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The singular subspaces perturbation theory is of fundamental importance
in probability and statistics. It has various applications across different fields.
We consider two arbitrary matrices where one is a leave-one-column-out sub-
matrix of the other one and establish a novel perturbation upper bound for the
distance between the two corresponding singular subspaces. It is well-suited
for mixture models and results in a sharper and finer statistical analysis than
classical perturbation bounds such as Wedin’s Theorem. Empowered by this
leave-one-out perturbation theory, we provide a deterministic entrywise anal-
ysis for the performance of spectral clustering under mixture models. Our
analysis leads to an explicit exponential error rate for spectral clustering of
sub-Gaussian mixture models. For the mixture of isotropic Gaussians, the rate
is optimal under a weaker signal-to-noise condition than that of Loffler et al.
(2021).

1. Introduction. The matrix perturbation theory [37, 4] is a central topic in probabil-
ity and statistics. It plays a fundamental role in spectral methods [11, 19], an umbrella term
for algorithms involving eigendecomposition or singular value decomposition. It has a wide
range of applications including principal component analysis [1, 8], covariance matrix esti-
mation [15], clustering [41, 34, 35, 30], and matrix completion [28, 14], throughout different
fields such as machine learning [5], network science [32, 2], and genomics [20].

Perturbation analysis for eigenspaces and singular subspaces dates back to seminal works
of Davis and Kahan [12] and Wedin [44]. Davis-Kahan Theorem provides a clean bound for
eigenspaces in terms of operator norm and Frobenius norm, and Wedin further extends it
to singular subspaces. In recent years, there has been growing literature in developing fine-
grained /, analysis for singular vectors [2, 15] and /5 o, analysis for singular subspaces
[25, 10, 7, 3], which often lead to sharp upper bounds. For clustering problems, they can be
used to establish the exact recovery of spectral methods, but are usually not suitable for low
signal-to-noise ratio regimes where only partial recovery is possible.

In this paper, we consider a special matrix perturbation case where one matrix differs
from the other one by having one less column and investigate the difference between two
corresponding left singular subspaces. Consider two matrices

(1) Y = (yh cee 7yn71) € Rpx(n—l) and }A/ = (yla cee aynfbyn) € Rpxn’

vyhere Y is a leave-one-column-out submatrix of Y’ witAh the last column removed. Let U,. and
U, include the leading r left singular vectors of Y and Y, respectively. The two corresponding

left singular subspaces are span(U,.) and span(U,.), where the former one can be interpreted
as a leave-one-out counterpart of the latter.
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We establish a novel upper bound for the Frobenius norm of U, U] — U,.U/" to quantify the
distance between the two singular subspaces span(U,.) and span(U,.). A direct application of
the generic Wedin’s Theorem leads to a ratio of the magnitude of perturbation (I — U, U )ys,
to the corresponding spectral gap o, — o,11. We go beyond Wedin’s Theorem and reveal that
the interplay between U,.U!y,, and (I — U, U] )y, plays a crucial role. Our new upper bound
is a product of the aforementioned ratio and a factor determined U, y,,. That is, informally
(see Theorem 2.1 for a precise statement),

< H(I_UTUyT)ynH

~

x a factor from U y,,.

HUTUTT — Ut

Opr — Or41

When this factor is smaller than some constant, it results in a sharper upper bound than
Wedin’s Theorem. The derived upper bound is particularly suitable for mixture models where
the contributions of Uy, are well-controlled, and consequently provides a key toolkit for
the follow-up statistical analysis on spectral clustering.

Spectral clustering is one of the most popular approaches to group high-dimensional data.
It first reduces the dimensionality of data by only using a few of its singular components
and then applies a classical clustering method, such as k-means, to the data of reduced di-
mension. It is computationally appealing and often delivers remarkably good performance,
and has been widely used in various problems. In recent years there has been growing
interest in theoretical properties of spectral clustering, noticeably in community detection
[2, 24,18, 33,34,47,17, 31, 23]. In spite of various polynomial-form upper bounds in terms
of signal-to-noise ratios for the performance of spectral clustering, sharper exponential error
rates are established in literature only for a few special scenarios, such as Stochastic Block
Models with two equal-size communities [2]. Spectral clustering is also investigated in mix-
ture models [30, 26, 1, 13, 43, 36, 6]. For isotropic Gaussian mixture models, [26] shows
spectral clustering achieves the optimal minimax rate. However, the proof technique used in
[26] is very limited to the isotropic Gaussian noise and it is unclear whether it is possible to be
extended to either sub-Gaussian distributed errors or unknown covariance matrices. Spectral
clustering for sub-Gaussian mixture models is studied in [1], but only under special assump-
tions on the spectrum and geometry of the centers. It requires eigenvalues of the Gram matrix
of centers to be all of the same order and sufficiently large, which rules out many interesting
cases.

We study the theoretical performance of the spectral clustering under general mixture mod-
els where each observation X; is equal to one of k centers plus some noise ¢;. The spectral
clustering first projects X; onto U 17:7~Xz' where U ., includes the leading r left singular vectors
of the data matrix, and then performs k-means on this low-dimensional space. Building upon
our leave-one-out perturbation theory, we provide a deterministic entrywise analysis for the
spectral clustering. We demonstrate that the correctness of X;’s clustering is determined by

UTz,l ,€i, where U,z 1. is the leave-one-out counterpart of U7, that uses all the observations

except X;. The independence between U —i,1.- and ¢€; enables us to derive explicit error risks
when the noises are randomly generated from certain distributions. Specifically:

1. For sub-Gaussian mixture models, we establish an exponential error rate for the perfor-
mance of the spectral clustering, assuming the centers are separated from each other and
the smallest non-zero singular value is away from zero. Compared to [1], our assumptions
on the spectrum and geometric distribution of the centers are weaker. In addition, we ob-
tain an explicit constant 1/8 in the exponent, which is sharp when the noises are further
assumed to be isotropic Gaussian. To remove the spectral gap condition, we propose a
variant of the spectral clustering where the number of singular vectors used is selected
adaptively.
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2. For Gaussian mixture models with isotropic covariance matrix, we fully recover the re-
sults of [26]. Empowered by the leave-one-out perturbation theory, our proof adopts a
completely different approach and is much shorter compared to that of [26]. In addition,
the signal-to-noise ratio condition of [26] is improved.

3. For a two-cluster symmetric mixture model where coordinates of the noise ¢; are indepen-
dently and identically distributed, we provide a matching upper and lower bound for the
performance of the spectral clustering. This sharp analysis provides an answer to the opti-
mality of the spectral clustering in this setting: it is in general sub-optimal and is optimal
only if each coordinate of ¢; is normally distributed.

Organization. The structure of this paper is as follows. In Section 2, we first establish a
general leave-one-out perturbation theory for singular subspaces, followed by its application
in mixture models. In Section 3, we use our leave-one-out perturbation theory to provide the-
oretical guarantees for the spectral clustering under mixture models. We discuss extensions
and potential caveats of our analysis in Section 4. The proofs of main results in Section 2 and
Section 3 are given in Section 5 and in Section 6, respectively. All other proofs can be found
in the supplement [46].

Notation. For any positive integer r, let [r] = {1,2,...,r}. For two scalars a,b € R, de-
note a A b= min{a, b}. For two matrices A = (4; ;) and B = (B, ;), we denote (A, B) =
i AijBij to be the trace product, ||A| to be its operator norm, || A to be its Frobenius
norm, and span(A) to be the linear space spanned by columns of A. If both A, B are sym-
metric, we write A < B if B — A is positive semidefinite. For scalars x4, ..., x4, we denote
diag(zy,...,z4) tobe a d x d diagonal matrix with diagonal entries being z1, . .., x4. For any
integers d,p > 0, we denote 0y € R? to be a vector with all coordinates being 0, 14 € R% to
be a vector with all coordinates being 1, and Oy, € RI*P to be a matrix with all entries be-
ing 0. We denote /;, 4 and I to be the d x d identity matrix and we use I for short when the
dimension of clear according to context. Let Q%<P = {V eERP>P. VTV =] } be the set of
matrices in R¥*? with orthonormal columns. We denote I {-} to be the indicator function. For
two positive sequences {a, } and {b,, }, a,, < by, a,, = O(by,), by, 2 ay, all mean a,, < Cb,, for
some constant C' > 0 independent of n. We also write a,, = o(b,,) when limsup,,_, z—: =0.
For a random variable X, we say X is sub-Gaussian with variance proxy o2 (denoted as
X ~ SG(0?)) if Ee'X < exp (0*t?/2) for any ¢ € R. For a random vector X € R?, we say
X is sub-Gaussian with variance proxy o2 (denoted as X ~ SG4(0?)) if u” X ~ SG(c?) for
any unit vector u € R%.

2. Leave-one-out Singular Subspace Perturbation Analysis. Classical singular sub-
space perturbation theory examines the relationship between the singular spaces of two ma-
trices of the same dimension. However, prevailing upper bounds, such as those given by
Wedin’s Theorem, often achieve tightness only in worst-case scenarios. They can be sub-
optimal, especially in situations like the one considered in this paper where one matrix is
short of one column relative to the other.

In the domains of statistics and data science, it’s common to work with data matrices
wherein columns represent independent and identically distributed observations. Intuitively,
when the number of observations is large, omitting a single observation should have minimal
impact on the singular subspace. This intuition can guide entrywise perturbation analyses
for spectral methods. As a case in point, the efficacy of spectral clustering under mixture
models can largely be attributed to the perturbation of UL, X;, where X; represents the ith
observation and IA]M encompasses the leading r left singular vectors of the data matrix. Di-
rectly analyzing U L X; is cumbersome due to the inherent dependence between Uy and
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X;. To disentangle this dependence, a logical strategy is to substitute U1, with its leave-
one-out counterpart, U_; 1., which is formed using all observations except X;. The resulting
independence between [A]_M;r and ¢; facilitates a more precise characterization of the tail
probabilities of ur

~; 1.,X;. This, in turn, yields a more defined bound on spectral clustering’s
performance. Such an analytical approach presumes that U 1. and its leave-one-out version
U_; 1., are sufficiently similar.

With this foundation laid, in this section, we focus on establishing a comprehensive leave-

one-out perturbation theory for singular subspaces.

2.1. General Results. Consider two matrices as in (1) such that they are equal to each
other except that Y has an extra last column. Let the Singular Value Decomposition (SVD)
of these two matrices be

Y = Z aiuiviT and Y = Z 6mi@iT,
i€[pA(n—1)] i€lpAn]

where 01 > ... > 0pp(n—1) and 61 > ... > Gpap. Consider any 7 € [p A (n — 1)]. Define

Uy :=(ui,...,u;) € QP and U, := (i, ..., G, ) € OP*"

to include the leading r left singular vectors of Y and Y, respectively. Since Y can be viewed
as a leave-one-out submatrix of Y without the last column Yn, Uy can be interpreted as a
leave-one-out counterpart pf UT. X

The two matrices U,, U, correspond to two singular subspaces span(U, ), span(U,.), re-
spectively. The difference between these two subspaces can be captured by sin © distances,
|sin ©(U,.,U,.)| or ||sin ©(T,, U,)||r, where

O(U,,U,) := diag(cos™*(a1),cos Haz),...,cos L (ay))

with a1 > ag > ... > «, > 0 being the r singular values of U,TU,,«. It is known (see Lemma
1 of [9]) that |U, UL — U, UT||r = v/2||sin ©(U,,U,)||r. Throughout this section, we will
focus on establishing sharp upper bounds for ||U, U1 — U, U |
the difference between two corresponding projection matrices U,.U! and U, UTT .

Since the augmented matrix Y’ := (Y, U, U y,) € RP*" concatenated by Y and U, U] y,,
has the same leading r left singular subspace and projection matrix as Y, a natural idea is
to relate || U, UT — U, UT ||p with the difference Y — Y”. The classical spectral perturbation
theory such as Wedin’s Theorem [45, 9] leads to that if 0. — 01 > 2 H (I — U UT)y,||, then

_ 22|~ U0

F Or — Or+41

F, 1.€., the Frobenius norm of

2) HUTUE —U,UT

See Proposition E.1 in the supplement for its proof. The upper bound in (2) requires the
spectral gap o, — 0,41 is away from zero. It also indicates the magnitude of the difference
|Y —Y'|| = |(I = U, UL )y, | plays a crucial role. In spite of its simple form, (2) comes from
generic spectral perturbation theories not specifically designed for the setting (1).

In the following Theroem 2.1, we provide a deeper and finer analysis for ||U,.U! —
U,.UT ||, utilizing the fact that Y and Y differ by only one column and exploiting the in-
terplay between U, Uy, and (I — U, U! )y,.

THEOREM 2.1. If

Opr — Or41 ~9

3 = )
©) P = T =000yl
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we have

) ( 0,07 —u,uT|| < 4?

Theorem 2.1 gives an upper bound on ||, UL — U, U ||r that is essentially a product of
p~! and some quantity determined by {o; 1uiTyn}ie[,.}. Since (0] 'uly,)? < 072 (uly,)?
for each i € [r], (4) leads to a simpler upper bound
W2 U Uy

p

Oy

®) Hﬁrﬁ? - UrUgHF <

The condition (3) in Theorem 2.1 can be understood as a spectral gap assumption as it
needs the gap o, — 0,41 to be larger than twice the magnitude of the perturbation ||(I —
U,U>)yy||. This condition can be slightly weakened into 02 — o2, — ||(I — U, U )yn|* > 0,
though resulting in a more involved upper bound. See Theorem 5.1 in Section 5.1 for details.

We are ready to have a comparison of our result (4) and (2) that is from Wedin’s Theorem.
Under the assumption (3), the upper bound in (2) can be written equivalently as 2v2 p~ L As
a result, the comparison is about the magnitude of (3 ;¢ (o7 'uly,)?) /2. 1f it is smaller
than 1/2, then (4) gives a sharper upper bound than (2). To further compare these two bounds,
consider the following examples.

s Example 1. When U!y,, = 0 and (3) is satisfied, (4) gives the correct upper bound 0. That
is, UTUTT = UTUTT . On the contrary, (2) gives a non-zero bound 2v/2 / p~ L. To be more
concrete, let Y = o (p~1/21,))((n — 1)~/21,,_1)" be a rank-one matrix and y,, be some
vector that is orthogonal to 1,,. Then if o1 > 2|y,|, we have @iy = uy = p~ /1, up to
sign. (4) gives the correct answer ||414! — ujuf ||p = 0 as ul y, = 0, while (2) leads to a
loose upper bound 2v/2 ||y, || /o1.

* Example 2. LetY be a matrix with two unique columns such that y; is equal to either 6 or
—0 for all j € [n — 1] and for some vector # € RP. Then Y is a rank-one matrix with o1 =
0] v/ — 1. Let y, = 0 + €. As long as ||0]| v/n — 1 > 2 ||e||, we have ||a14] — uiul ||p <
4v/2p71(]|0]| + |lell) /o1 from (4). If we further assume ||]| = 1 and e ~ A(0, I,) with
p < n,wehave ||i1a] —uiul||p < \/p/np~t = o(p~!) with high probability. In contrast,
(2) only gives 2v/2p~ L.

In the next section, we consider mixture models where the magnitude of (), elr] (a;lu;fyn)Q)l/ 2
is well-controlled and (4) leads to a much sharper upper bound compared to (2).

Regarding the sharpness of the bound in Theorem 2.1, it’s worth noting that in Example
1 above, our theorem accurately derives an upper bound of 0, showcasing its optimality in
that specific context. To further demonstrate the optimality of our theorem, consider a more
intricate example.

s Example 3. Consider a rank-one matrix Y = 1,11 | where 01 = \/(n — 1)p and uy =
p~Y/21,,. Now, define y,, = 1, + sw, wherein s represents a scalar and w is a unit vec-
tor orthogonal to 1,. This means that y,, matches each column of Y for s = 0 and in-
troduces an orthogonal perturbation for s # 0. Given that p =01 /s = y/(n — 1)p/s and
ul y, = \/p, it follows from Theorem 2.1 that ||i14] — uiuf ||p < 4v2s/((n —1),/p).
Since Y is of rank-two, we can express i1 as 41 = v 1 — a?u; + aw where |a| < 1.
Note that 47V = (/1 —a2)pl? |, /(1 —a2)p + as) and [|aT V]2 = (1 — o?)np +
o252 +2./(1 — a?)pas. For small s, we can approximate « (by maximizing ||a7 Y'||? over
@) as s/(n,/p). Since « is also small, we have |44 — wiuf [|r = av1—a2|luyw’ +




wluy|lp = V2av/1— a2 ~ v/2s/(n,/p). A comparison with the upper bound deduced
from Theorem 2.1 underscores that the theorem captures the correct rate s/(n./p), albeit
with a multiplicative constant.

However, the sharpness of Theorem 2.1 in diverse settings or under different conditions re-
mains an area needing further investigation.

The leave-one-out singular subspace perturbation analysis established in this paper shares
conceptual similarities with the leave-one-out technique grounded in random matrix the-
ory and used in the /o, or {2 o, perturbation analysis [2, 11]. On a high level, for a ma-
trix X with an eigenvector u, the goal of the ¢, analysis is to derive an upper bound for
||u|lco = max; |u;|, where {u;} represents the coordinates of w. To aid in this task, the leave-
one-out technique introduces an auxiliary matrix, formed by excluding the ith column, X,
of X, and the corresponding eigenvectors u_;. It approximates u; by a quantity involving
both X; and u_;, leveraging the independence between them. Our approach aligns with this
principle but subsequent analysis distinctly sets it apart. While both methods involve the dif-
ference between u and u_;, the £, analysis predominantly uses it as a stepping stone towards
|||, dealing with it by a direct application of Wedin’s theorem. In contrast, our methodol-
ogy focuses on establishing a sharp bound for this difference. This distinction enables us to
characterize the tail probabilities of u; rather than just a general £, bound and paves the way
for a more fine-grained investigation into the performance of spectral methods.

We conclude this section by mentioning that our current analytical framework might ex-
tend to scenarios wherein a matrix has multiple columns left out relative to another. Intu-
itively, as columns can be removed sequentially, Theorem 2.1 (or its more concise variant,
(5)) can be invoked in a successive manner. This iterative application can provide an upper
bound on the discrepancy between the two singular subspaces in question. A more intricate
way to consider would be a direct extension of the proof of Theorem 2.1. Given that this
theorem fundamentally revolves around the dynamics between U, Uy, and (I — U,.U! )y,
its generalization is likely to encompass similar, yet more expansive, interactions.

2.2. Singular Subspace Perturbation in Mixture Models. The general perturbation theory
presented in Theorem 2.1 is particularly suitable for analyzing singular subspaces of mixture
models.

Mixture Models. We consider a mixture model with k centers 07,65, ..., 0; € RP and a cluster
assignment vector z* € [k]™. The observations X1, Xo, ..., X,, € RP are generated from

(6) Xi =02 + e,

where €1, ..., €, € RP are noises. The data matrix X := (X7,...,X,) € RP*" can be written
equivalently in a matrix form

(7 X=P+F,

where P:= (07.,07.,...,0%.) is the signal matrix and E := (e1,.. ., €,) is the noise matrix.

Define /3 := ﬁ mingepy [{i: 27 = a}| such that Sn/k is the smallest cluster size.

We are interested in the left singular subspaces of X and its leave-one-out counterparts.
For each i € [n], define X_; to be a submatrix of X with its ith column removed. That is,

8) X i =(X1,..., Xi1, Xit1,..-,Xp) € RPX(n—1)
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Let their SVDs be X = > i ﬂj and X_; = Zje[p/\(n_l)] X_i,ja_ivj@%, where

jE€[pAn]
M>N>... > )\p/\n and )\_, 12>2Ai2>...> )\_Z,p/\(n_l). Note that the signal matrix P
is at most rank k. Then for any r € [k], deﬁne
Ul:r = (ﬂl,ﬁz, ey ’E[//)ﬂ) € OP*" and 0—1’,1:1" = (’ll_iyl, . 7’11_1"/)") e Qrxr

to include the leading r left singular vectors of X and X_;, respectively. We are interested in
controlling the quantity ||y, UL — U_; 1,U%; .. ||r foreachi € [n ]

—1,L:r
In Theorem 2.2, we provide upper bounds for ||y, UL, — U_;1..U 71 1. ||F forall i € [n]
where x € [k] is the rank of the signal matrix P. In order to have such a uniform control
across all ¢ € [n], we consider the spectrum of the signal matrix P. Let \y > Ao > ... > ApAn
be the singular values of P and x be the rank of P such that x € [k], A\, > 0, and A;+1 = 0.

THEOREM 2.2. Assume 3n/k* > 10. Assume

Ak
&) po = 7= > 16.
IE]

128 kk "U_i715’€UTi,1:n6i
<=y
Po Bn Ak

Theorem 2.2 leverages the mixture model structure (6) that the signal matrix P has only k&
unique columns with each appearing at least 3n/k times. The assumption 3n/k? > 10 helps
ensure that spectrum and singular vectors of P do not change significantly if any column of
P is removed. We require the condition (9) so that /\_Z o= )\_Z pbl > 2HU_Z U7 i1 Xi I
holds for each i € [n], and hence Theorem 2.1 can be applied uniformly for all 7 € [n].
The upper bound (10) is a product of pa and a sum of two terms. The second term

U_i1xUZ. | €|/ A can be trivially upper bounded by ||E|| /A« < pg!. The first term
b 0

For any i € [n], we have

10) |01l = Ui

—1,1:k

—i, 1k
VEk/(Bn) =o(1) if Bn/k‘2 > 1, for example, when [ is a constant and k < /n. Then
(10) leads to ||Uy. UL, —U_;1..UT i1wllF S o(1)pg* + py 2, superior to the upper bound
(2) obtained from the direct application of Wedin’s Theorem that is of order Po .

Theorem 2.2 studies the perturbation for the leading x singular subspaces where  is the
rank of P. In the following Theorem 2.3, we consider an extension to || U 7ﬂUl o U —il: TU_l 1rllF
where r is not necessarily k.

THEOREM 2.3.  Assume 3n/k* > 10. Assume there exists some r € [k| such that

A — A
(11) o 1= 1 > 16.

max {|E]|\/5A 11}

For any i € [n], we have

’0—2',1:7‘UT

—4,1:rCi

28 (Vi

12 HU.TUT. U107, -
I L A W .

In Theorem 2.3, r € [k] is any number such that (11) is satisfied. When r is chosen to
be k, (11) is reduced to (9), and (12) leads to the same upper bound as (10). When r < k,
Ar4+1 18 non-zero and in (11) it needs to be smaller than the spectral gap A\, — A4 after
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some scaling factor. To provide some intuition on the condition (11) when r < &, let the SVD
of the signal matrix P be P = Zje[pm] /\jujv;r and define Uy., := (uy,ug,...,u,) € OP*"
and Uy 41y, == (Up g1, Up g2y - ey Ug) € OP*(5=7) Then the data matrix (7) can be written
equivalently as

(13) X =P +F, where P':=U,,U. Pand E' := F + U(TH):KU({H):HP.

Since it is still a mixture model, Theorem 2.2 can be applied. Nevertheless, the condition
(9) essentially requires A./(||E|| + Ar41) > 16 as ||E'|| < ||E|| + ||U(r+1):nU(:C+1);,€PH =
| E|| + Ar41, which is stronger than the condition (11). In order to weaken the requirement
on the spectral gap into (11), we study the contribution of Uy, 1 1).,U (TT +1):KP towards to the
leading r singular subspaces perturbation of F. It turns out that its contribution is roughly

Vk2/(Bn)Ar41 instead of A, 1, due to the fact that U(r+1):nU(7;+1);,£P has at most & unique

columns with each one appearing at least 5n/k times.

Theorem 2.2 and Theorem 2.3 require 3n/k? be sufficiently large. Further in the paper,
results such as Lemma 3.3 need an even stronger condition wherein 8n/k* should be large.
We acknowledge that these dependencies on k appear non-optimal. The current formulations
stem from challenges faced during our analysis, resulting in these inherent dependencies. We
hope to explore more optimal dependency in future research.

3. Spectral Clustering for Mixture Models.

3.1. Spectral Clustering and Polynomial Error Rate. Recall the definition of the mixture
model in (6) and also in (7). The goal of clustering is to estimate the cluster assignment vector
z* from the observations X1, Xo, ..., X,,. Since the signal matrix P is of low rank, a natural
idea is to project the observations {X;};c[,) onto a low dimensional space before applying
classical clustering methods such as variants of k-means. This leads to the spectral clustering
presented in Algorithm 1.

Algorithm 1: Spectral Clustering

Input: Data matrix X = (X1,...,Xn) € RPX™ number of clusters &, number of singular vectors r
Output: Cluster assignment vector 2 € [k]™
1 Perform SVD on X to have

pAN
NPYA
X = Z At 05
=1
where 5\1 > 5\2 > > 5\p/\n >0and {4; f;\? €RP, {{)l}f;\? €R™. Let

Ulep = (fiq, ..., 4r) € RPXT,
2 Perform k-means on the columns of UlT:TX. That is,

PR . AT 2
(14) 2,1Ci 1 = argmin Ui.rX; —cz;
(o hu) = S [0 e

In (14), the dimensionality of each data point U I X, is r, reduced from original dimen-
sionality p. This is computationally appealing as r can be much smaller than p. The second
step of Algorithm 1 is the k-means on the columns of U X, which is equivalent to perform-

ing k-means onto the columns of UlerIT;TX € RP*™_ That is, define éa = (A]lzréa for each
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a € [k]. It can be shown that (see Lemma 4.1 of [26])

(15) <2, {9} }je[lc}> = argmin Z HULTU%:TXZ' -0,

z€[k]™ {0, }jE[k] €R? i€[n)

2

9

due to the fact that U- 1.+ has orthonormal columns. As a result, in the rest of the paper, we
carry out our analysis on Z using (15).

Before characterizing the theoretical performance of the spectral clustering 2, we give the
definition of the misclustering error which quantifies the distance between an estimator and
the ground truth z*. For any z € [k]", its misclustering error is defined as

where ® := {¢ : ¢ is a bijection from [k] to [k]}. The minimization of ® is due to that the
cluster assignment vector z* is identifiable only up to a permutation of the labels [k]. In
addition to  that controls the smallest cluster size, another important quantity in this clus-
tering task is the separation among the centers. Define A to be the minimum distance among
centers, i.e.,
A= avbg[lkl]{z#b\l% Ol -

As we will see later, A determines the difficulty of the clustering task and plays a pivotal
role.

In Proposition 3.1, a rough upper bound is provided on the misclustering error ¢(Z, z*)
that takes a polynomial expression (17). Notably, Proposition 3.1 is deterministic with no
assumption on the distribution or the independence of the noises {¢; };c[,). In fact, the noise
matrix E can be an arbitrary matrix as long as the data matrix has the decomposition (7) and
the separation condition (16) is satisfied. In addition, it requires no spectral gap condition.
Proposition 3.1 is essentially an extension of Lemma 4.2 in [26] which is only for the Gaus-
sian mixture model and needs = k. We include its proof in Appendix E for completeness.
Recall x denotes the rank of the signal matrix P.

PROPOSITION 3.1. Consider the spectral clustering z of Algorithm 1 with Kk <r < k.
Assume

(16) o = 3=05)n—05 || E] =

Then 0(2,2z*) < 3/(2k). Furthermore, there exists one ¢ € ® such that z satisfies

16.

L e Cok B
an E(zvz):g’{le[”]wﬁéﬂzi)}’SW?
and
18) max |0y — 0] < Cop~0%kn=0% | B

ac

where Cy = 128.

Proposition 3.1 provides a starting point for our further theoretical analysis. In the follow-
ing sections, we are going to provide a sharper analysis for the spectral clustering Z that is
beyond the polynomial rate stated in (17), with the help of singular subspaces perturbation
established in Section 2.
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3.2. Entrywise Error Decompositions. In this section, we are going to develop a fine-
grained and entrywise analysis on the performance of Z. Proposition 3.1 points out that there
exists a permutation ¢ € ® such that nl(Z,2*) = |{i € [n] : Z; # ¢(2])}| < nB/(2k). Since
the smallest cluster size in z* is at least Sn/k, such permutation ¢ is unique. With ¢ identi-
fied, Z; # ¢(z}) means that the ith data point X; is incorrectly clustered in 2, for each i € [n].
The followmg Lemma 3.1 studies the event 2; # ¢(2;) and shows that it is determined by the

magnitude of || U, UL &].

LEMMA 3.1. Consider the spectral clustering z of Algorithm I with k <r < k. Assume
(16) holds. Let ¢ € ® be the permutation such that £(2,z*) = L|{i € [n] : 2 # ¢(2})}|. Then
there exists a constant C' > 0 such that for any i € [n],

(19) I{ # 0z} <T{(1- Cug") A < 2|00, 0T,
To understand Lemma 3.1, recall that in (15) Z is obtained by k-means on {U Mf] IT:TX i}ie[n]
Since we have the decomposition UlerIT;TXi = ULTU{‘FZTG;‘_* + UMUI‘F:TQ for each i € [n],

the data points {lAfl;,«UﬂXi}ie[n] follow a mixture model with centers {01;r(71T:T9;}ae[k]
and noises {Ulzrﬁf;ei}ie[n]. In the proof of Lemma 3.1, we can show these k centers
preserve the geometric structure of {¢;},c(x) with minimum distance around A. Intu-
itively, if |U1.UL €| is smaller than half of the minimum distance, Uy..UL X; is closer
to U, TUI L 0%. than any other centers, and thus z; can be correctly recovered.

While Lemma 3.1 lays foundational understandlng, it alone is not sufficient for deriving
explicit expressions for the performance of spectral clustering when the noises {¢; };c[,) are
assumed to be random. The entrywise upper bound (19) shows that the event 2; # ¢(z]) is
determined by the H(j 1;,,[717?7, Al T1..U 1T:T depends on ¢; makes any follow-up
probability calculations challenging. The key to make use of Lemma 3.1 is our leave-one-out
singular subspace perturbation theory, particularly, Theorem 2.2. To decouple the dependence
between U. TUI .. and €;, we replace the former quantity by its leave-one-out counterpart
U_z 1. 7qU - Take 7 to be x. Note that

(20) 71 Ufﬁei

3 T
S H U—i,lll‘iU—i’l;ﬁei

+ Hﬁlzmﬁljjn - ﬁ—iJIKUTi,I:/@HF HEZ” :

The perturbation H(,Afl;,.@f]l:ﬁi U_, 1. KU_Z 1. ||F is well-controlled by Theorem 2.2, which

shows the second term on the RHS of the above display is essentially O(p, ) I U _z,MU Ti,l:nei .
This leads to the following Lemma 3.2 on the entrywise clustering errors.

LEMMA 3.2. Consider the spectral clustering Zz of Algorithm 1 with r = k. Assume
Bn/k?* > 10, (9), and (16) hold. Let ¢ € ® be the permutation such that ((2,z*) = L|{i €
[n] : 2 # @(2])}|. Then there exists a constant C' such that for any i € [n],

[{5 6=} ST{ (1= C (45" +5%)) A <2 0-i1007, 1
Ef(3,2) <n ' S EI { (1—C(vg'+p52)) A <2 HU_WIJ'ZM:TQ

Consequently, if the noises {fi}z‘e[n] are random, the risk of Z satisfies
i€[n]

3

Lemma 3.2 needs three conditions. The first one 8n/k? > 10 is on the smallest cluster
sizes and can be easily satisfied if both 3,k are constants. The second condition (9) is a
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spectral gap condition on the smallest non-zero singular value \,. The third one is for the
separation of the centers A. With all the three conditions satisfied, Lemma 3.2 shows that the
entrywise clustering error for X; boils down to || (AJ_Z‘J:HUE’MQ [|. When the noises {¢; } (]
are assumed to be random and independent of each other, the projection matrix U,m: HU Tl Lk
is independent of ¢; for each i € [n], a desired property crucial to our follow-up investigation
on the risk E¢(Z,2*). When {X,};c[,) are generated randomly, as discussed in subsequent
sections, Lemma 3.2 leads to explicit expressions for the performance of the spectral cluster-
ing.

The key towards establishing Lemma 3.2 is Theorem 2.2. Without Theorem 2.2, if the
classical perturbation theory such as Wedin’s theorem is used instead, then in order to ob-
tain similar upper bounds in Lemma 3.2, the second term on the RHS of (20) needs to be
much smaller than A. This essentially requires max;e[,; [l€;[|* < A, in addition to (9) and
(16). As we will show in the next section, for sub-Gaussian noises, this additional condition

requires plogn < +/n in regimes where Lemma 3.2 only needs p < n.

3.3. Sub-Gaussian Mixture Models. In this section, we investigate the performance of
the spectral clustering Z for mixture models with sub-Gaussian noises. Theorem 3.1 assumes
that each noise ¢; is an independent sub-Gaussian random vector with zero mean and variance
proxy o2 and establishes an exponential rate for the risk E£(2, 2*).

THEOREM 3.1. Consider the spectral clustering z of Algorithm 1 with r = k. Assume
€i ~ SGy(0?) independently with zero mean for each i € [n]. Assume Bn/k* > 10. There
exist constants C,C" > 0 such that under the assumption that

A

21 Py 1= 505k (1 n \/g) - >C

and

22) pi=—2% >,
Vit vie

we have

2

El(z,2") <exp <— (1 - (wl_l + ,01_2)) A) + exp <—g) )

802

Under this sub-Gaussian setting, standard concentration theory shows that the noise matrix
FE has its operator norm ||E|| < o(y/n + /p) with high probability (see Lemma E.1). Under
this event, (21) and (22) are sufficient conditions for (9) and (16), respectively. The risk in
Theorem 3.3 has two terms, where the first term takes an exponential form of A%/(802) and
the second term exp(—n/2) comes from the aforementioned event of || E/||. The first term is
the dominating one, as long as A2 /o2, which can be interpreted as the signal-to-noise ratio, is
smaller than n/2. In fact, A% /o2 < logn is the most interesting regime as otherwise 2 already
achieves the exact recovery (i.e., Z = z*) with high probability, since E{/(%, z*) =0} = o(1).

Theorem 3.1 makes a substantial improvement over Proposition 3.1. Using the aforemen-
tioned high-probability event on || E||, (17) only leads to E/(2, 2*) < (14 +/p/n)%0? /A% +
exp (—n/2) which takes a polynomial form of the A?/o%. On the contrary, Theorem 3.1
provides a much sharper exponential rate.

Our leave-one-out singular subspace perturbation theory and its consequence Lemma 3.2

provide the key toolkit towards Theorem 3.1. Since UTLM is independent of ¢;, we have
T

T <€ ~ SGy(c?) being another sub-Gaussian random vector. This makes it possible to
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control the tail probabilities of |U_; 1..U%; ,..€il|> = ||UZ; ,..€:||> which is a quadratic form
of sub-Gaussian random vectors. Without lising our perturi)ation theory, if the classical per-
turbation bounds such as Wedin’s Theorem is used instead, the previous section shows that
max;e(, [|€i]|* S AxA is additionally needed to obtain results similar to Lemma 3.2. This
equivalently requires \,A/(c?plogn) > 1. When A/o, k, 3 are constants, this additional
condition essentially requires plogn < /n. In contrast, Theorem 3.1 only needs p < n.
Theorem 3.1 gives a finite-sample result for the performance of spectral clustering in sub-
Gaussian mixture models. In the following Corollary 3.1, by slightly strengthening conditions
(21) and (22), we immediately obtain an asymptotic error bound with the exponent being

(1—0(1))A2%/(802).

COROLLARY 3.1. Under the same setting as in Theorem 3.1, if 11, p1 — 00 is further
assumed, we have
2

A
El(2,2") <exp <— (1—0(1)) &12> + exp <—g> .
If AJo > (14 ¢)2y/2logn is further assumed where ¢ > 0 is any constant, % achieves the
exact recovery, i.e., EI{{(Z,z*) # 0} = o(1).

In the exponents of Theorem 3.1 and Corollary 3.1, we are able to obtain an explicit con-
stant 1/8. In addition, we obtain an explicit constant 2v/2 for the exact recovery in Corollary
3.1. These constants are sharp when the noises are further assumed to be isotropic Gaussian,
as we will show in Section 3.5.

The recent related paper by [1] develops a ¢, perturbation theory and applies it to the
spectral clustering for sub-Gaussian mixture models. It obtains exponential error rates but
with unspecified constants in the exponents and under special assumptions on the spectrum
and geometric distribution of the centers. It first assumes both S and k are constants. Let
G € R¥*** be the Gram matrix of the centers such that Gij =0 TG; for each 4,5 € [k].

It further requires \I < G' < cAI for some constant ¢ > 1, i.e., all k eigenvalues of G are
of the same order. It implies that the maximum and minimum distances among centers are
comparable. This rules out many interesting cases such as all the centers are on one single
line. In addition, [1] needs A\ /o — co. Equivalently it means that the leading k singular values
A1, A2, . .., Ak, of the signal matrix P not only are all of the same order, but also A\ /(y/no) >
max{1,\/p/n}. As a comparison, we allow collinearity of the centers such that the rank of
G (and P) can be smaller than k. We allow the singular values Aj, As, ..., A; not of the
same order as long as the smallest one satisfies (22), which can be equivalently written as
A/ (v/no) 2 max{1,/p/n}. The distances among the centers are also not necessarily of
the same order as long as the smallest distance satisfies (21). Hence, our conditions are more
general than those in [1].

The spectral gap condition (22) ensures that singular vectors corresponding to small non-
zero singular values are well-behaved. It is not needed in Section 3.4 where we propose a
variant of spectral clustering with adaptive dimension reduction. It can also be dropped in
Section 3.5 when the noise is isotropic Gaussian. When the mixture model is symmetric with
two components (for example, the model considered in Section 3.6), the signal matrix P is
rank-one. Hence, (22) is also no longer needed as it can be directly implied from (21).

3.4. Spectral Clustering with Adaptive Dimension Reduction. The theoretical analysis
for the spectral clustering 2 of Algorithm 1 that is presented in Lemma 3.2 and Theorem
3.1 requires the use of all the x singular vectors where x is the rank of the signal matrix
P. Nevertheless, not all singular components are equally useful towards the clustering task
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and the importance of an individual singular vector can be characterized by its corresponding
singular value. This motivates us to propose the following algorithm where the number of
singular vectors used is carefully picked.

Algorithm 2: Spectral Clustering with Adaptive Dimension Reduction

Input: Data matrix X = (X1q,..., Xp) € RP*™, number of clusters k, threshold T
Output: Clustering label vector z € [k]™
1 Perform SVD on X same as Step 1 of Algorithm 1.
2 Let 7 be the largest index in [k] such that the difference between two neighboring singular values is
greater than 7', i.e.,

(23) #=max{a € [k]: \a — Agr1 > T}

Let Uy := (4, ..., 4;) € RPXT,
3 Perform k-means on the columns of U{“F”;X. That is,

2

~ (~ 1k .

24 AT ) = m
(24) (Z7{C]}]:1) Ze[k]naggcj}lknlekﬁ 2
’ j= e|m

X’L — Cz;

Algorithm 2 is a variant of Algorithm 1 with the number of singular vectors selected by
(23), where 7 is the largest integer such that the empirical spectral gap A\ — A4 is greater or
equal to some threshold 7'. The criterion in (23) for choosing  has two purposes. Firstly, it
ensures the presence of a desirable spectral gap. More crucially, it is intended to encompass
important singular vectors while disregarding those that are noisy or of lesser relevance. This
is illuminated by an implication from (23) that /\,,H < )\k+1 + KT and that the significance
of a singular vector can be characterized by the magnitude of its associated singular value. To
illustrate this further, let us compare our approach with an alternative selection mechanism
that simply choose an arbitrary index from {a € [k] : Ao — >\a+1 > T'} instead of the largest
one. While such a criterion would indeed ensure a spectral gap, it is possible that >\7~+1 and
subsequent singular values remain large, suggesting that the corresponding singular vectors
are of importance. Omission of these pivotal vectors from the clustering algorithm would
result in a decline in its performance.

The choice of the threshold 7 is crucial. When 7' is small, 7 might be even bigger than
the rank k. When T 2 || E||, it guarantees that the singular values of the signal matrix P
satisfy Ay — Ap11 2 T and As11 < T. When 7' is too large, the singular subspace ﬁl;f» misses
singular vectors such as @741 whose importance scales with Ay that can not be ignored.
This in turn deteriorates the clustering performance of z. A rule of thumb for the threshold
T is that T'/ | E|| is at least of constant order. It is allowed to grow but not faster than ¢g
defined in (25). The precise description of the choices of 7" needed is given below in Lemma
3.3, which provides an entrywise analysis of Z that is analogous to Lemma 3.2.

LEMMA 3.3. Consider the estimator % from Algorithm 2. Assume [3n/k* > 400. Let
¢ € ® be the permutation such that (2, 2*) = 2|{i € [n] : 2 # ¢(2})}|. Define
A
B—O.Sk?n—()ﬁ HEH
and p:=T/ || E|. Assume 256 < j < 1o /64. There exist constants C,C" such that if 1y > C,
then

(25) Yo =

L #0(DE<T{ (1=C' (505! +57) ) A <2 |00, U7, e
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Consequently, we have

Be(z,2) <n U SR (1= (305t +571) ) A <2 (050007, e

i€[n]

3

With a proper choice of the threshold 7', Lemma 3.3 only poses requirements on the small-
est cluster size Sn/k and the minimum separation among the centers A. Compared to Lemma
3.2 and Theorem 3.1, it removes any condition on the smallest non-zero singular value such
as (9) or (22). In addition, it requires no knowledge on the rank «. Note that under the condi-
tions of Lemma 3.3, 7 defined in (23) always exists (See Lemma B.1).

With Lemma 3.3, we have the following exponential error bound on the performance of z
on sub-Gaussian mixture models, analogous to Theorem 3.1 and Corollary 3.1 for 2.

THEOREM 3.2.  Consider the estimator % from Algorithm 2. Assume ¢; ~ SG,(0?) in-
dependently with zero mean for each i € [n). Assume fn/k* > 400. There exist constants
C,C'",C1,Cy > 0 such that under the assumption that

o A

A0 (1B

and py :=T/(o(\/n + /p)) satisfies Cy < pa < 1py/Co, we have

>C
g

AZ
]Eg(Z?Z*) < exp <_ (1 -’ (Pziﬁ;l + P;l)) &‘_2> + exp (—%) .

If 12, p2 — 00 and pa2 [1pa = o(1) are further assumed, we have
2

El(z,2") <exp <— (1-0(1)) 8%:2> +exp (—g) .

3.5. Isotropic Gaussian Mixture Models. In this section, we consider the isotropic Gaus-
sian mixture models where the noises are sampled from N (0,02Ip) independently. As a
special case of the sub-Gaussian mixture models, Theorem 3.1 can be directly applied. Nev-
ertheless, the isotropic Gaussian noises make it possible to remove the spectral gap condition
(22). In addition, we study the performance of the spectral clustering Z from Algorithm 1
with exactly the leading % singular vectors, regardless of x, the rank of matrix P. As a result,
it requires no knowledge on x and needs no adaptive dimension reduction such as Algorithm
2. We have the following theorem on its performance.

THEOREM 3.3. Consider the spectral clustering z of Algorithm 1 with r = k. Assume
€ ZrZ\(Ji./\/'((),azlp) for each i € [n]. Assume 3n/k* > 100 and
A

26 — 00.
(26) k35805 (1+ L) o o0
We have
—0.25
27) El(z,z")<exp|—-|1-C A 72 4 970080
’ - p k3.56—0.5 (1 + %) o 80.2 )

where C' > 0 is some constant.
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Theorem 3.3 shows that asymptotically E/(Z,2*) < exp(—(l — 0o(1))A%/(80?)) +
2exp (—0.08n) where the first term dominates when A%/0? = o(n). The minmax lower
bound for recovering z* under the given model is established in [27]: inf; sup 4+

exp(—(1+0(1))A?/(80?)) as long as A?/0? >> log(k3~!). This immediately implies that
the considered estimator is minimax optimal. Theorem 3.3 also implies 2z achieves the ex-
act recovery E{/(Z,2*) # 0} = o(1) when A/o > (1 + ¢)24/2logn for any small constant
¢>0. When A/o < (1 — ¢)2y/2logn, no algorithm is able to recover z* exactly with high
probability according to the minimax lower bound.

It is worth mentioning that Theorem 3.3 requires no spectral gap condition such as (9) or
(22). The purpose of such conditions is to ensure that singular vectors of X are well con-
trolled, especially those corresponding to small non-zero singular values of the signal matrix
P. When the noises are isotropic Gaussian, the distribution of each right singular vector ©; is
well-behaved for any j € [p An]. Lemma 4.4 of [26] shows that each (I — V3., V{L, )9, is Haar
distributed on the sphere spanned by (I — V4. ,{VlTK) where Vi, := (v1,v2,...,v,) € Q"*"F
is the right singular subspace of the signal matrix P. Theorem 3.3 is about the smgular sub-
space Up. In its proof, we decompose it into U1, and U(T+1) .1» for some index r € [] with

sufficiently large spectral gap A, — A4 so that the contribution of Uy, can be precisely
quantified following similar arguments used to establish Lemma 3.3 and Theorem 3.1. The
contribution of each @; where j € {r +1,...,k} is eventually connected with properties of
the corresponding right singular vector ©;, particularly, the distribution of (I — V3.,V )9;.
These two sources of errors together lead to the upper bound (27).

The performance of Algorithm 1 with » = k under the same isotropic Gaussian mixture
model is the main topic of [26] which derives a similar upper bound for E/(Z, z*) assum-
ing A/(87%5k195(1 4 p/n)) — oo. The key technical tool used in [26] is spectral operator
perturbation theory of [21, 22] on the difference between empirical singular subspaces and
population ones, which works for the Gaussian noise case and it is not clear whether it is
possible to be extended to other distributions including sub-Gaussian distributions. In this
paper, the proof of Theorem 3.3 is completely different, using Theorem 2.3 on the difference
between empirical singular subspaces and their leave-one-out counterparts. We not only re-
cover the main result of [26] with a much shorter proof, but also improve the dependence of
k. Despite that Theorem 3.3 needs an extra condition 5n/k* > 100, it only requires k- to
satisfy (26), while [26] needs k0 instead which is a stronger condition.

3.6. Lower Bounds and Sub-optimality of Spectral Clustering. In the above sections, we
focus on quantifying the performance of spectral clustering under mixture models. An inter-
esting question is whether the spectral clustering is optimal. When the noise is the isotropic
Gaussian, Theorem 3.3 matches with the minimax rate assuming (26) holds, showing that
the spectral clustering is indeed optimal in this case. It remains unclear whether the spectral
clustering is optimal or not when the noise is beyond the isotropic Gaussian model.

To answer this question, in this section we consider a two-cluster symmetric mixture model
where the centers are proportional to 1, and the noises have i.i.d. entries. This setup makes
it possible to apply the central limit theorem to characterize the performance of the spectral
clustering with sharp upper and lower bounds, as llgei is asymptotically normal for each
i € [n] when p is large.

A Two-cluster Symmetric Mixture Model. Consider a mixture model (6) with two clusters
such that

(28) 0 = —03 = 61, and {e; }icpn) jep) ~ F,

..... 0r),z Eé( 72*)

>
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for some ¢ € R and some distribution F, where {e; ; } jc[,) are entries of ¢; for each i € [n].

Under the above model (28), we have k = 2, A = 2\/135 and the largest singular value
A1 = d,/np. Since the signal matrix P is rank-one (i.e., x = 1) withu; = (1/,/p)1,, a natural
idea is to cluster using the first singular vector only. Define

< (s . ~ 2
) ()= g B (e

The performance of the spectral estimator Z will be the focus in this section. Note that QF{X =

5\1@1T where 9 is the leading right singular vector of X, so Z equivalently performs clustering
on {01, }ie[n]» the entries of 9. This is closely related to the sign estimator {sign(?1;) }ic[n),
which estimates the cluster assignment by the signs of {91, }icn)-

Since Z is exactly the spectral clustering Z of Algorithm 1 with » = 1, Theorem 3.1 can
be directly applied when noises are sub-Gaussian and yields the following result. Under the
model (28), assume that F is a SG(o?) distribution with zero mean and 3n > 40. There exist
constants C, C’ > 0 such that under the assumption that

3= — =
0 (VD)
we have E/(Z, 2*) < exp(—(1 — C"h3 1) A2/(802)) + exp(—n/2).

The special structure of (28) makes it possible to derive a sharper upper bound than the one
above and a matching lower bound on the performance of Z with some additional assumption
on the distribution F'. Instead of directly using Lemma 3.2 (which leads to Theorem 3.1 and
then the above upper bound), we can further connect the clustering error with u{ei where
u{ei =p1/2 ?:1 €;,; 1s approximately normally distributed when p is large. On the other
hand, the structure of (28) enables us to have a lower bound for I{Z; # ¢(z})} that is in an
opposite direction of Lemma 3.2. See Lemma D.1 for details. The key technical tool used
is Theorem 2.2 on the perturbation |a14] — @14, | for all i € [n]. These together give
a sharp and matching lower bound for E/(Z, 2*) where the clustering error is essentially

determined by A and the variance 2.

> C,
g

THEOREM 3.4. Consider the model (28). For any £ ~ F, assume E& = 0, Var(€) = 72,
and & ~ SG(c?) where o < C& for some constant C > 0. Assume 3n > 40. Then there exist
constants C',C",C"" > 0 such that if 13 > C’', we have

1"y t)? A2
El(2,2") < exp <—( 81;}; ) ) +exp (—C"/p) + exp (—g) ,

m,; —1\2 A2
and E{(Z,2") > exp < (1—1—08;@ ya > —exp (—C"\/p) —exp (*g)

In Theorem 3.4, the term exp(—C",/p) is due to the normal approximation of uf'e; and
decays when the dimensionality p increases. The term exp(—n/2) is due to a high-probability
event on | E||. If additionally A /5 < max{p'/4 n'/?} is assumed, Theorem 3.4 concludes
asymptotically

2
(30) El(%, 2*) = exp (—OH)A> ,

852

for some small constant c.
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The upper and lower bounds in Theorem 3.4 give a sharp characterization of the perfor-
mance of Z. To answer the question of whether it is optimal or not, we need to establish the
minimax rate for the clustering task under the model (28). Since the model (28) is essentially
about a testing between two parametric distributions, the optimal procedure is the likelihood
ratio test. According to the classical asymptotics theory [39], the likelihood ratio behaves like
a normal random variable as p — oo under some regularity conditions. This leads to an error
rate determined by A and the Fisher information.

LEMMA 3.4. Consider the model (28). Assume the distribution F' has a positive,
continuously differentiable density f with mean zero and finite Fisher information T :=
J (f'/f)? fdz. Assume A is a constant. We have

A? A?
(31) Cl exp <— 81_1) S pgﬂ;olgfzfél[g)]7l Ee(zjz*) S CQ exp <_8:Z,-1> ,

for some constants C1,Cy > 0.

With Lemma 3.4, the question of whether 2 is optimal or not boils down to a comparison of
the variance 32 and the inverse of the Fisher information Z~1. Due to the fact that Z~! < 52
and the equation is true if and only if F' is a normal distribution, we have the following
conclusion.

THEOREM 3.5. Consider the model (28). Assume all the assumptions needed in Theorem
3.4 and Lemma 3.4 hold. Then the spectral clustering Z is in general suboptimal, i.e., it fails to
achieve the minimax rate (31). It is optimal if and only if the noise distribution F is N(0,52).

Theorem 3.5 establishes the sub-optimality of the spectral clustering Z under the model
(28). Though 2 achieves an exponential error rate, it has a fundamentally sub-optimal ex-
ponent involving &2 instead of Z~!. This is due to the fact # clusters data points based on
Euclidean distances, whereas the optimal procedure uses the likelihood ratio test. Only when
the noise is normally distributed, the likelihood ratio test is equivalent to a comparison of
two Euclidean distances, leading to the optimality of Z in the Gaussian case. Even though
that Theorem 3.5 is only limited to the model (28), the above reasoning suggests the spec-
tral clustering is generally sub-optimal under mixture models beyond (28) unless the noise
follows a Gaussian distribution.

4. Discussion.

4.1. Potential Applications of Leave-One-Out Singular Subspace Perturbation Analysis.
In this paper, we have primarily applied the developed leave-one-out singular subspace per-
turbation toolkit to study the performance of spectral clustering in the context of mixture
models. However, it is important to highlight that this toolkit holds promise for various other
applications that exhibit low-rank structures and require entrywise analysis. Examples of
such applications include low-rank matrix denoising, matrix completion, factor analysis, bi-
clustering, and more.

To illustrate the versatility of our approach, consider a simple scenario where the data
matrix W is approximately rank-one and can be expressed as W = Muv? + E. Here, ) is
a scalar, and u and v are unit vectors. Let A\, 4,0 be the leading singular value, left singu-
lar vector, and right singu}ar vector 0’{“ w. Speciﬁqally, v;, the i-th coordinate of v, can be
expressed as 0; = 07 W; /A = (Ml u/N)v; + 4T e; /A, where X; and ¢; represent the i-th col-
umn of X and FE, respectively. Under suitable regularity conditions, we can observe that
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the first term, (AG7w/\)v;, is well-controlled, leaving the perturbation of ¥; to be predomi-
nantly determined by the second term, 77¢; / A, which can be approximated as @7 ¢; /\. Since
|aTe;| = ||aa ¢;|, we can leverage Theorem 2.1 to establish a connection between |i” ;]|
and ||a_;a%,¢;|| = |aT €|, where 7i_; represents the leading left singular vector of the data
matrix with the ¢-th column removed. Importantly, the independence between u._; and ¢; can
be exploited to analyze the magnitude of \ﬂgel |, facilitating an entrywise perturbation analy-
sis for ;. This demonstrates the potential broader applicability of our leave-one-out singular
subspace perturbation analysis beyond spectral clustering and mixture models.

4.2. Extension to Eigenspace Perturbation. In this paper, we primarily focus on the anal-
ysis of singular subspace perturbations. However, it is worth considering the potential exten-
sion of our findings to eigenspace perturbation scenarios. Let us consider two symmetric
matrices, Y € R=D*(=1) and ¥ € R"*", Here, Y is obtained from Y by removing the
last row and column of Y. For simplicity, we assume that Ynn = (. We introduce a vec-
tor y, € R™1 such that the last row and column of ¥ can be represented as (y!,0) and
(yT,0)T, respectively. Let the leading eigenspaces of Y and Y be denoted as U, € R(?~1)x"
and U, € R"*", respectively. In contrast to the singular subspace analysis, we note that Y
and Y have different dimensionalities. To address this, we consider an augmented matrix
U, = (UF,0)T € R™". Analyzing ||U,U! — U,UL||r leads us to follow a similar proof
strategy as employed in Theorem 2.1. However, extending the proof from Theorem 2.1 to
cover ||U, UL — U,UF ||r appears to be non-trivial and potentially challenging.

The reason for this challenge lies in the perturbation between U,.U! and U,U;! that not
only involves the last column but also the last row of Y. In particular, the contribution of
the last row (y,0) to the upper bound of ||U,.U! — U, UT||r remains unclear, as it is not
accounted for in the current analysis presented in Theorem 2.1. Hence, we defer the analysis
of eigenspace perturbations to future research endeavors, recognizing the need for a more
comprehensive and specialized treatment of this aspect.

4.3. Approximated Solution to k-means. Solving the k-means problem exactly, as de-
tailed in (14), can be computationally challenging, particularly for large datasets. To enhance
practicality, one might opt for an approximate solution to k-means, where the solution’s ob-
jective value remains within a factor of (1 4 ¢) of the global minimum. It’s worth noting,
however, that such an approximate solution may lack a property intrinsic to the global min-
imizer in (14): 2; = argmin ¢y |UL X; — é,]|? for every i € [n], which is critical to our
theoretical analysis. To circumvent this issue, we can use a strategy delineated in Section 2.5
of [26]. This approach, devised for addressing a similar problem for spectral clustering under
Gaussian mixture models, executes an additional step of Lloyd’s algorithm after obtaining
the (1 + ) solution. As evidenced by Theorem 2.2 in [26], the theoretical analysis for this
augmented method closely mirrors that of the original. The cost of having the approximate
solution is the need for a slightly more stronger signal-to-noise condition. In our context, this
means Theorem 3.1 would remain valid, albeit with ¢); carrying an extra /1 + ¢ factor in its
denominator.

4.4. High-dimensional regime p > n. In the context where k, 3, o are constants, Corol-
lary 3.1 and Theorem 3.3 demand the conditions A/(1+ \/p/n) — oo and A/(1+p/n) —
oo respectively. In the low-dimensional scenario, where p < n, these conditions can be
equivalently expressed as A — oo that is recognized as optimal. Nevertheless, in the high-
dimensional case p > n, these conditions are deemed sub-optimal. For a two-component
symmetric isotropic Gaussian mixture model, [9] demonstrates that spectral clustering re-
mains consistent as long as A/(p/n)'/* — co. More recently, for sub-Gaussian mixture
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models, under this condition, exponential misclustering errors are obtained in [16] through
semi-definite programming (SDP) and in [1, 30] through a variant of spectral clustering that
employs the leading eigenvectors of a hollowed gram matrix H (X7 X) € R™ ", where H(-)
is the hollowing operator that zeros out all diagonal entries of a square matrix. In addition,
it is suggested in [1] that hollowing is crucial for spectral clustering in high-dimensional and
heteroscedastic scenarios. It provides counterexamples showing that the leading eigenvectors
of XT X can be asymptotically orthogonal to their population counterparts. In contrast, those
of the hollowed matrix H(X? X) remain consistent. Our more stringent conditions, as com-
pared to A/(p/n)'/* — oo, stem from challenges inherent in our analysis, possibly related
to our use of the gram matrix, as opposed to H (X7 X).

4.5. Explicit Error Rate of Spectral Clustering under Other Mixture Models. As our
analysis in this paper establishes an explicit error rate under sub-Gaussian mixture models, a
natural question is whether our analysis framework can be extended to other mixture models.
A key observation is that the clustering error bound in Lemma 3.2 imposes no specific as-
sumptions on the noise distribution {¢; }, allowing for potential applicability to a wide range
of mixture models. However, this flexibility comes with challenges. Lemma 3.2 highlights
that the clustering error is intimately tied to the tail probabilities of ||IA]F;FZl €i||. While the
independence between (A]_Z-J:,i and ¢; is advantageous, the lack of explicit expressions for
U,m: « poses difficulties when dealing with other noise distributions.

When ¢; follows a sub-Gaussian distribution, existing concentration inequalities can be
applied to analyze the norm of UTZ 1.€i» providing a sharp upper bound as in Theorem 3.1.
However, in scenarios where ¢; is assumed to follow a specific distribution, such as a centered
Bernoulli random vector with success probability ¢ decreasing as n grows (as encountered in
community detection tasks), issues arise. Despite modeling €; as SG (1), the correct variance
is g, leading to a loose upper bound for spectral clustering performance. Directly analyzing
H(A]Tzl .€i|| becomes challenging in such cases due to the lack of explicit expressions for
(AL,;J;,{ and uncertainties about the behavior of its entries. It is important to acknowledge that
our current analysis framework has limitations when confronted with these complexities.
Future research in this direction may involve exploring novel techniques or adapting exist-
ing methodologies to handle non-sub-Gaussian noise distributions more effectively, thereby

establishing sharp analysis for spectral clustering under diverse mixture models.

4.6. Unknown k or o. In this paper, we assume k, the number of clusters, is known. If
k is unknown, one can employ existing methodologies, as found in the literature [42, 38,
29, 40], to estimate its value prior to applying our spectral clustering method. Our theoreti-
cal results maintain their validity, given that k is accurately estimated, albeit with an added
term accounting for the estimation error of k. However, while such methods have empirically
demonstrated decent performance, their theoretical performances are not fully understood,
especially in contexts where both p, n are large. Regarding o, the noise level in sub-Gaussian
mixture models, both Algorithm 1 and Algorithm 2 require no prior knowledge of . How-
ever, in Theorem 3.2, the threshold 7' is needed to satisfy a condition involving o. More
generally, in Lemma 3.3, T'/|| E|| needs to be bounded away from 0. To endow the algorithm
with enhanced adaptability, one possible approach is to consider 5\k+1, the (k + 1)th largest
singular value of the data matrix, as a surrogate of || E||. The intuition is that when entries
of the noise matrix F are independent and identically distributed, asymptotic behavior of its
singular values can be characterized using random matrix theory, building a connection be-
tween || E|| and its leading singular values. Further investigation is beyond the scope of this

paper.
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S. Proof of Main Results in Section 2. In this section, we give the proofs of Theorem
2.1 and Theorem 2.2. The proof of Theorem 2.3 is included in the supplement [46] due to
page limit.

5.1. Proof of Theorem 2.1. Before giving the proof of Theorem 2.1, we first present and
prove a slightly more general perturbation result, Theorem 5.1, which only requires o —
021 —||(I =UUF)yn||? > 0 instead of assuming p > 2. We defer the proof of Theorem 2.1

to the end of this section, which is an immediate consequence of Theorem 5.1.

>2,

PROOF. Decompose ¥, into 3, =  + ¢ with 0 := U,.U!y,, and € := (I — U, U} )y,. Then
we have u? 9 = ul'y, foreach i € [r].
Throughout the proof, we denote

THEOREM 5.1. Ifo? — o2 | — ||[(I — U, U )ys|* > 0, we have

U0 —u.ur

T 7

2v/20, H(I— UrUrT)ynH
P 02— o2, — (L UUT )yl

2
T
r _UTUT P

Denote d =p A (n—1). If p<n — 1, we have d = p and denote U := (uy,...,u,) € RP*P
which is an orthogonal matrix. If p > n — 1, we let U € RP*P be an orthogonal matrix with
the first p A (n — 1) columns being w;,...  UpA(n—1)- In both cases, we have U being an
orthogonal matrix. Then U, can be written as U, = U B for some B = (B j) € RPXT Let B
be the ith row of B for each i € [p]. Define b? = 1 — || B;_.||? for each i € [r] and b? = || B;. H2
for each ¢ > r. Then we have

+ HU Ur |y - 2(0.07, 0.UT)

_2/-3 2 > B

i€lr] j€[r]

(32) _221)2_22 b2,

i=r+1

where in the last equation we use the fact that || B||2 = r.
Note that U, U'Y is the best rank-r approximation of Y. We have

- cor) o <o -vomy:

Due to the fact Y = (Y, y,,), we have

Caer b R ey P S (O Y R O P
which implies
(33)

|(r-om) v |- = ¢~ o) Y < (- 008 gl - || (- G0 ) |

We are going to simplify terms in (33).
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(Simplification of the LHS of (33)). Recall the decomposmon Y Zze[d] o;u;v; . Since

(I-UUD Y =3¢ oiun?, wehave ||(T— U,UL) Y |7 = X%, o2. Since
0'12}? ’U{
vty =u? 2; oiuvl | = U'd'v'g = diag(a1,...,04,0p_q) Uép :
el Opfd O(p—d)xn

we have
(- ey = o (- vroczeyers;
T 2

vy

= (I - BBT) diag(o,...,04,0p—q) vT
d

O(p—d) Xmn F

=tr <diag(al, oy 04, 0p_q) (I — EBT> diag(o1,...,04,0p—q) <IdXd O(p—d)x(p—d))> .

where in the last equation we use the following facts: (1) for any two square matrices of the
same size A, D, we have ||AD||% = tr(DT AT AD) = tr(ATADDT); (2) B has orthogonal
columns such that (I — BBT)2 =T — BBT; and (3) {v1,...,vq} € R"! are orthogonal
vectors. Since the diagonal entries of BB are {|| B;. 12} iepp)> We have

~ A 2 A A
H (I _ UTUf> YHF —tr <diag(01, o020y a) (I _ BBT> diag(o1, ... ,ad,op_d))

:izd;g§<1—(

B.

2
8.
F

d
) -ttt S

1> i>r

Then we have

LHS of (33) = Zag (1 —

where we use ZDT F<P

B;.

b? = a? /2 from (32) in the last inequality .

©>r

(Simplification of the RHS of (33)). Recall that U, =UB. We decompose it into B =
(BT, BT where By € R™" are the first 7 rows and By € R?~")%" We have

RHS of (33) =y (I~ U,U7) g — ik (1= 007 ) g
= vt (007 - 0,U7 )
_ T Blé?_lrxr BlB2 T
=t < BBT Bypr )Y

Define B+ € RP*(P=7) to be the matrix such that (B, B+) € RP*? is an orthonormal matrix.
We can further decompose it into B+ = (BLT BT where Bi- € R™(~7) including the
first  rows and B2L € R=m)x(P=7) Since (B ) BL) has orthogonal columns, we have

(B1,Bi)(B1,Bi)" = BB + B Bt = Iz,
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and (By, Bi)(By, B&)T = Oy (p—r)» Which implies
BBT — Bl BT
We also decompose the matrix U =: (U,, U ). Then
CBEBETBEBT
~L LA U, U
—Bé‘Bf‘T BQBT ( T L) Yn

yr U, By B TU Ty, — 2yt U, B By "U Ty, + yL UL B2 BI Ul yy,

RHS of 33) =y (U,,U,) <

. 2 . . . 9
- HB%TU?yn +2 HB%TUqun HBg_TH HUIyn TH HUIynH .
Note that || By T|| <1 and || BY||> < || BY||2 = Y., || Bi.||? = a?/2 which is by (32). We
also have
|UTyn| = llell-

Since | Bi-||z2 = 30, <1 — HRHQ> = a?/2 according to (32), we have | Bf-|| < a/v/2.
Thus, using U e = 0, we have

» LTUT
r

ALTUZPH.

Then,
2
RHS of (33) < 2 HBIH’UTTQH lell + % lell?.

To simplify || Bi-"UT4||, denote w; = uX'6 and s; = |w;| /o; for each i € [r]. Recall that
ul'0 = ul'y, for each i € [r]. We have
T

"1 Vi € [r].

S; =

7

We then have

Ll
Bi,'

r
=1

r r
<> Jwi = " sioi bl < |1s]| 203537
i=1 =1

where we denote the ith row of Bi- as BZL and we use the fact that Hl?f I2=1- ||Ez 2
for each i € [r]. As a result,

RHS of (33) < 2||s]|

20262\\ H+ H I

(Combining the above simplifications for (33)). From the above simplifications on the LHS
and RHS of (33), we have

~ 50 5 A 9,9 a?
> oib; —0r1 = 2]ls] ZO’ b7 llell + < llell”
i=1

Define ¢t = /) _;_; o7b7. Then after arrangement, the above display becomes

2
2= 25| lef| ¢ < o2y, 5 5 H I
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Note that the function t? — 2 ||s|| |||/ ¢ is increasing as long as t >t where we define ¢ :=
|s]| |[€]|. On the other hand, from (32), we have the domain ¢ > ao,/v/2. We consider the
following two scenarios.

If ao,. /v/2 < tg, we have

V2to V2| s [l

oy oy

(34) <

If ao, /\/2 > tg, we have

(07

2 203 \[
" =2|sllt =2 —= = vV2lsl [lell ao-

Hence, we have an inequality of a:
2 2 2
a‘o o
L= V2| s| [lell aoy < o7y —
2 2
which can be arranged into

a 2
(2= a2 = el) < V2lislloy el

2
« 2
+ 5 lel?,

2
Hence, under the assumption 02 — 02, ;| — l€e][* > 0, we have
2v20, |||l [l
(35) <= 7
Or =041 — H€||
Since 202 > 02 — 02, | — |||, the upper bound in (34) is strictly below that in (35). Hence,
(35) holds for both scenarios. The proof is complete. 0

PROOF OF THEOREM 2.1. Since we assume p > 2, we have
2
03 - Uz-ﬁ-l - H(I - U'rUrT)EH = or(or — 0741) — (07 — UT+1)2/4
>op(op — 0r41)/2 = poy H(I - UTUTT)EH /2.

Together with Theorem 5.1, we obtain the desired bound. 0
5.2. Proof of Theorem 2.2.

PROOF OF THEOREM 2.2. Consider any ¢ € [n]. In order to apply Theorem 2.1, we need
to verify that the spectral gap assumption (3) is satisfied. That is, define
L S\—i,n — 5\—i,n—i—l
p—i= R - .
(1= 0007, 1, ) X

—i,1:k

We need to show p_; > 2. In the following, we provide a lower bound for the numerator
Aik — Aiwtl

Define A_;1 > A_j2>...> )\_i’pA(n_l) to be singular values of P_;, the leave-one-out
counterpart of the signal matrix P where

(36) P_;, .= (9;1*, ey 6:;_17(92;17 .. 7022/) € RPX(nfl)'

We are interested in the value of A_; .. Recall that A\, is the xth largest singular value of P
which is rank-. Since P has k unique columns {07} ¢ its left singular vectors u; € ©
for each j € [k] where © := span({0; } <[] )- Note that each ¢; appears at least 3n/k times
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in the columns of P. Then P_; also has these k£ unique columns with each appearing at least
fn/k — 1 times. This concludes that P_; has the same leading left singular vector space as
P. We then have

A2, — . Tp . 2 _ . Tp* )2
S e Pl i DL W)
JE[n]:j#i
> % ! min Z (wrer)?=(1- L min HwTPH2
B % weO:||w||=1 * %3 Bn ) wed:|jw||=1
Jj€ln]
k

37 >(1—— )\
S O Ik

We also have A_; .11 =0 as P_; is rank-x.

Next, we are going to analyze 5\_2-,,{ and S\—i,n+1’ the xth and (x + 1)th largest singular
values of X_;. Recall the SVD of X_; in Section 2.2. Define

(38) E_i:=(€1,. .,6-1,6i41y---,€n) € RPX(n=1)

sothat X_; = P_;+ E_;. By Weyl’s inequality, we have |A_; , — /A\_m!, |A_i ot — S\_WH\ <
|E_i|| < ||E||. Then we have

. k
(39) Acin 2 A = Bl 24 [T = = A — | B
) ’ Bn

and

A N k
(40) Adin — Adipntl = Acin — Aciwt1 — 2||E| > \/ 1-— %AH —2[E].

Next, we study |[(1 — (A]_i,l;,{f]fi’m
proximation of X_;, we have

where we use the fact that P_; is rank-x. Then by the triangle inequality, we have

H (I - U*@LHUTZ',IW) P*l'

)Xi|. Since (Af—z’,mfffi’l;,@X_i is the best rank-x ap-

U—i,l:nUT X_i— X

—i,1:k

<1Poi = Xoill = Bl

= HU—i,lanT P_;— P

—1,1:K

< + HU—i,lanTi,l:ﬁX—z‘ - X

UinwU2; 10 (Pos — X 4)

+ [ X—i — P
<3| E-ill-
Using the fact P_; is rank-x again, we have
V| (1= 00T, 1) Poi]| < 3VE B < 3V 1B

Since P_; has at least Sn/k — 1 columns being exactly 07, we have

(-0t

—i,1:k

-0 0T )P_»
NG Orelti) P, sy

[Bn _ = e _
k k

—1,1:K

@1 H (1= 00T, 1) 03
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and consequently,

H (I - U*i,liﬂﬁfi,lzn> Xl

(1— U innlU7, H) 0.
< 3VEIE]

\/— -1
From (40) and (42), we have
V1= 252 2] E|l
(43) S Po

_ >—>2
S B B TR T

V=

where the last inequality is due to the assumption py > 16 and 3n/k? > 10.
The next thing to do is to study {QTWXZ‘}GG[H]. Denote the columns of P_; and E_; as

{(P=).j tiem—1 and {(E—;). ; } je[n—1), respectively. Define S := {j € [n — 1] : (P;).; = 03-}.
Then for any a € [k], by the SVD of X_;, we have

AT *
fi,aez;‘ ’S’Z 7za 1 S |S‘Z fza —Z J |S|Z 7za

+ H (I U i, HUTi,lzﬁ) &

(42) + 1E]|.-

jes jES Jjes
L o7
’S| Z)\—za —za Eufi,a Z(E—i)~,j
jes Jjes

Hence, by Cauchy-Schwarz inequality and the fact that ||v_; .|| = 1, we have

SRV SR O SVR 12

44 AT 0* .
44) U_jaVz; |S| |S| _\/Bn_ @ 1
Since [a”; , X;| < |a”, 0% Liat
lat, Xl 1 1 E )
Al7a ¢ g + = H H + |UT'L a€2|
A—i,a Bn _ 1 )\—i,a Bn _ 1
k k
1 1 E 1
§ + = ” ” + = ‘ A1—11 a61|
ﬂ?n -1 )\—i,/{ 6?” —1 A—i,n
Consequently,
ol
al;  Xi L& f A g T
Z i, 1K —i,l:f-iel' ’
a€k )\—i,a Bn —1 /\_Z k n -
where we use the fact HU—i,l ,.;UTZ Le€ill = H Zinw€ill = (Zie[/{] (ﬁzi,aﬁi)z)lﬂ-

Lastly, by Theorem 2.1, we have

4\f< N 1 ( JEIE| +HU—1 -
F \/W S on \ Bk -1 iU 106

[Lopearey N 1)

—1,1:k

1)
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Since Bn/sz > 10 and pg > 16 are assumed, we have 5\_1-7,{ > Ax/2 by (39). Then together
with (43), the above display can be simplified into

< 32v2 [ 2Vkk n 2 HU—i,lanTz‘,l;nfi

HULK/UEH - U—i,l:nUTi,l;/g

a F Po VBn Ax
198 (VEr || U0 e
< — +
£0 V /Bn An
This concludes the proof of Theorem 2.2. O

6. Proof of Main Results in Section 3. In this section, we include proofs of Lemma
3.1, Lemma 3.2, and Theorem 3.1. The proofs of all other results of Section 3 are included
in the supplement [46] due to page limit.

6.1. Proof of Lemma 3.1 and Lemma 3.2.

PRrROOF OF LEMMA 3.1. For simplicity, we denote U to be short for Uy, throughout the
proof. From (15), we know Z; must satisfy

)

]mﬂ&_@

Z; = argmin
a€k]

where {éa}ae[k] satisfies (18) according to Proposition 3.1. Hence, we have

‘UUTXi _4,

(a2 o) =1{ _ min

a€[k]:a#¢(z])

Consider a fixed a € [k] such that a # ¢(z}). Note that for any vectors z,y,w of same di-
mension, if ||z — y|| < ||z — w||, then we must have ||y — w|| /2 < ||z — w||. Hence, we have

quxr@%w}

meﬂ&—%
:H{l

2
q;
<1{

where we use the fact that X; = 07. +¢; and H(A](A]TQ;‘; = éqﬁ(z;‘)” <6z — éqb(z:)”- Since
Op(er) = 0a = Op(er) — 0 + 03 — ‘9;,_1((1) + 9;_1(@ — 0,, we have

}
|
}

_y Ha*—é H<2H00Ti
bern |16 T Ve = ¢

e
<677 = )

A~

Op(2z) — ba

<m0}

A~

Op(zr) = Oa

IN

<007 e~ boers | + |J00T 02 - é‘f’(z”H}

_2‘

Op (=) — Oa 0 —é¢>(z:)H SQHUUTQ_%(Z”H}’

HHWW&—@

gﬂ{
-2

gﬂ{\

<[[607X, e

0%~ Osc0)| = [Bocerr = 05| = |5 —

<2 HUUTGZ

0% — 01

}

Oz =061
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4CyB~05kn =05 | E o
(45) gﬂ{(l— 00 121 A§2HUUT6,- :

A
where in the last inequality, we use the fact that maxye ) |60 — éd)(b) | < CoB~%kn=02 || B

from Proposition 3.1 and miny, y e k)56 165 — 0;|| = A. Since the above display holds for
each a € [k] that is not ¢(z;), we have
]1{21»7&¢(z;‘)}§}1{<1— : )AngﬁﬁTGi }

ACHB~"%kn =03 | |
—1{(1-4Cou5") A <2007
where in the last inequality we use the definition of v in (16). U

PROOF OF LEMMA 3.2. For simplicity, throughout the proof we denote U and A(A]rl- to be
short for Uy, and U_; 1., respectively. We have the following decomposition for UUTe;,

HUUTGZ'

+ oo~ oo,

el

Using the fact that ||¢;|| < || E|| and Theorem 2.2, after rearrangement, we have
128k || E|| 128 || E||
"+ (1+
VnBpo POk

12
=128t ' py ' A + (1 + 8) HU_zUTZ-eZ- :

flogzge™

In Lemma 3.1 we establish (19). From there we have

H{éi#czﬁ(z;)}ﬁﬂ{(l—cwo )A<256¢01p51A+2<1+128>HU 0T

}
!

for some constant C’ > 0, where in the last inequality we use the assumption pg > 16
from (9). The upper bound on E/(Z,2*) is an immediate consequence as E/(Z,2*) =

Y e BI{Z: # 0(2))}- o

6.2. Proofs of Theorem 3.1.

<1{(1-C (45" +pg?) A <2||0-i07 e

PROOF OF THEOREM 3.1. For simplicity, we denote U_,; to be short for U_i,m through-
out the proof. Define ) := 1/11_1 + ,01_2. Then ¢ < 2/C.

Since FE is a random matrix with independent sub-Gaussian columns, we have
(46) P (||E|| < 8o(vn+ D)) =1 —e 2,
by Lemma E.1. Denote F to be this event. Under F, as long as 1, p1 > 128, we have both
(16) and (9) hold. Let ¢ € ® satisfy £(2,2*) =n~! > icin 1% # ¢(2])}. Consider a fixed
i € [n]. Then from Lemma 3.2, we have

I{z # o(=H{FY <1{(1 - Ci) A < 2| 007 e | }1{F)

L

<t{1-cw)a<2|007e
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where C > 0 is some constant that does not depend on C'. Then,
E((2,2*) < EI {]—'E} (2, 2 {F}

@) <e24n 1Y EI {(1 —Cip)A<2 HU_JA]EQ

i€[n]

3

Since €; ~ SGp(UQ) and it is independent of U_JAJZZ», we can apply concentration inequalities
for ||U_;U”.€;|| from Lemma E.2. Define t = (1 — Cq%))A2/(80%) where Cy = C) + 16.
Since Co does not depend on C, we can let C' > max{4C, 128} such that 1 — Cotp > 1/2.
Then we have k/t < 16k?0%/A? < 1697 where we use the fact that % > b ! from (21) as
B < 1. Then we have

1
o?(k + 2Vkt + 2t) = 20°t <2': + \/§+ 1) <207t (8¢F + 491 + 1) < 20°¢ (1 + 8¢1)

< (1 - Co)A?/(80%) (14 8¢) < (1 — C1) A%/ (80%),

where we use that ¢; < 1/128 and ¢ < 1/64 as we let C' > 128. Then from Lemma E.2, we
have

EI {(1 O A<2 Hﬁ_iﬁﬂ.ei

802

} < exp (—t) = exp (-(1 — o) A ) .
O
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SUPPLEMENTARY MATERIAL

Supplement A: Supplement to ‘“‘Leave-one-out Singular Subspace Perturbation Anal-
ysis for Spectral Clustering”
(url to be specified). In the supplement [46], we first provide the proof of Theorem 2.3 in
Appendix A, followed by the proofs of results of Section 3.4 in Appendix B. The proof of
Theorem 3.3 is given in Appendix C. The proofs of results of Section 3.6 are given in Ap-
pendix D. Auxiliary lemmas and propositions and their proofs are included in Appendix E.

REFERENCES

[1] ABBE, E., FAN, J. and WANG, K. (2022). An /p theory of PCA and spectral clustering. The Annals of
Statistics 50 2359-2385.

[2] ABBE, E., FAN, J., WANG, K. and ZHONG, Y. (2020). Entrywise eigenvector analysis of random matrices
with low expected rank. Annals of statistics 48 1452.

[3] AGTERBERG, J., LUBBERTS, Z. and PRIEBE, C. E. (2022). Entrywise estimation of singular vectors of
low-rank matrices with heteroskedasticity and dependence. IEEE Transactions on Information Theory
68 4618-4650.

[4] BAIL, Z. and SILVERSTEIN, J. W. (2010). Spectral analysis of large dimensional random matrices 20).
Springer.

[5] BELABBAS, M.-A. and WOLFE, P. J. (2009). Spectral methods in machine learning and new strategies for
very large datasets. Proceedings of the National Academy of Sciences 106 369-374.

[6] BLUM, A., COJA-OGHLAN, A., FRIEZE, A. and ZHOU, S. (2007). Separating populations with wide data:
A spectral analysis. In Algorithms and Computation: 18th International Symposium, ISAAC 2007,
Sendai, Japan, December 17-19, 2007. Proceedings 18 439-451. Springer.

[7] Cal, C., L1, G., CHI, Y., POOR, H. V. and CHEN, Y. (2021). Subspace estimation from unbalanced and
incomplete data matrices: {9 «, statistical guarantees. The Annals of Statistics 49 944-967.



8]

9]
(10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]

(21]

(22]
(23]
[24]
[25]
(26]
[27]

(28]

[29]

(30]
(31]
(32]
(33]
[34]

(35]

SINGULAR SUBSPACE PERTURBATION AND SPECTRAL CLUSTERING 29

Cal, T. T., L1, H. and MA, R. (2021). Optimal Structured Principal Subspace Estimation: Metric Entropy
and Minimax Rates. J. Mach. Learn. Res. 22 46—1.

Cal, T. T. and ZHANG, A. (2018). Rate-optimal perturbation bounds for singular subspaces with applica-
tions to high-dimensional statistics. The Annals of Statistics 46 60—89.

CAPE, J., TANG, M. and PRIEBE, C. E. (2019). The two-to-infinity norm and singular subspace geometry
with applications to high-dimensional statistics. The Annals of Statistics 47 2405-2439.

CHEN, Y., CHI, Y., FAN, J. and MA, C. (2021). Spectral methods for data science: A statistical perspective.
Foundations and Trends® in Machine Learning 14 566-806.

DaAvis, C. and KAHAN, W. M. (1970). The rotation of eigenvectors by a perturbation. III. SIAM Journal
on Numerical Analysis T 1-46.

DAvis, D., DiAz, M. and WANG, K. (2021). Clustering a mixture of gaussians with unknown covariance.
arXiv preprint arXiv:2110.01602.

DING, L. and CHEN, Y. (2020). Leave-one-out approach for matrix completion: Primal and dual analysis.
IEEE Transactions on Information Theory 66 7274-7301.

FAN, J., WANG, W. and ZHONG, Y. (2018). An {~o eigenvector perturbation bound and its application to
robust covariance estimation. Journal of Machine Learning Research 18 1-42.

GIRAUD, C. and VERZELEN, N. (2019). Partial recovery bounds for clustering with the relaxed K -means.
Mathematical Statistics and Learning 1 317-374.

HAN, R., LuoO, Y., WANG, M. and ZHANG, A. R. (2022). Exact clustering in tensor block model: Statis-
tical optimality and computational limit. Journal of the Royal Statistical Society Series B: Statistical
Methodology 84 1666—1698.

JIN, J. (2015). Fast community detection by SCORE. Ann. Statist. 43 57-89.

KANNAN, R. and VEMPALA, S. (2009). Spectral algorithms. Foundations and Trends® in Theoretical
Computer Science 4 157-288.

KISELEV, V. Y., ANDREWS, T. S. and HEMBERG, M. (2019). Challenges in unsupervised clustering of
single-cell RNA-seq data. Nature Reviews Genetics 20 273-282.

KoLTCHINSKII, V. and LouNIcI, K. (2016). Asymptotics and concentration bounds for bilinear forms
of spectral projectors of sample covariance. In Annales de I’Institut Henri Poincaré, Probabilités et
Statistiques 52 1976-2013. Institut Henri Poincaré.

KOLTCHINSKII, V. and XIA, D. (2016). Perturbation of linear forms of singular vectors under Gaussian
noise. In High Dimensional Probability VII 397—423. Springer.

LE1, J. and LIN, K. Z. (2020). Bias-adjusted spectral clustering in multi-layer stochastic block models.
arXiv preprint arXiv:2003.08222.

LEL J. and RINALDO, A. (2015). Consistency of spectral clustering in stochastic block models. Ann. Statist.
43 215-237.

LE1, L. (2019). Unified ¢o_,, eigenspace perturbation theory for symmetric random matrices. arXiv
preprint arXiv:1909.04798.

LOFFLER, M., ZHANG, A. Y. and ZHOU, H. H. (2021). Optimality of Spectral Clustering in the Gaussian
Mixture Model. Annals of Statistics 49 2506-2530.

Lu, Y. and ZHOU, H. H. (2016). Statistical and computational guarantees of lloyd’s algorithm and its
variants. arXiv preprint arXiv:1612.02099.

MA, C., WANG, K., CHI, Y. and CHEN, Y. (2018). Implicit regularization in nonconvex statistical estima-
tion: Gradient descent converges linearly for phase retrieval and matrix completion. In International
Conference on Machine Learning 3345-3354. PMLR.

MONTI, S., TAMAYO, P., MESIROV, J. and GOLUB, T. (2003). Consensus Clustering: A Resampling-Based
Method for Class Discovery and Visualization of Gene Expression Microarray Data. Mach. Learn. 52
91-118.

NDAOUD, M. (2022). Sharp optimal recovery in the two component Gaussian mixture model. The Annals
of Statistics 50 2096-2126.

NDAOUD, M., SIGALLA, S. and TSYBAKOV, A. B. (2021). Improved clustering algorithms for the bipartite
stochastic block model. IEEE Transactions on Information Theory.

NEWMAN, M. E. (2013). Spectral methods for community detection and graph partitioning. Physical Re-
view E 88 042822.

QIN, T. and ROHE, K. (2013). Regularized spectral clustering under the degree-corrected stochastic block-
model. In Advances in Neural Information Processing Systems 3120-3128.

ROHE, K., CHATTERIJEE, S. and YU, B. (2011). Spectral clustering and the high-dimensional stochastic
blockmodel. The Annals of Statistics 39 1878-1915.

SCHIEBINGER, G., WAINWRIGHT, M. J. and YU, B. (2015). The geometry of kernelized spectral cluster-
ing. The Annals of Statistics 43 819-846.



30

[36]

(37]
(38]

[39]
[40]
[41]
[42]
[43]
(44]
[45]
[46]

(47]

SRIVASTAVA, P. R., SARKAR, P. and HANASUSANTO, G. A. (2023). A robust spectral clustering algorithm
for sub-Gaussian mixture models with outliers. Operations Research 71 224-244.

STEWART, G. W. (1990). Matrix perturbation theory.

TIBSHIRANI, R., WALTHER, G. and HASTIE, T. (2001). Estimating the number of clusters in a data set via
the gap statistic. J. R. Stat. Soc. B 63 411-423.

VAN DER VAART, A. W. (2000). Asymptotic statistics 3. Cambridge university press.

VON LUXBURG, U. (2007). A tutorial on spectral clustering. Statist. Comput 17 395-416.

VON LUXBURG, U., BELKIN, M. and BOUSQUET, O. (2008). Consistency of spectral clustering. The
Annals of Statistics 555-586.

WANG, J. (2010). Consistent selection of the number of clusters via cross-validation. Biometrika 97 893-
904.

WANG, K., YAN, Y. and DiAz, M. (2020). Efficient clustering for stretched mixtures: Landscape and
optimality. Advances in Neural Information Processing Systems 33 21309-21320.

WEDIN, P.-A. (1972). Perturbation bounds in connection with singular value decomposition. BIT Numerical
Mathematics 12 99-111.

YU, Y., WANG, T. and SAMWORTH, R. J. (2015). A useful variant of the Davis—Kahan theorem for statis-
ticians. Biometrika 102 315-323.

ZHANG, A. Y. and ZHOU, H. H. (2022). Supplement to “Leave-one-out Singular Subspace Perturbation
Analysis for Spectral Clustering”.

ZHOU, Z. and AMINI, A. A. (2019). Analysis of spectral clustering algorithms for community detection:
the general bipartite setting. J. Mach. Learn. Res. 20 1-47.



	1 Introduction
	2 Leave-one-out Singular Subspace Perturbation Analysis
	2.1 General Results
	2.2 Singular Subspace Perturbation in Mixture Models

	3 Spectral Clustering for Mixture Models
	3.1 Spectral Clustering and Polynomial Error Rate
	3.2 Entrywise Error Decompositions
	3.3 Sub-Gaussian Mixture Models
	3.4 Spectral Clustering with Adaptive Dimension Reduction
	3.5 Isotropic Gaussian Mixture Models
	3.6 Lower Bounds and Sub-optimality of Spectral Clustering

	4 Discussion
	4.1 Potential Applications of Leave-One-Out Singular Subspace Perturbation Analysis
	4.2 Extension to Eigenspace Perturbation
	4.3 Approximated Solution to k-means
	4.4 High-dimensional regime  p n 
	4.5 Explicit Error Rate of Spectral Clustering under Other Mixture Models
	4.6 Unknown k or 

	5 Proof of Main Results in Section 2
	5.1 Proof of Theorem 2.1
	5.2 Proof of Theorem 2.2

	6 Proof of Main Results in Section 3
	6.1 Proof of Lemma 3.1 and Lemma 3.2
	6.2 Proofs of Theorem 3.1

	Acknowledgements
	Supplementary Material
	References

