Z¥ = I for all j € [n]. That is,
all the latent permutations are the identity matrix. In this way,
the population eigenspace U™ has a simpler expression with

U; = Id/\/ﬁ,Vj S [n]

We first give a justification for the choice of the anchor
M, the key algorithmic novelty of the proposed algorithm.
We then establish the statistical optimality of the proposed
method in Section III-B. As a preview of our proofs, we then
present an intuitive analysis of the block-wise perturbation
analysis for U which will serve as the starting point of our
detailed proofs. Last, we propose a practical modification
of Algorithm 1 in Section III-D which uses approximate
clustering instead of exact clustering, allowing the algorithm
to remain scalable when d diverges. The modified spectral
algorithm enjoys similar theoretical guarantee as Algorithm 1
under mild additional assumptions.

(10)

A. Accuracy of the Anchor M

At a high level, the effectiveness of M as the anchor stems
from the property that UM is close to U* up to a global
permutation. However, this is not obvious at first glance.

Note that there is a close relationship between the empirical
eigenspace U and the population eigenspace U*, modulo an
appropriate orthogonal transformation. Readers familiar with
spectral analysis literature might anticipate the natural choice
for this transformation to be the sign matrix [19], defined

as O := argminge, ||[UO—U*||;. However, our analysis
employs a different approach, using the following matrix [16]:
H:=U'U". (11)

This choice is strategic; although H is not orthonormal, it
offers a straightforward and explicit expression that facilitates
easier manipulation than O*. Additionally, O*, by definition,
represents the orthogonal matrix that most closely approxi-
mates H, and the distance between them is small. We first
show (see (29) of Lemma 1):

14+o0vd
NG

holds with high probability. Then following the intuition given
in Section II-A and applying state-of-the-art clustering anal-
ysis, we have the following proposition which states that the
anchor M is in fact an approximation of H ™ up to some per-
mutation matrix P where P := argminpcyy, [|M—PHT ||,

|[UH=U"|,, = O (12)

IThis is because for any X as defined in (2) with an arbitrary Z* €
II7, it can be transformed into X' € R74Xnd by Jetting Xj’.k =
(Z;)TXij;,Vl < j,k < n. One can show that implementing Algorithm
1 on either X or X’ yields identical results, up to a global permutation. In
addition, it can be shown that X’ also adheres to the definition in (2), where
all latent permutation matrices are the identity matrix 4.
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Fig. 1. Comparisons between our method and the vanilla spectra method on synthetic data.

Proposition 1. There exist constants C1,Co,Cs > 0 such

that if % > C1 and ﬁ > Cy then the anchor M

constructed in Algorithm 1 satisfies

win |[M—PHT||, < Cs(Vdtod)

(13)
Pelly \/1p

with probability at least 1—n~19,

The existence of P is due to the fact that the clusters
are identifiable only up to a permutation in cluster analysis.
More importantly, the exact value P does not affect the final
error bound in (3) because the Hamming loss is defined with
respect to an unknown optimal global permutation. (13) shows
that the estimation error goes to 0 when ﬁ grows. As
a comparison, the operator norm of the matrix H is ‘of a
constant order’ as it is close to an orthogonal matrix (see (31)
of Lemma 1). Hence, the error incurred by M as an estimate of
HT is of diminishing proportion. It is also worth mentioning
that Proposition 1 holds under weaker assumptions compared
to Theorem 1. It only requires np 2 logn and allows d to grow
as long as np > (v/d+od)?. With Proposition 1, we can have
a decomposition of the quantity U; M T, the key quantity in
(8).

UM"-U;PT =U;(PH"+M-PH")"—U;PT
= (U;H-U;)PT+U;(M-PH")T

~ (U;H-U;)PT. (14)

The approximation (14) is due to (13) as the term U;(M —
PH )T turns out to be negligible. Hence, the difference
U;M T-U o PTis primarily about the perturbation U; H —U?.
To analyze our spectral method, we need to have a deep
understanding on the behaviors of the blockwise perturbation
U;H-U;.

B. Statistical Optimality

In Theorem 2, we first derive a block-wise £, upper bound
for UH—U", i.e., an upper bound for ||U;H—U;|[o, that
holds uniformly across all j € [n].

Theorem 2. There exist constants C,C',C" > 0 such that if

e DTegn > O and (7logs 2 O, we have
c” logn ovd o+logn

el H Uil < 7\t v

(15)
with probability at least 1—6dn=°.

The upper bound in (15) is equal to the upper bound of
[UH—-U"|,, in (12) multiplied by a +/(logn)/n factor. This
is because UH —U* consists of n blocks {U;H—U }jc(n)
and all blocks behave similarly. The magnitude of each block
is then on average 1/4/n of that of the whole matrix, and the
v/1logn factor is due to the use of union bound to control the

supremum. Theorem 2 assumes —=-2—— > 1. A sufficient
(04/3V1)logn ~
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condition is np/log®n > 1 as np/o? > 1 is implied by the
other assumption np/(vd+od)? > 1.

With the upper bound for each [|U; H —U;||o, derived, we
further study the tail behavior of each difference U; H—U’.
This leads to a sharp theoretical analysis of the performance
of the proposed spectral method. The main theoretical result
of this paper is stated below in Theorem 3.

Theorem 3. There exist constants C',C",C"',C"" > 0 such
that if it > C' 2 > C" and ko > C" then the

, Ly, of Algorithm 1 satisfy

estimates Z1,. ..

EU(Z,Z")
o (e ((Z0) (ke ) ) )
np np 20
+n78.

Theorem 3 is a non-asymptotic and refined version of
Theorem 1 stated in the introduction. By letting np/(c?d?)
and np/(d*logn) go to infinity, the exponential term in
Theorem 3 takes an asymptotic form of exp(—(1—o(1))5%)
and matches with the minimax lower bound. In this way, we
establish the statistical optimality of the proposed spectral
method. In Theorem 3, d is allowed to grow with n but
not too fast. [6] considers the full observation setting where
p = 1 and studies an EM-like iterative algorithm, requiring
that n/(0%dlogd) — oo. Our conditions are more stringent,
reflecting the added complexity introduced by missing data,
which necessitates stronger assumptions to apply concentra-
tion inequalities effectively.

While the proof of Theorem 3 is complicated, one can
still develop an intuition as to why we can achieve the error
bound exp(—(1—o0(1))5%). At a high level, we will prove
and use a variant of the linear approximation [16] UH -U* ~
XU*A~!—U* where A is the diagonal matrix of the leading
eigenvalues of X (see (18)). A further decomposition using
the structure of X reveals that

(16)
Recall that U = I4/\/n according to (10). Then /nU;H —

Iy = 5 > kzj AjkWik which follows a Gaussian distribu-
tion conditioned on {A;y }x;. Since } ;. ; Ajx concentrates
around (n—1)p, roughly speaking, \/nU; H —1; is a random
matrix with each entry i.i.d. following N (0, Z—Z) The Gaussian
tail is used to characterize the probability of the event when
/nU;H considerably deviates away from I; and eventually
leads to a probability bound of exp(—(1—o0(1))5%).

202

C. Block-wise Decomposition of UH—U*

In this section, we provide a block-wise decomposition of
UH—-U*. The decomposition is the key towards the block-
wise analysis in Section III-B and provides insights on how
Theorem 2 and Theorem 3 are established. Recall that we let
Z; =1 forall je [n]. Then, (4) becomes

X = (A®14)+o(A®J)oW.

For each j € [n], define X := (X1,...,Xj,) € R 10 be
the j-th block row of X and define W; € R4*" analogously
for W. Then we have

Xj = (Aj@]d)+U(Aj®Jd)OWj. (17)
As aresult, X = (X{,...,X,])T. Define A € R¥4 to be
the diagonal matrix of the leading eigenvalues of X. That is,
Ay = M(X) and Ay, ;=0 for all 1 < i # k < d. Then we
have
UHA-XU*=U(HA-AH)+UAH-XU*
=U(HA-AH)+XUH-XU~*
=U(HA-AH)+X(UH-U").
Multiplying both sides by A~! and rearranging the terms, we
have

UH-U*=UHA-AH)A'+X(UH-U*)A"!
+XU*A-U*. (18)
The above display involves X (UH —U*) where X and UH —
U* are dependent on each other. To decouple the dependence,

we approximate UH —U™ by its leave-one-out counterparts.
Consider any j € [n]. Define X) € R*¥*"? gych that

X(j) o Xiks Vi, k 7é Js
ik T .
Ogxq, otherwise.

In addition, let UU) e R"™*? be the matrix including the
leading d eigenvectors of X ). As a consequence, X(7), ()
are independent of {A;x}rz; and {W;j}1;. Define H\) :=
UWTU* € R4, Then
UH—-U*=UH-UWDHO gl _*
- (UUT_U(J')U(J')T)U* +UD O g+,
After plugging it into the right-hand side of (18), we have
UH-U*
= UHA-AIDA 4 X(UUT—UDUu@OT)r=A~!
+X(UVHY) _UHA - XU*AI U™,
Then, the jth block matrix of UH —U™ satisfies
UjH-U;
= U;(HA—AH)A '+ X,;(UU T —UWDuDO Ty A~
=3Bj
+X;(UVHD —UAT + XU AU

19)

The last two terms in (19) can be further decomposed. Using
(17), we have

Xj(U(j)H(j) —U*A!
= (A@1a)+0(A;02) 0 W) (U HD —U*) A~
= > Ap(UHO —UpA

it

=:Fj1
+o Z Ajijk(Ulgj)H(j) —U]:)A_l,
k#j

=:Fj2
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and
X;U A =U;
= (A;@14)+0(A;@Jq) o WU A~ = U

> AU | AT

k#j

1
= — ZAjk A_l—ld
\/ﬁ k#j

:2Gj1

~Us+o Y AjpWipUp A~
k]

Z AjkW kA_
k#j
=:Gj2

\f

where the last equation is due to Lemma 10. As a result, we
have a decomposition of U; H—U

UjH-U; = Bj+Fj+Fja+Gj1+Gja, (20)

holds for all j € [n].

The block-wise decomposition (20) of UH—-U* is the
starting point to establishing both Theorem 2 and Theorem 3.
Note that we have a mutual independence among {A; } x4,
{Wik }rsi, and UDHG) —U* in the definitions of Fj; and
Fj2, which is crucial to obtaining sharp bounds and tail
probabilities for them. Theorem 2 is proved by establishing
upper bounds for the operator norm of Bj, Fji, Fj2,Gj1,
and Gjo. By further analyzing their tail bounds, we establish
Theorem 3. Among these terms, G o is the one contributing
to the exponential error bound in Theorem 3, as we illustrate
in (16).

D. Approximate Clustering

Algorlthm 1 involves a d-means clustering (7). There exists
an O(n(OW ))) algorithm using a weighted Voronoi diagram
[20] that finds the globally optimal solution. In the case where
d is a constant, this algorithm enjoys polynomial time com-
plexity. However, this approach quickly becomes impractical
as d grows. In fact, solving the general d-means optimization
problem exactly is NP-hard [21], [22]. A practical solution is
to use an approximate algorithm which guarantees a (1+¢)-
optimal solution to (7) under a polynomial time constraint.
That is, let ji1, ..., jiq € R¥! and # € [d]"? denote a (1+¢)-
approximate solution. That is, they satisfy

nd 9
> o=, |
j=1

< (1+ 2, 21
<(+e) ﬁlngxlzgﬁ;ﬁdZ”“J s @D
Define an approximate anchor as
5 T
M= (Vnjiy,...,v/njig) €R> (22)

We will refer to the anchor M used in Algorithm 1 as the exact
anchor. Using the randomized d-means algorithm of [23], we
obtain a (14 €)-approximate solution to (7) in O(nd2(d/e)o(1))
time, which can be considerably faster than the exact clustering
approach. We also emphasize that the third step of Algorithm
1 is agnostic of the anchor. Therefore, we simply replace M

Algorithm 2: Spectral method with approximate clus-
tering.

Input: Data matrix X € R"¢*"?_ approximation factor
e>0
Output: n permutation matrices Zl, Zg, ey Zn eIy

1 Obtain the top d eigenvectors of X as U € R"4x4;

2 Denote the rows of U as vy, ...,v,q € R4, Run
(1+4¢)-approximate d-means of clustering on
V1,...,Vnq and denote iy, ..., fig € R¥! as the
approximate cluster centers which satisfy (21);

3 Compute for each j € [n],

Zj = argmax<P7 UjMT>,
Pell,

where M is defined per (22).

(23)

by M with no change to the remaining of the algorithm, as
shown in the following.

With a small additional assumption regarding (1+c¢), in
Theorem 4, we show that the theoretical guarantee of the
modified spectral algorithm is the same as that of Algorithm
1. The additional assumption % 2 1 is due to the use
of the approximate anchor M instead of the exact one M. The
proof of Theorem 4 is nearly identical to that of Theorem 3
with minor modifications.

Theorem 4. There exist constants 01,02,03,04,6'5 > 0
such that if d;ffgn > Oy, o > Cs, log—pn > (5, and
o> Cy(1+4€), then the estimates Z,. .., Z, of Algorithm

2sansfy
E{(Z,Z*)
23 2 i
< exp ( (1 05<< d) +<d 10“) ))7@)
np np 20
+n8.

IV. PROOFS
A. Preliminaries and Useful Inequalities

We first present a lemma which enumerates a number
of useful intermediate inequalities. Conditioned on certain
inequalities, the statements of many subsequent lemmas and
theorems hold deterministically. This allows us to present the
proofs of the lemmas and theorems in more intuitive ways.
The proof of Lemma 1 is deferred to a later section.

Lemma 1. There exist constants C}, > 0,Cy > 7 such that if
> CY, then the following event holds

log n

= {A—]EAIIOp < Coy/np,
< CO V npdv
max ZAJk—np < C’O\/nplogn}

j€n

I(A®Ja)oW |,

Authorized licensed use limited to: University of Pennsylvania. Downloaded on February 27,2025 at 03:25:47 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2025.3545377

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. ?, NO. ?, ?

with probability at least 1 —n~1°. Under the event £, we have

op’max‘)‘ ( ) (n_l)p|7

max{”X—(EA@Id)H
d+rlriai><<nd)\i(X)+p|} < Cy (1—1—0\/(3) Vnp,  (24)

I,réa“XHXjHop < pvn+Cj (1—&-0\/(3)1/11;0. (25)
j€[n]

If T \/E ~ > 64CF is further assumed, under the event &,
the followmg hold for A, U, and H:

Mkzdﬂ§8, (26)
7
Ao = 2ax) = 22, 27)
3
Ad(X) = Ag+1(X) > %, (28)
max{é%%znffonop,vﬂU*Hopv
o 8Co(1+0vd)
|ovT—urUeT| SW (29)
|HA-AH],, < 200(1+mf)\ﬁ (30)
4
1o, < 3 G

the following hold any j € [n]:

2C logn
I%M—J%M

1,1 QwHw

oVd
\/’TP> (32)

op +

Vi)
(33)

HU(j)(U(j))T—UUT

op

<6(l-u3],,

_ 9C(1+0V4d)
op \/np ’
<7<|UH Ul

HU@HU) _U*

+ L

HU(J')H@) e

op,00 op, OO

(36)

B. Proof of Proposition 1

We first state and prove a deterministic version of Propo-
sition 1. The proof of Proposition 1 follows from a simple
probabilistic argument.

Lemma 2. Assume that (29) holds. If f+ y
have

E > 32C3, we

4C, (ﬁwd)

min ||[M-PH' ||, < 37

Pell, /1D
Proof. Note that
|[U-v*HT|| = |vvTU-UrUrTU|
op op

8
S HUUT_U*U*THopHUHOP
<o -vvT,
Since (29) holds, we have
lv-vrHT |, < Vdllu-vrHT]
8Co(1+0vd)
<vVd——m%.
< N
Note that /nU* has only k unique rows e],...,e} and

each is of size n. Then /nU*H ' also has k unique rows

TH T, TH T and each is of size n. From (29), there
ex1sts amatrix O € Og such that [[H-O|,, < 8CO$%\/E) <
7. Then

TT
— H
Jin [|(ea—es) "H ||
> mm |(ea—ep) T (OT+(H-0)T)||
a,beld
> min || €a—Ep) OTH—HH Ollop
a,beld
> _
> V2 7
-
5

That is, the minimum distance among the unique rows of
* 77T
U*H ', is at least 5f

Let 2 € [d]"® be the minimizer of (7) with {1, ..., [iq}.
Denote © := (il ,..., 4l )T € R™*9 According to (7),

we have H@ UH HU*HT—UHF. Hence,

-], < o-of oo
F F
<2 U-U"H"||,
1600(1+m/ﬁ)
N

Define z* € [d]"® such that the ith row of U*H " is equal to
el. HT /\/n for each i € [n]. Define the set S as

<Vd (38)

[1’21: -

S:{ie[nd}:’

Then we have

3
s> 2
e H' [v/n|| > NG

Jo-v-s7], _ (scu(varoa))

=2 P

5] <
Under the assumption (f d)2 > 32C2, we have |S| < n/2.
Then by the same argument as in the proof of Proposition

3.1 of [24], there exists a bijection ¢ : [d] — [d] such that
2, = ¢(zF) for all i ¢ S. Hence, for each a € [d], we have

oty —ed HT /V/al|”

2
. Zid"d]ifi:d?(a),z;‘:a ﬂéi _e;r;f HT H
B li € [nd] : 2, = ¢(a), zf = af
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2
AA p—
iz, eZZH H

Zie[nd]ﬁi:qﬁ(a)

a -9
p T 7|
< Zie[nd]:éi:d)(a) uéi_ez;‘H H
N n/2
Hence,
f THT 2
. THT ze [nd] ||H2: —€zx H
D gt~ HT /vl < 3
a€[d]
~ 2
-]
S | 1 O
n/2
2
(400(\/E+0d))
< .
S n2p

That is, there exists a permutation matrix P such that
2
(10(Va+oa))
np ’
) \/ﬁﬂd O

Proof of Proposition 1. According to Lemma 1, there exist
constants C, Cy > 0 such that if ~2 > (C and 7o f)2 >

2
|3 —PHT || <

since rows of M are \/nfiq, ...

logn
64C2, we have (29) hold with probability at least 1—n~10
The proof is complete by Lemma 2.

The following lemma establishes the accuracy of the anchor
constructed using approximate clustering in Algorithm 2. It
serves as a counterpart of Lemma 2 and will be used in the
proof of Theorem 4. Its proof is nearly identical to that of
Lemma 2 with minor modifications.

Lemma 3. Assume that (29) holds. If er 57 > 32(1+
€)CZ, we have
4Cox/l+e(\/3+od>
min ||M-PH'||, < . (39

Pelly

\/np

Proof. We follow a similar argument to that in the proof of
Lemma 2. The difference starts from the derivation of (38).
Define © = (fi],,..., 7l d)T to be the assigned centers given
by the appr0x1mate clustering algonthm Then, by (21), we
have ||©— UHF (1+e)|U*HT - U||F Hence,

|6-UHT | < Vite|6-U]|| +|v HT-U],
< 0ITe|U-U"HT,
16CoVd(1+0Vd)
<V1te N .

The rest of the proof proceeds similarly, with a minor mod-
. . .y np > 2 np >
ification of the condition 7(\/E+Ud)2 > 32C5 to 7(\/%”)2 >
32C2(1+e). O

C. Proof of Theorem 2

We first give a deterministic upper
|UjH—UZ ||op, using the decomposition (20).

bound for

Lemma 4. Assume (24)-(35) hold. Under the assumption
— P > 222C8, for each j € [n], we have

(I+oVd)2 =
. 22C, [ 1+0V/d
||U.7H_UJ Hop S \/ﬁ < \/@

>+2||1[7jl||op

+2[ Fjall o + 201Gl o, 201Gzl o0 (40)
and
1+ovd
1Bjlp < 22Co
V1P
1
(o 1y + 1Pzl 1G5 g+l Gl
(4D
Proof. Consider any j € [n]. We have
1Bjllop
U llop 1 HA=AH | [[ATH]
Xl |0UT-0PUOT| a7,
op
< Hjoa-vz| +-L (260 (1+0Va) y/ip) 5
il H_U" - o °
-3 / Jlep =/ 0 P np

+(p\/ﬁ+00(1+a\/&) \/@)

1 8
UjH-U;
(-t 7)) 7
1
< UjH-U;
> (-l + =)
x (Gp\/ﬁ+3C’o (1+cr\/a)\/np>
L 14+0vd
oV )\ Vb )
where the second inequality is by (24)-(35) and the last
inequality is by Cy > 7. From (20), we also have

< 1100<||UjH—U;f

N E 3|, < 1Bl +1F oy I Fi
Gl +1Gi2ll,,

Plug the upper bound (41) of | B;||,,
After rearrangement, we have

(1110()(1%)) U H=Uf ||,

11C, [ 1+0Vd
< FE 1 op + 1 F2llo,
vn /NP

FGillop+1Gi2lloy

into the above display.

Under the assumption > 2226’0, we have

(1+o f)z
22Cy [ 1+0vd
< ( >+2||Fj1||op

||UjH7U;Hop — \/ﬁ \/@
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+2[Fjzl,p 201Gl +21 Gzl -

Plugging it into the upper bound of ||B;||, . we have

1Bjlop
220, (1+ovd
< 11C0<< O( >+2||Fj1|op+2”Fj2”0p

Vi \ Vi

1 1+0vd
+2||Gj1Op+2||Gj2||op>+ﬁ>< o )

<oy L

+||Gj2||op> (1”\/%g>

a) Useful short-hand notations.: In our proofs, some
key quantities are repeated and some are lexicographically
cumbersome. In order to declutter the presentation, wherever
convenient without sacrificing clarity, we will use the follow-
ing shorthand notations. Define

A:=UH-U* € R"*4,
AW .= gD _g* e R4 vj € [n],

I Ejllop 1 Es2lop +1Gsllp

O

(42)

where H) = U @TU *, such that block submatrices Ay =
UpH—U; and AY) = U9 HG) —U; for each j, k € [n]. We

further introduce ||-[|,,, ., norm such that

:= max A,gj)

. max

= A A
max 8] [

Op.
(43)

b) Helper Tail Bound Inequalities and Proof Sketch.: As
a preview, the terms [|Fj ||, [|F52(,p0 |Gl and [|Gjzll,,
in (40) and (41) can be bounded using the helper Lemma 3,
Lemma 6, Lemma 7 and Lemma 8 below. We defer the proof
of these helper lemmas to a later section. Note that all of
these inequalities require |A)|| ~ which in turn can be
bounded in terms of [|All , using (36). The key strategy
is to construct an inequality in which [[Al|,  appears on
both the left and the right side of the inequality. After some
manipulation and under appropriate assumptions, we reduce
this to an inequality where the left side of the inequality
consists of only ||A]]

op,o0

op,00”

Lemma 5. For any j € [n], both of the following tail bounds
hold for any t > 0.

P ZAjkAl(cj) > P\/ﬁ“A(j) AW | <24
k#j op op

X exp (- t2/2 )

PVRd[ A, AV, o A0, 173

(44)
and
P ZAjkAg) > p\/ﬁHA(j) +t|AW)
oy op

op

10
2
< odexp| —— /2 (45)
wpl| AP, AP ot /3
Lemma 6. For any j € [n], we have
1 1P WRONIING szA(j) R NG
. op
k#j op
2
<2dexp| — — t /22 —
AP gy s AP G, +IAWIG, o 8/3
for any t > 0.

Lemma 7. There exists some constant ¢ > 0, such that for

any t 2 4\/(§HZI€;£] Ajk(quJ))TAl(cj)

1
* and for any j € [n],
(o)
we have v

PSS AnWid | > t{ Ay, AV
Py on
2
<2exp| — il , .
HZk;éj Ajk(Ag))TA;(;)
op

Lemma 8. [Corollary 7.3.3 of [25]] Let W be a dxd matrix
with independent N (0,1) entries. Then there exists some
constant ¢ > 0 such that for every t > 0, we have

IP’(||W||Op > 2\/&—!—75) < 2 exp(—ct?).
We are now ready to prove Theorem 2.

Proof of Theorem 2. From Lemma 1, there exist constants
C{, Co > 0 such that if 2 > CJ, then the event £ holds with

logn
probability at least 1 —n 10, Assume & holds and ﬁ >
222C?2. Then according to Lemma 1, we have (24)-(36) hold.
As a consequence, by Lemma 4, we have (40) hold as well.

Consider any j € [n]. Note that (40) can be written as
22Cy (1+0Vd

< 2| == | +2Eal

vn o\ y/np o

2 Fall,,+20Gyil,,+21 Gl

1A]lgp <

(46)

Hence, to upper bound [[Aj]| .

we need to study [|Fj1l|,,,
[E52llops 1G1llgpr and [|Gall,,-

Bounding |||, By (45) of Lemma 5, the following holds
with probability at least 1—2dn~1'°

ZAJkAI(cJ)
k#j
< p\/gH AG)

4 .
—&—?O logn’ A

Sp\/ﬁHA(j)

op

—1—\/4071p||A(j)||2 logn
op op,00

op
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. Cdo llognH +ng<logn>
’ np op,00

Then with (27), we have (48)

4 .
+ ( 40nplogn+§o log n) HA(J)

AW

) . for some constant C'3 > 0.
1F5lly, < D Al A7,
k#j op For ||G;1]|, its upper bound is given in (32).

i

Bounding ||Gj2[,,- By Lemma 8, using the fact that

40 {A;r}rz; and {Wji } 2, are independent, we have
+( 40np10gn+logn>HA(J) )
Op, 0
1 AW, < A (2\/&4—0 V1o n),
01 HA +Cl OgnHA(J) @ kz ikWik S lZ ik 4 g
np op,00 o7 ] op k#j
for some constant C; > 0. with probability at least 1 —n 10, for some constant Cy > 0.
Then
Bounding || Fjs||,,. By Lemma 7, we have
| Rt I1Gj2l,, < ZAJkWJk A7,
ZAjijkAg) S Cg\/ logn ZAgk(A](cj))TA](g) ki op
ki op kg op f ZAJ;C(Q\[—FCM/Iogn)HA 1”
holds with probability at least 1—n~10 for some constant k7
C5 > 0. In addition, by Lemma 6, we have d 1
< Os—= ([ =y 20 ), (49)
v\ \| np np
ZAjk(Aff))TA;(f) . .
oy for some constant C'5 > 0, where the last inequality is by &
) °op and (27).
< plla® +¢4opum 2 A2 logn
Putting things together. Plugging (47), (48), (32), and (49)
40 .
+§ logn H AU into (46), we have
op,00
< pl[a® +\/40anA(j)Hi _logn ™ _ 22C0 (1+0vd
10 : TR
+§ logn HA logn ;
. (el e, )
<p||lA® ( 40nplogn+logn> HA vn P P opee
op op,00
C3o [logn
holds with probability at least 1—2dn =10, Then with (27), we ( n\ np ‘
have
logn |l A ()
H 2||0p +030< np > op,00

<o ZAjijkAl(cj) HA_lHop +4CO ( logn+af>
Py on 2N
8o 12 o d logn
= (4 20 —— il
<o Cz\/logn<pHA . + C5x/ﬁ< e

2 2 logn
( 4Onplogn+010gn>HA ) S\/ﬁ<01+030\/>>HA
op,00
8a logn logn\* )
< & o], B (2 )

> +26Co+205 Viogn+ovd+o/logn
op,00

Oop,00

4 ,
+\/ 40nplog nJr?O lognHA(J)

Vi N
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By (36) and (35), we can replace the terms HAU)H
1A,

op’
with their respective upper bounds and have

2 [logn \ 9Cy(14+0+/d)
[1A]lop < \/ﬁ<01+030 i > N
+14<C1 logn+030<1ogn) >
\/ np np

1
A _
(180t )
26C)+2C5 /log n+ovd+o+/logn
+ .
Vn N7
By a union bound, with probability at least 1—6dn~=?, the
above inequality holds for all j € [n]. Then

op,c0 = : <01+C'30 10gn> 9Co(1+oVd)
Vn \ np N
3
1 1 4
+14<cl,/ Og”+cga< Og”> )
np np

1
(180 et )
L 26C)+2C5 /log n+ovVd+o+/logn

vn VP
After a rearrangement so that ||Al] only appears on the
left side, we have

(114<01,/1°g”+030<10gn> ))IIAIIOpoo
np np :
C14Co logn \ 9Co(140V/d)
f np VD
14 [logn logn 1
\/ﬁ<01 np +030( np > )

26C)+2C5 /logn+ovd+o+/logn
+ .
Vn VP

there exists a constant C > 0 such that if
> C, we have

[A]l

op,00

Then,

np
(04/3Vv1)logn

3
/1 1 B 1
14<01 Ogn+C3O'< Ogn) > S —.
np np 2

Consequently, we have

4
< Cit Cuo logn \ 9Co(1+0+/d)
opoe = w ) b
28 [logn logn T
\/ﬁ<01 np +030'< np > >

52C)+4C5 /logn+ovd+o+/logn
+
Vvn NGz

<C6< 1ogn+0\/g m/logn)

1A

Vn N AN

for some constant Cg > 0. O]

D. Proofs of Theorem 3 and Theorem 4

For the proof of Theorem 3, we start with a proof sketch in
Section IV-D1. This sketch illustrates that the proof can be di-
vided into four distinct steps. Subsequent detailed discussions
of each step are elaborated upon in four separate sections, from
Section IV-D2 to Section IV-D5, with each section dedicated to
one specific step of the proof. Following these, Section IV-D6
presents the proof of Theorem 4.

1) Proof Sketch: In the previous section, the proof of
Theorem 2 boils down to obtaining the operator norm bound
on the terms Bj, Fj1, Fj2,Gj1,Gj2. In the proof of Theorem
3, we go further by showing an exponential tail bound on the
operator norm of these terms.

The proof of Theorem 3 is quite involved but can be broken
down into the following key steps:

Step 1. Let F (to be defined in (53)) be a high-probability event
such that the expected value of the normalized Hamming loss
El(Z,Z*) ~ Bl(Z, Z*)I{F}. We first show an upper bound
on E{(Z,Z*)I{F} as a sum of n terms, one for each block

of U:
B Z, Z*)I{F} < % >y
H b,
0

je[n] Relly:R#1,4
T
E]I{HUJ-MT—U;-‘PTH > RP
F

NG

U;M"—

where we recall the definition P =
argminpcy,|[M—PH'||,. To understand it, note that
each Zj is obtained by finding a permutation matrix closest
to U;M" as in (6). If \/nU;PT is the closest permutation
matrix to U; M T, which can equivalently be stated as
ST
UM"— RE_

| 7

VR € Ilgst. R # I then according to (10), Zj =
VU PT = PT_If the event (51) holds for all j € [n],
then all Z are PT, and consequently Z is equal to Z* up to
a global permutatlon PT. Hence, the distance between Z and
Z* essentially depends on the number of j € [n] for which
(81) is not satisfied, which can be further upper bounded and
leads to (50).

-—l]j}5TW‘ <
F

;o (D
F

Step 2. From (51), upper bounding E4(Z, Z*)I{F} is about
upper bounding each individual term on its right-hand side. It
turn out each error term can be further decomposed into four
tail probabilities. Consider any j € [n] and any R € II; such
that R # 14, we are able to show
}H{f }
F

+ RPT

U;M NG

EH{HUJ-MT—U;‘PTH

< a tail probability of [|Fji||,,
+ a tail probability of |||,
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+ a tail probability of [|Gjzl|,,

+ a tail probability of <Z AW, R—Id>. (52)
k]

This step is summarized in Lemma 9 and explicit expressions
of tail probabilities are shown in (57). Among the four tail
probabilities, the last one that involves Zk £j AWy will
lead to the exponential error rate. There is a variable p that
trade-offs the contributions between the four terms which will
be determined in the last step.

Step 3. In this step, we leverage Lemma 5-8 to obtain expo-
nential bound on each of the four tail probabilities of (52).
Despite [|Fj |, op» and [|Gj2]| . have been analyzed
in the proof of Theorem 2, results established there can not
directly applied here. In fact, to derive sharp tail bounds here,
we need leverage the obtained blockwise maximum deviation
in Theorem 2. The final tail bounds are given in (64), (66),
(69), and (71), respectively.

Step 4. In the last step, we combine the four upper bounds in
Step 3 to obtain a tight upper bound on (52), and consequently
on E{(Z, Z*)I{F}. At this point, we will select the variable
p introduced in Step 2 to ensure the tail probability involving
Dok £j AW, dominates the other three, and consequently
the final error bound matches the desired form.

2) Step 1. Decomposition of The Hamming Loss: From
Lemma 1, there exist constants Cj, Co > 0 such that if 7= >
C}, then the event & holds with probability at least 1—n=10.
By Theorem 2, there exist some constants c,C,C" >0 such
that if m > C and (f+ a7 2 > (', we have (15)
holds with probability at least 1—6dn~". Denote F to be the
event that both £ and (15) hold. That is,

F :={&,(15) holds}. (53)
By union bound, we have
]P’(]—") > 1—7dn=°. (54)

Assume F holds and > > 222CZ. Then according

to Lemma 1, we have (24)- (36) hold. As a consequence, by
Lemma 4 and Lemma 2, we have (40)-(41) and (37) all hold
as well. Note that

E0(Z,Z*) < BU(Z, Z*)I{ F}+P(F°)

<EUNZ, ZYY{ FY+7dn~°. (55)

We Awill later show that the 7dn—?°
El(Z, Z*)I{ F}. Define

is dominated by

P —argmlnHM PHTHF
Pelly,

Since we let Z; = I, for all j € [n], we have

EU(Z, Z*)I{F}

<E % 3 H{Zj ” Z;PT}H{I}

J€[n]

% 3 IE]I{Zj v Z;PT}H{JF}

J€[n]

IN

1 > IE]I{HR e€lly st R+# I and
n

J€[n]

vy = < v 27, iy

_ 1 > IEJ]I{EIR e€lly st R+# I and
n

J€[n]
.2
RPT < ‘
Vool T

It can be further upper bounded by

UM"—

2
*PT
—UrP HF}H{]—"}.

E(Z, Z*)I{ F}
1
<=> D>
j€[n] Relq:R#£I4
~ 2
RPT
Vn

EIS ||U;M T —

PP

j€[n] ReEMl4:R#£I4

2
P
~UsP HF 1{F}

E]I{HU]-MT—U;PTH >
F

where the second inequity is by the definition of Z ; in (6) and
the second equation is by that we let Z7 = ;.

3) Step 2. Decomposition of Each Individual Error:
The reader can see that the key to obtaining our fi-
nal error bound is to obtain a tight upper bound on
(56), which is all about analyzing each individual er-
ror EH{HU MT— U*PTH HU MT BT H JHF}. The
next step is the followmg inequality Wthh shows an upper
bound on it consists in four terms. Note that we introduce a p
parameter which trades off the contribution among the three
terms. p will be carefully chosen in the third step. Recall the
decomposition (20).

Lemma 9. Consider any j € [n| and any R € 11, such that
R +# 1. Define

hn = | R-Li|2/2.

Suppose that (32), (33), (37), (41), and e \/3)2 > 22202
hold. Then there exists some Co > 0 such that for any p > 0,
the following inequality holds deterministically:

UL RPT
n

< Etf a2l Pyl > 22 J147)
+m{4¢mn 2 lop > 0 f/%}ﬂ{f}

EH{HU MT-U;PT| >

}H{f}
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Hm{““o( +¢M> V2 Gl > f}ﬂ{f} < VIByt Pt Pt Gl 2t (G, R L)
< (UB5llop +1F51 oy +1Fill o + 1 G |, ) v/ 2R
o 1
+Eﬂ{ﬁm<§ Ajijk,R—Id> > +(Gj2, R—1I4).
/ From (41), since ﬁ > 222C¢, we have
Viegn+ovd n+ovd (1+oVd)
1-3p—CyVd I{F}. (57)
o)) 1Bl < 220 (LY Ly el
Proof. By the definition of hp, we have 2 < hp < d. We o0 = n \ "ymp o 72
have
1+a\[
RPT +||Gj10p+2200< >|G32|| (60)
HU MT U PTH UM~ 1{F} VP
vn
R ¥ The reader can see that thanks to this upper bound, we
U MT— U jas RPT _UrpT only have to contend with establishing upper bounds on the
f J operator norm of Fji, Fjs,Gj1,Gj2. From the above three

displays, we proceed with a series of inequalities where we
I{F} use the established upper bound results obtained previously
to obtain an upper bound that can be written in terms of

[E51llops 152 llops G [l and (G, R—1a).

RPT
vn

—UPT
~2

]I <I} M P l} b >
f <1/7’H—1) R—Id + 1/7‘ 1“—1/\11 f “—ld
VA > ( ) ’

1| R |
ZQHW—UJ- F}H{f} _ <1+1600(1+o—\/&)>
TH - VP

:11{ U;MTP-U;, R—1 }H{]—'}
< )27 % (1B lop+ 1 Fstllp +1 Fy2llp +11 Gt o, ) V2R

_tlwwH_Ur R | 16Co(1

_]I{<U]H U;,R—1I4) (’;\/ia\f\/thRHG;zHop +(Gj2, R—14)
A\ s o hr 16Co(1+0v/d) \/2dhg

+<U](M PH ) P.R Id>> \/ﬁ}]l{}'}. (58) M NG

We have to obtain a more refined decomposition of both <9 <1 i 1600(14—0\/3))

inner products in (58). For the second inner product of (58) 3y/np
we have
T, < (IE51 oy + 1 Ey2 o +1G L ) V2R
U-(M—PH ) P,R-I >
< J ¢ .\ (41+1600(1+aﬂ)>220 <1+a\/&>
. T P e —— 0
< ‘ U; (M—PHT) H IR—I4p 33 3y/np VP
F

X ||Gj2Hop 2th+<Gj2, R—Id>

< U3 ||~ PHT | 1R-1
> ” ]Hop F” d”F £+1600(1—|—0'\/g) 220 1+0’\/g V2th
4 . 1 4CY (\/&4—0(1) 33 3./np 0 J/1p N
< 3 HUjH_Uj wt 7=l — = V2hg
Vn Yakis where the second inequality is by the upper bound on || B; ||

from (60). We then have

IN

4
3<||Bj||op+Fjlll 1 Ej2llop G llop HIGi2llop ) _
<UjH_U;f,R—Id>+<Uj(M—PHT) P,R—Id>

4Cy (Vd+od
) o(Vi+ad)
+— )| ——=—= | V2h&, (59) 16C,(14+0Vd
vn als §2<1 03(\/7) (HFJ1|| +HFj2||Op)\/2th
where the third inequality is by (33) and (37) and the fourth
inequality is by (20). 41 16Co(1+0Vd) 220, 1+oVd
For the first inner product of (58), by (20), we have 33 3y/np \/1p
<UjH—U;<,R—Id> ><||Gj2”0p 2dh3+<Gj2,R—Id>
= (Bj+Fj+Fja+Gj1, R—1a)+(Gj2, R—1a) NEN 16Co(1+0v/d) 990 1+ovd\ v2dhg
< |IBj+Fn+Fia+Gjllpl|R—Iallp+(Gj2, R—1a) 33 3./np o\ /p vn
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16CH(1 d V1 d 1
+4 1_‘_0(—4"7\[) Co M < g ZA]ijle I
3/np /TP vnnp
o V2dhg 00\/2th(1+0$ )i
\/ﬁ + \/@ || j2||0p'
< 2<1+W> (HFj1||op+HFj2||op) /2dh g Hence, plugging the above inquuality TinAto the display for
VP <UjH—Uj*,R—Id>+<Uj (v-PHT) P7R—Id> gives
+<41+1600(1+m/&)>220 <1+a\/é>
2o PR TEVE) o A -
3. 3V VP <UjH_U;,R—Id>+<Uj (v—PrHT) P,R—Id>
) ||Gj2HOp 2dhact (G2, B=La) 16Co(1+0V/d)
g
+<41+1600<1+m>>26 . <Fogn+m> < 2<1+°3f> (151 llop 1 Fi2 ) V2R
P Iy o\ ——F——
33 3y/np Vnp
41  16C)H(1 d 1 d
V2dhn (A, 16C(A oV, (1+ovd
X 33 3y/np V1P
where the first inequality is by the upper bound on [|Gj1]|,, x|Gjz2ll,p V' 2dhR
in (32) and the last ineq(lillfl]ity is obtained by combining the 41 16Cy(1+0 \/@ Viog ntovd
two terms containing y2dhg mt— =260 ———
L. n 33 3y/np /NP
In addition to ||Fj1]|,,, op> and [|Gj1]|, . the above
display involves (G2, R—1;) which must be analyzed closely Y 2dhg
in order to achieve the optimal error bound. Note the following Vn

decomposition.

AW, R—1
<Gj2,R—Id> +\/ﬁnp<z¢: ik Wik d>

ZJH<2AMWMA1,R—I¢1> <4(|| i1l oy + 1 F2l, )Jm

=y
1+0Vd
<ZA . > —|—4600< "p >||GJ2 V2dhg
jk ]k v
k7 1520 Viogn+ovd \ V2dhr
’ VP vn

+\F<ZA];€W],€(A Id> R— Id>

k#j

+\/ETLP<ZA]I€W]I€’R Id> 61)
= \/ﬁnp<ZAjijk7R Id> k#j
e where the last inequality holds when 1% 180.
1 o
+i ZAjijk:A_l(and_A)77R_Id As a result, by (61), (58) becomes
\/ﬁ k#j np RPT
o {HU MT-U* PTH UM~ T }]I{]—"}
= AW, R—1, "
\/an<; ]k jkn d> F
1 19 4y 2dhp([[Fj o+ Fo
+n7p<Gj2(and_A);R_Id>~ { ( op op)
1
It can be further upper bounded by +46C, ( %) V2dhr ||Gj2||0p
(Gj2, R—14)
1
o 1 +U<ZA'kW'k R—Id> >
< A 1 ikW ik, =
< nnp<§ ik Wik, R— d> Vnnp oy
/i B Viogn+ovd
+ 2 GanpLa =)l | R~ Tal e f 7},
for some constant C's > 0. Let p > 0 be some quantity whose
: \/ﬁnp<§ Aji Wi, B Id> value will be determined later. We have

DT
d T * DT T RP
+\71/;G‘72|| max|)\ np\\/ZhR H{HUJM 7U]P HFZ UJM - \/ﬁ H }H{‘F}
F
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<H{4MI|F31||01>— \f}ﬂ{}—} {32% ZA A(J) ZP% {75}

+]I{4\/2th||FJ2||Op >

k#3j op

o2 biir)
L+ovd) o (32 RS Al pr/%’fj
I< 46C 2dhr||G {F
+ o\~ rl|Gizlle, = f {7} oy o
o 1 2th (5) hR ()
+I AW, R—1y ) > Yo ApAP |z A
{\/ﬁ”p<z¢: Y k£ o */ﬁ
Viogn+ovd ;
1-3p—CoV/d {F 2th NG he | A G)
( p—CL2 ( D \f {F} IE(IP’ ;AJkAk >p nAj
J op
Taking expected values on both sides, we complete the proof.
0 xi{a® e })
4) Step 3. Bounding The Four Tail Probabilities: In the
following, we are going to establish upper bounds for each < gyp P 32‘/ 2th Z A; A(J > phj A
of the four tail probabilities in (57). Recall the definitions of AW ey Py Vn
A, AUV in (42) and those of [|Al,, . [[AD[|  _in (43). >
For the first term in (57), by (27), we have < sup P Z AJkA( i) 7\fp ’ ©2)
AW ey oy 32f

EH{4\/2th”F]1|Op > }]I{]-‘} op
\F where in the last inequality, we use the fact that hp > 2.
) hi Assume p satisfies
< EIQ 4/2dhg || > ApV|[ AT, = p—= pI{F} 7\F
P np
= . vn Porvg 2900 (14+0Vd)\/dp (63)

32./2dh . h Then by Lemma 5, we have
S BIS a8 > p\/—fi I{F}.
n
k#j op EH{4\/2th|Fj1||0p > f}ﬂ{}-}
Define an event )
< sup P A >
fj = AW ey < ; J
op
1 H < w7 AL < Jillaw | (i)
/TP 0p,00 pvn Op+ﬂm
c” logn oVd o+vlogn 17 2
7(\/ﬁ( +\ﬁ N +\f . < 2d sup exp < fp) <p\/nd
A ey 64f
Note that the upper bound for HA(J)H op.o I Fj is a direct « HA(]-) AG) 7[1”” -
consequence of (36) and (15). Together with (35), we have op,00 32f op,oo3
F C Fj. The event F; has an equivalent expression. Define 7 N
a set 3 Peava
<2d sup exp|-—=-—7—=1"—
A ey 8 ||A(j)||op,oo
V= {Y =Y, ..,y e Rrdxd .
< 2d exp ( ——pVn p(\f
_ 9Co(1+0vd) 512

Y] max]| Y|

op = /1D " i€ln] op = o logn ovd U\/logn L L )1 64)
. (& log n a\/a a\/@ vn \ﬁ N7 f ’

vn \/ Ak \/> where in the first and third inequality, we have used (63) and
the upper bound on ||A(3) || op PET Y, and in the last inequality,

we have used the upper bound on HA(J H op.oo PET V.
For the second term in (57), by (27), we have

1{ 42l Fall, > o }1(F) E1{ 4 Eihl Fll, > o }1(F)

Then F; = I{AU) € Y}. Using that AU is independent of
{A;k} iz, we have
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) hR c(p 7/np )
< EI} 40 thR ZAjijkAkj HA 1||Op > p—= +1 320Vd < @ ,
] [ rae], < 7
xI{F} o
we have

320y/2dhn ) hr
<EI) =t > ApWiRAj =ING {7} EH{%/MIFJQIIOP_ f}ﬂ{f}

ki

op

np
v/ . <E[ |2 -
< gl 320v2dhr ZAjij/cAg) thi I{F;}. = << exp( 02)

- np , Vvn
k#j op (p 7/np )
By the independence among { A,y }x;, {W }rsj, and AU, +3I 320\() 7 <—= P n16d >
following the same argument as used in (62), we have HZ;#] A (A7) TAY op co
E1{ 4V Bl Fall, > 9% }1(F) afav e fj}>
320+/2dh j
=E|P u ZAjijkAg) S 2€Xp(—£§>
np fy o
J op (p 7/mp )2
hr ; 3EI 320/ s
> 1IA L AG) + . . S —
P\f i [{Ajk}rs )) sz# Ajk(AéJ))TA,(CJ) . co
32 \/2dh . x I A(]) c F: ,
B E<P< G?np . ZAjijkA;(j) { J}
k#j op where the last inequality holds as long as ~# > 16¢. Then

_ characterizing the above display is about controlling the tail
{Ajk i, A )H{A(]) € ]-}}) probabilities of [|37, A (AYTAD)| - Similar to the
establishment of (62), we have

hr
2 p—=

o
320 \/2dh |
< E(P(m 3 ApWiAY ]Eu{4\/m||pﬂop > f}ﬂ{f} < 2exp(—2)

(AL (et on
he | g ADNTAD ¢ F +3 sup P ZA (ANYTAD| > WAJING
2ot Vi e ) -
op
. Assume p satisfies
< IE(IP( 3 A A P .
k#j op 172p%cp S <900(1+a\/3)> (65)
2 322d ~ '
TV A<3>>H{ AG) f_}> VP
J
32 \[ By Lemma 6, we have
2
7/np
o2t) e
< E 2€Xp - 320’\/'8 : EH{4 2th|| 2H0p = \/H}H{]:}
| S Ana?) AP np
v < 2e(-7)
posir.
+1 320 — < 4Vd ) +6d sup exp< S apa)TaY
EeWAT .
. 2 17%p%cp
<I{AV) € a}), op 2 322d
for some constant ¢ > 0, where the second to last inequality < 2€Xp(—7)
is by the fact that hg > 2 and the last inequality is by Lemma 7 1 72,2
7. Since +6d sup exp ( p20p> < HA (7)
7/ 2 AW ey 2 2 322d op,00
C<p32 \}%) np ~1
P - o | Sev(-5) x| av +HAJ> LT ep ]
HZk;ﬁj Aje(A;)TAY op 7 opoo2 162d 3
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np 3 %725221’ for some constant ¢’ > 0. Note that by Bernstein’s inequality,
< QGXP(*Q) +6d sup exp ”3 there exists some constant Cs > 0 such that
A ey ||A(J)Hop
np
< 2exp(—§) ZAjk > np+Csy/nplogn | <n=10. 67)
Py
6d 17%p%cp c” logn 7
+6d exp ~375 3924 vn np We assume B > C2 such that 2np > np+Csy/nplogn
2 and consequent] P( A > 2n, ) < n719. Assume
oVd ov/logn 1 1 . quently P2z Ajn 2 20p) < P
+—1) satisfies
N /D n
1 1 7
§Qexp(fn—‘§) = e > (d)‘%\/(%/&)_
o

\/an 28><46Co\/8(1+a\/a> o

+6dexp [ ——25 [ 1°g’l . (68)
P\ T 16x322 We have
V

+%§+”V\}§”> )) )) (66) EH{ALGC()(L%)\/MG32||Op>pf/>}ﬂ{]:}

For the third term in (57), using (27) and the fact that np
hgr > 2, we have < Qexp(f;> +2P ZAjk > 2np
k£

1+o0vd np _
EH{4600< \Uﬁ >\/2thGj2||Op_ f}n{f} §2exp(—§)+2n 10, 69)

3

For the fourth and last term in (57), by prop-

< E]I{46CO <W> V2dhg \fHA 1H0p erties of the Gaussian distribution, one can verify that
v <Zk¢j AjijkvR*de{Ajk}k#j ~ N(0,4Y 5 Aje).
Z hr Assume p satisfies
x| 2 AWkl = p—7=
' " I i\ 1
k#j op Vn 3p+02\/a<\/@\7n;;a\/>> < 3 (70)
< EI ZA Wik z ! rme By the fact hg > 2, we then have
= kW 2 > 9,

E]I{ <ZAJ,€WJ,€,R Id>
_E<]P>< ST AW > Ve \

k3 op e Viogn+avd
L ool

— {Ajk}k#j>>'
1+oVd) o '
8><4600\/<§( o ) SEH{<ZAjijk,R—Id>

By the independence between {Ajx}rx; and {Wjk}iz;, we i

d /
have Zk;ﬁ] ]kW_]k}‘{Ajk}k;ﬁ‘] = \/{A]k}k;&]g for some f ~ > 1_3p_02\/g M QE
MN (0, I4, I4) that is independent of { A }1; Using Lemma V1D o

8, we have ( <<
— > AWk, R— Id> <1 3p
EH{4600<1+0\[> V2dhg|Gisll,p > p f}ﬂ{f} 7

1% Viogn+ovd an
: R e I e [T
< E<2e 1) ( c L 7 il 4 g 2
<o | —cl = e
- 2 1+0'\/3 1
8X4600ﬁ< \/W) 7 <Eexp| —|1-3p—C>Vd Viegn+oVd
VP
o 1 4T 1 7 pnp , +
2kj Aik 28x46Covd(Lizdd) @ L ()
P 202 Zk;éj Ajk

1
X—— < 2\/&}), Togn+ovd ’
v con( (-5 )
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(np)
X
202 (np+C3sv/nplogn)
+P ZAjk > np+Cor/nplogn

ey

Viogn+ovd ’
exp | —[1-3p—CyVa| Y—=——2=
=P ( (1 o d( VP >>+

-1
1

" <1+03 / ogn> ”172> +n 10,
np 20

where the last inequality is by (67).
5) Step 4. Selecting p and Putting Things Together:
Plugging (64), (66), (69), and (71) into (57), we have

}H{f}
(e logn ovVd o+logn 1 -t
(ﬁ( v Vi >+\/ﬁ>> )

a2

+6dexp< 163322 (p\f<f<\0/%< 1<:§pn

ovd_ oviogn) 1))
VAN >Wﬁ)> >>
+26Xp(7%>+2n710

2
+exp{ (13p02\/(§<w>>
4

(71)

EI HUMT UPTH
{ ﬁ

< 2dexp (—%pﬁp(\/gx

NG

—1
1

x(l—i—CzaU ogn> npz}—i—n_lo
np 20

Viogn+ovd ’
exp | — [ 1-3p—CoVd| Y—=—"—
< exp < (1 3p d( . ))

-1
1

><<1+03,/ Ogn) np2>+3 —10
np 20

+4exp<—n—§>
o
3
+2d exp —ﬁp\/ﬁp Vidx

c” 1ogn ovd ov/logn -1
( ( T ¢>+w>> )
logn

+6dexp< 16 322< p(ﬁ(%( np

povd ovign) 1)) )
Vip - \/np vn '

(72)

We will now pick p such that we can substantially simpllify

o2d3 1
np
d?1
( nC;)gn) Suppose that 72— logn’ —3kz > C3 for some large

enough constant C's > 0, we can make sure that conditions
(63), (65), (68), and (70) are all satisfied. Next, we are going
to show that with this choice of p, the last two terms in (72)
are small. We can show the exponent in the second to last
term is bounded below by logn, up to a constant factor, as
follows.

the exponential terms. Specifically, we let p =

logn 3 p\/np

1ogn 512 \/8(%( /logn_"_:y/i_’_ax\/i/lmgn)_"_f)
P

3
@ Vidlogn n [logn | C"gd | C"o\/Iogn
e Y e )

p

IOg"+C:’/‘lﬁ+?}+1>

1
d?logn ) %
np

=logn

> logn-

3
512 Vd(logn)3/2 (C”

np

3
>logn-—
512 Vd(logn)3/2 logn | C"oVd | C"a
B (oS S G )
3 1
=logn-—— -
512 (logn)5/4 (C,, logn+ c )
(np)3/4 \/7 \/7

> 10logn.

In the first line, we simply multiply and divide the same
quantity by log n. The second and third lines are by expanding
and re-arranging the terms. In the second inequality, we

use p Z gd logn
n

np
Tlogn* og" /" 25 > C4 for some sufficiently large constant
!

3-
Similarly, we can also simplify the term inside the square
root of the last term in (72) as

. The last inequality holds so long as

Viegn /3c
Jlogn 1x32
. PP
A )
= /1
o8 4 32
p
@(0" e | G/l | e diogs 1)
>
logn- 4><32
. p
%(C”\/%—I—C”%—&—C”\/%—i—l)
> /1
0BT % 32

" Vdlogn logn aVd _o_
Doen (v, 150 4 on el on—g 41)
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V3c 273\ 1
> /logn- <exp|-—-[1-C5 od
4x32 np
1 1
(log n)3/4 o 1Ogn +on d\f_’_cw o_ 41 d? logn\* np —9
(np)t/4 N + 771]9 552 —)+8dn

> v 104/ . .
2 V10y/logn for some constant C5 > 0, where the last inequality holds
In the first line, we multiply and divide the same quan- when 35, % exceed a sufficiently large constant. The
t1ty by +/logn. The last inequality holds so long as proof of Theorem 3 is complete.
T np— 2P > CY for some sufficiently large constant 6) Proof of Theorem 4.: The proof closely parallels that of
og n? log®n’ o2d . e L. 5
Theorem 3, with substitutions where Z and M are replaced by

5. S 1
Putting things together into (72), we have Z and M, respectively, and incorporates two minor modifica-
pT tions. Firstly, it is important to note that the error in the anchor
EI HU MT -U; P H UM T_R I{F} affects only the second inner product in (58). Specifically, this
vn P influence introduces an additional factor of (1+¢), leading to
023 1 2logn 1 a modified formulation in (59) for the scenario involving M:

<exp|—(1-3 + .. T .

np <Uj (v-PHT) P, R—Id>

*Cg\/& \/@4‘0\/3 ’ < ‘
N . :

. “ T
v; (a-PHT)
F

logn\ < 11Ul | IRl
X 1+03 D ﬁ 4 1
= 3<HUJH—U;| Op+f)
np —10 n
+4exp(——2)+3n
4 400\/17—&-6(@—1-06[)
+2dexp(—10logn)+6d exp(—10logn), X V2hg

NG

<9dn—10

By combining the two exponential terms together and the three
polynomial terms together, we see that there exists a constant
C4 > 0 such that

a1 |o

4
<3 (IIBJ'IIOPJrIFjl||op+IIFjalloerIIGﬂIIOp

R

U;M V2hg,

—U* PTH

Gl _|_L 4C’o\/1+e<\/g+od)
}H{f} 32Wep T/ NG

F
( ( ( o2d3 I & logn i np where in the second inequality, we use (39) from Lemma 3
<exp|—[1-C4 < > +( ) >> 2) instead (37) from Lemma 2. We can then follow the same
P np + 20 argument in the proof leading up to (61) where we make the
+12dn~1°. (73) second modification:

. . T4
Combining (54), (55), (56) and (73) we have (U;H-U?, R—Id>—|—<Uj (a1-PHT) P,R—Id>

]EE(ZZ*) 1 < 2<1+ 1600\/ﬁ(1+a\/c§)>

Z 5 (exp ( <1C4<(azd3)4 = 3y/np
| netlatz, g < (I1Fllgp +1Frell,y ) /2
+<d210gn> )) "y ) +12dn —10> +P(F) . <4l+16m00(1+o¢8)>

33 3./n
2d3 1
de<eXp< <1 C4< ><23Co< +U\[>|GJ2” V2dhg

np 20

VP
2 %
+(d logn> )) g)Hanm) S TdnO +<41+16\/1+600(1+0\/@>
+

np 33 3\/np
243\ 1
< exp < (105 ((Unp ) X 26C, (x/logner/g) V2dhg

VP vn
L (Llogn 2P ) 1 8dn~0 + LS AW R
np +20 Vnnp oyt JRT gk d
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< 4(I1F1llop+ 121l ) V2R
14+0vd
+46C, ( ) 1Gj2l,, v/2dh R

V1P
520, Viogn+ovd \ V2dhr
N7 Vn
o 1<
+—=— ZAjijkaR_Id>7
vinp \ (=

where the last inequality holds under the assumption that
1% > %C’m/lJre. In the way, we obtain the exact same
upper bound as (61). There is no change to the rest of the

proof.

E. Helper Lemmas and Proofs
Lemma 10. We have \,(EA®I;) = (n—1)p for all i < d
and M;(EA®I;) = —p for all d+1 < i < nd.

Proof. Recall that EA = pJ,, —pl,. The eigenvalues of the
matrix EA are characterized as follows.

M(EA)=... =\, (EA) = —p.
Therefore the eigenvalues of EA® I are as follows.
MEARIL) = ... = MEA®RI;) = (n—1)p,
Ait1(EART) = ... = A\n(EARI;) = —p.

O

Proof of Lemma 1. The probability of £ is from Lemma
9 of [17] (for [(A®Ja)oW]||,,), Theorem 5.2 of
[26] (for [[A—EA[,,), and Bernstein’s inequality (for
max;en] |Zk;ﬁj Ajk—np|). Note that

X —(EA@1a)ll,p,

= [[(A®la)+o(A®Ja)oW —(EA®14)]|,

< (A-EA) &L, +oll(A@Ja)o Wi,

= [[A=EAl|,, +ol[(A® Ja)o W],
By Weyl’s inequality, we have
max;c(ng | Ai(X) - N(EARL)] < [[X—(EA®J4)]|,p-

Together with Lemma 10, (24) hold_s under the event &£. For
(25), we have

m]ax||Xj||OlD = mjax”(EAj@Id)—k(Xj—(EAj®Id))||Op

< max||{(EA; @1a)|op +|X —(EAD )]l

< pvn+Cy (H—a\/@\/np.
np 2
It (Tova? > 64Cy is further assumed, we have

Co(1+0V/d)/np < np/8. Then (24), together with the fact
||A—1Hop = 1/Aa(X) and [[A]|,,, = A1(X), leads to (26)-(28).

Since M\j(EA®I;)—Ag+1(EA®I;) = np according to
Lemma 10, we have || X —(EA®I,) < (MEARI)—

llop <

Ai+1(EA®1,))/8. By Lemma 2 of [16], we have
min |H-O||,, < |[UUT-U*U*"||
0€0, p op

21

1X - (EAST)lp _ 8Co(1+0v4d)
- (=g T TEp

and
[HA=AH]|,, < 2[[X = (EA®14)],,
< 200(1+a\/8) No
and ||[H~'|| < 4/3. Note that
|UH-U*|,, = [|[vv"U*~v U TU*||
<[loUT Ut U Uy < JOUT =0T,

Hence, (29)-(31) hold. Consider any j € [n]. By (31), we
have

1l op < N5 H | [,

op —

< (HUJ'H_U;‘k

op—i_H(J;IK

o) 1y

4 i 1
=3 <||U1H—Uj Hop+\/ﬁ)-
From (25), (28) and that Gy > 7, we have || X —XU)|| <
2[1X51,, < (Aa(X)—Ag+1(X))/2. By Davis-Kahan theorem,

op —
we have

HU(J')(U(J’))T,UUT

op

2| (X —xu],,

T Ad(X) =g (X)
2(1U o+ 151U )
Ad(X) = Aa41(X)

2( T3 g+ 1 1T
Ad(X) = Aa41(X)
2(105 o 1Al + 15 15,

<
- Aa(X) = Ady1(X)
< 4Ujllop

. 1
§6(\\UjH—Uj 0p+\/ﬁ>’

where the second to last inequality is due to (25), (26), and
(28), and the last inequality is due to (33).
Together with (29) and that Cy > 7 we have

o 1
HU(J)(U(J))T—UUTH < 6<UHU*||OP+
op

N—

Jn
- 48Co(1+0vd) 6
VALY VP
- 7Co(1+0/d)
VALY

Then,
HUO')HU) U

op

_ H (U(j)U(j)T—UUT>U*+UH—U*

op

< |vovo"—vuT| +wH-Uv),,
op
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< 9Co(1+0Vd)
S—m

For [|Gj1|,,. we have

VllGill,

= Z AjkA71 —1y

ey o

IA

A= =1l | [ 3 A | 2=
k#j

op

< Mlmp =Ml [|A7 |, | D Ags—np|[[A7]],
Py

< maxlnp—Xi (X)[A7" o+ (> A —np| A7,

[y

<90, logn+a\/g 7
np - \/np

where the last inequality is due to &, (24), and (27).
For (36), consider any j € [n], we have

HU(J')H(J')_U*

op,00
SNUH=U"{|op 00
+|wa-v)- (v HD -0)
op,00
SNUH=U" 00
+|wH - (VD HD -U)
op

— U H =0 g o+ [V H -0 HD

, o
= |[UH =0y o+ [0V U ~0 DU T
< NUH U |y +|| 00T ~0 @007

op

* * 1
< |UH-U Iop,oo+6<||UjH—Uj Hop+\/ﬁ>

. 1
S 7<||UH_U ||op,oo+\/ﬁ>a

where the second to last inequality is due to (34).

Proof of Lemma 5. Consider any j € [n]. Then

S ApAy

=y op

< Z(Ajk—p)ﬁg) +p ZAI(cj)

k] op K7 o

IN

S (Ajp—p)AY +p\/ﬁHA(”

, op
k#j op

22

Since {Ajr—p}ryz; is independent of AU), we use the
matrix Bernstein’s inequality (Lemma 11) for the opera-
tor norm of Zk,#(Ajk—p)A,(j). For each k € [n], note

that E( (45 -p)AY A7) = 0 and |(A-p)a?|| <
op

HAEJ) < ||A(j)||0p - For the matrix variance term, we
have °
T . )
max{ E Z(Ajk*p)zAg) Ag) A(J) ,
k#j op
N aT )
E|> (Apr-p)A0A70 A0 }
ki op
=p(1-p)
A ZA(”TAU) ZAU)AU)T
k k ) E Sk
k#j op k#j op
NTE , ATI2
:p(l—p)-maX{HA(’) , (Al(J),...7An(J)) }
op op

(74)

To obtain the two different tail bounds in the lemma
statement, we will show two different upper bounds on 574).
For the first tail bound (44) of Lemma 5, note that HA(j ) Hop <

VAP |AD ], oo+ We have

Sp\/ﬁHA(”

< p\/T;HAu)

p(lfp)HA(j)

H AW

2
op op,00 op

HM)

op,00 op

On the other hand,

(AM, - .,Anm)T

p(lp)‘

op

<pvn HAU)
op

< p\/gH (AN)T, N _’A”u)T)
-
F
< p\/@H AW .
Then (74) can be upper bounded by

p\/@HAU)HOPHAU)H Invoking Lemma 11, we
have

(Al(j), . .7An(j))T

op,o0

’ HAQ')
F

op,00

op,00

‘ AW

op,00

op,00”

P> (Au—pAY| >ta0) | <2dx

k]

op
[ i )
exp| — , : , .
pnd|[AD | AP, +[AD],, /3
Then, by triangle inequality,

A <2d

Pl 4580 zpﬁHAU)
ey

op

+1
op
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t2/2
XeXp<_p\/@HA<J‘>H Amuopm+HA<J‘>umt/3>'

For the second tail bound (45) of Lemma 5, one can see that

2 ‘(AI(N A (j)T) ?
) b ) n Op

op
We then follow the same steps as shown above to obtain (45).
O

ol

p(l—p)-maX{HA(j)

<anA])

op, 0

Proof of Lemma 6. We follow the proof of Lemma 5. We first
have

S Ap(AP)TAY
= o
<[ (Au—p) @AY o) DA TAR
oy N = o
< Z(Ajk_p)(Ag))TAl(cj)
ki o

Note that for each k € [n], E((Ajk p)( NTA j)|A(3))

0 and | () (AD)TAD SHA,@HO A0,
In addition,
E Z(Ajk_p)Q(A](gj))TAg)(AECJ))TAECJ) A
=y op
= p(1-p) Z(Agcj))TAl(cj)(Al(fj))TAl(cj)
k] op
T AT
) ST
Agj)Agj)T Agj)_
X :
ADAD T [ A | llop
. T 3
Agj)Agj) o
<p(1-p) HA(])
. AT o
NN
, AT
= p(1-p) (g&ﬁ AP AP )H
2
p(1—p HA(J) ‘ <pHA(J HA(J)
op,00 op,00
Hence, by Lemma 11,
2
P A TAO > HAU) Lt AD
Z ]k Zp op
op

23
2
<2dexp| — /2
pllAD |5, NADS+ADC, /3
O
Proof of Lemma 7. Consider any j € [n]. Note that

{Ajk}ezjs {Wjk}iezj. and {A }k?g] are mutually indepen-
dent of each other. By Lemma 12, we have

> A WA
[y

{Aji}es, AV

Nl

S DI TGO

k#j
where E ~ MN(0,14,1;) and is independent of {A }rz;
and {AY},;. Since P A (AYTAD s symmetric
and positive semi-definite, its square root is well-defined. By
Lemma 8, there exists some constant ¢ > 0, such that for any

jk(A(J))TA ()
op’

{Aji iz, AV

, we have

P[> Apwiay)
k£

t{Ajkrrg, AV

op

[N

—bf (S auap)ap
k#j

t{Ajk brrg, AV

op

§P<||E|op S A TAY

k#j
op

t {Ajk}k#vﬁ(j))

=P| B, ||> An(AP)TAY

k]

tH{ Ak rng A

op
ct?

< 2exp| —
=P A (ADVTAD)
Doy Ak (A T AL

op

O

Lemma 11. [Theorem 1.6 of [27]] Consider a finite sequence
{Sk}}_, of independent random square matrices with dimen-
sion dxd. Assume that each random matrix satisfies

ESk = 0 and ||Sk—ESk|,, < L, Vk € [n].
Define

Vi=maxq |I> E[SS{| LD E[S) Sk
k op k op
Then
t2/2

op
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for any t > 0.

Lemma 12. Consider any W,W’',A € R such that
w, W’ ud MN(0,14,14) and A is a fixed matrix. We have
WA ~ MN(0,1;,ATA)

and

W+WI ~ MN(O, Id, 21 +22) .

Proof. The first result in the lemma is a property of the matrix
normal distribution. To prove the second statement, note that
Z ~ MN(0,%,%1) is equivalent to vec(Z) ~ N (0,2 ®

Yg). Since vec(W) ~ N(0,31®1;) and vec(W') ~

N(0,22®1,4), we have vec(W)+vec(W') ~ N(0,(Z;+

Yo)®1a). O
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