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We study the performance of the spectral method for the phase synchro-
nization problem with additive Gaussian noises and incomplete data. The
spectral method utilizes the leading eigenvector of the data matrix followed
by a normalization step. We prove that it achieves the minimax lower bound
of the problem with a matching leading constant under a squared ¢o loss.
This shows that the spectral method has the same performance as more so-
phisticated procedures including maximum likelihood estimation, general-
ized power method, and semidefinite programming, as long as consistent pa-
rameter estimation is possible. To establish our result, we first have a novel
choice of the population eigenvector, which enables us to establish the exact
recovery of the spectral method when there is no additive noise. We then de-
velop a new perturbation analysis toolkit for the leading eigenvector and show
it can be well-approximated by its first-order approximation with a small ¢
error. We further extend our analysis to establish the exact minimax optimal-
ity of the spectral method for the orthogonal group synchronization.

1. Introduction. We consider the phase synchronization problem with additive Gaus-
sian noises and incomplete data [2, 5, 39, 17]. Let 27,..., 2% € C; where C; :={z € C:
|z| = 1}, the set of all unit complex numbers. Then each z; can be written equivalently as
' for some phase (or angle) 6?; € [0,27) . Foreach 1 < j < k <n, the observation X ik€C
is missing at random. Let A;;, € {0,1} and X, satisfy

0 X im zi 2+ o Wi, 1‘f Ajp =1,
O, if Ajk = 0,

where A;j, ~ Bernoulli(p) and Wj;, ~ CN (0, 1). That is, each X, is missing with probabil-
ity 1 — p and is denoted as 0. If it is not missing, it is equal to zj*sz with an additive noise
oW, where W), follows the standard complex Gaussian distribution: Re(Wy,), Im(Wj,) ~
N(0,1/2) independently. Each Ajj is the indicator of whether X, is observed or not. We
assume all random variables { A }1<j<k<n,{Wj}1<j<k<n are independent of each other.
The goal is to estimate the phase vector z* := (27,...,25) € C} from {A;;}i<j<k<n and
{Xjkh<j<k<n-

The observations can be seen as entries of a matrix X € C*"*" with X;; := 0 and
Xk ::?for any 1 < j <k <n.Define Aj; :=0and Ay;:= A, forall 1 <j<k<n.
Then the matrix A € {0,1}"*™ can be interpreted as the adjacency matrix of an Erdds-
Rényi random graph with edge probability p. Define W € C"*" such that W;; := 0 and
Wy = m for all 1 < j < k < n. Then all the matrices A, W, X are Hermitian and X can
be written equivalently as

() X=Ao0(z"z""4+cW)=Ao0 (z"z") +0AcW.
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Note that X can be seen as a noisy version of
3) EX =pz* 2™ — pI,

whose leading eigenvector is z*/y/n. This motivates the following spectral method [35, 17,
12]. Let u € C" be the leading eigenvector of X. Then the spectral estimator z € C7 is
defined as

) P
1, lijZO,

for each j € [n], where each u; is normalized so that Z; € C;. The performance of the spectral
estimator can be quantified by a normalized squared /5 loss

n

1 2
5 £(Z,2%) := min — Zi—zla
(5) (22" :=min =3 |5 - Zal",
where the minimum over C; is due to the fact that z7,..., 2, are identifiable only up to a
phase.

The spectral estimator Z is simple and easy to implement. Regarding its theoretical perfor-
mance, it was suggested in [17] that an upper bound £(Z, 2*) < C(a? + 1)/(np) holds with
high probability for some constant C'. However, the minimax risk of the phase synchroniza-
tion was established in [17] and has the following lower bound:

02

. *

(6) zleng" zfgg{‘ El(z,2") > (1 —0(1)) S
To provably achieve the minimax risk, the spectral method is often used as an initialization
for some more sophisticated procedures. For example, it was used to initialize a generalized
power method (GPM) [7, 28, 30] in [17]. Nevertheless, numerically the performance of the
spectral method is already very good and the improvement from GPM is often marginal. This
raises the following questions about the performance of the spectral method: Can we derive
a sharp upper bound? Does the spectral method already achieve the minimax risk or not?

In this paper, we provide complete answers to these questions. We carry out a sharp ¢
analysis of the performance of the spectral estimator z and further show it achieves the min-
imax risk with the correct constant. Our main result is summarized below in Theorem 1.1 in
asymptotic form. Its non-asymptotic version will be given in Theorem 2.1 that only requires
%, lglgpn to be greater than a certain constant. We note that in this paper, p and 2 are not
constants but functions of n. This dependence can be more explicitly represented as p,, and
o2. However, for simplicity of notation and readability, we choose to denote these as p and
o2 throughout the paper.

THEOREM 1.1 Assume {5 — 00 and ;- — oo. There exists some 6 = o(1) such that
with high probability,
o2
7 0Z,2)<(1+8)—.
As a consequence, when o = 0 (i.e., there is no additive noise), the spectral method recovers

2* exactly (up to a phase) with high probability as long as l:gpn — 00.

Theorem 1.1 shows that Z is not only rate-optimal but also achieves the exact minimax
risk with the correct leading constant in front of the optimal rate. The conditions needed in
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Theorem 1.1 are necessary for consistent estimation of z* in the phase synchronization prob-
lem. The condition 2% — oo is needed so that z* can be estimated with a vanishing error
according to the minimax lower bound (6). The condition % — 0o allows p to decrease as
n grows and is close to the % > (1 + €) condition required for A to be connected. If A has
disjoint subgraphs, it is impossible to estimate z* with a global phase. These two conditions
are also needed in [17, 18] to establish the optimality of MLE (maximum likelihood esti-
mation), GPM, and SDP (semidefinite programming). Under these two conditions, [17] used
the spectral method as an initialization for the GPM and shows GPM achieves the minimax
risk after log(1/0?) iterations. On the contrary, Theorem 1.1 shows that the spectral method
already achieves the minimax risk. This means that the spectral estimator is minimax optimal
and achieves the correct leading constant whenever consistent estimation is possible, and in
this parameter regime, it is as good as MLE, GPM, and SDP.

There are two key novel components toward establishing Theorem 1.1. The first is a new
idea regarding the choice of the “population eigenvector” as u can be viewed as its sample
counterpart obtained from data. Due to (3) and the fact pz*2*" = np(2*/y/n)(z*/+/n)" is
rank-one with the eigenvector z*/\/n, existing literature such as [17, 19, 25] treated z*//n
as the population eigenvector and study the perturbation of w with respect to z*//n. This
seems natural but turns out to be unappealing as it fails to explain why the spectral estimator
is able to recover all phases exactly when o = 0, i.e., when there is no additive noise. Instead,
we denote @ € R™ as the leading eigenvector of A and regard u* € C", defined as

8) u' =z o,

Le., uj = z;»‘ﬁj for each j € [n], as the population eigenvector. Note that u* is random as it
depends on the graph A. A careful analysis of u* reveals that it is the leading eigenvector
of Ao z*2*" (see Lemma 2.1). In addition, Proposition 2.1 shows that with high probabil-
ity, uj/|uj| = 2} for each j € [n], up to a global phase. Since u equals u* when o =0, it
successfully explains the exact recovery of the spectral method in the no-additive-noise case.
Another advantage of viewing u* as the population eigenvector, instead of z*/y/n, is that
intuitively «* is closer to u than z*/y/n is. This is because A o z*z*" is closer to the data
matrix X than pz*z*" is.

The second key component is a novel perturbation analysis for u. Classical matrix pertur-
bation theory such as Davis-Kahan Theorem focuses on analyzing infpcc, ||u — u*b||. We go
beyond it and show u can be well-approximated by its first-order approximation u defined as

%
9) U= X7u7

[ X
in the sense that the difference between these two vectors (up to a phase) has a small £ norm.
This means that when np > logn and np > o2, we have

2
(10) inf [lu—ab|| T2,
beC, np
with high probability (see Proposition 2.2). In fact, our perturbation analysis extends beyond
the phase synchronization problem. What we establish is a general perturbation theory that
can be applied to two arbitrary Hermitian matrices (see Lemma 2.2), which might be of
independent interest.

With the help of these two key components, we then carry out an entrywise analysis for
each Z; = u;/ |u;|. Note that u; can be decomposed into @; and the difference between u;
and u; (up to some global phase). We can decompose the error of Z; into two parts, one
is related to the estimation error of @;/|u;|, and the other is related to the magnitude of
the difference between u; and u; (up to some global phase). Summing over all coordinates,
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the first part eventually leads to the minimax risk (1 + o(1))o?/2np and the second part is
essentially negligible due to (10), which leads to the exact minimax optimality of the spectral
estimator.

Orthogonal Group Synchronization. The above analysis for the phase synchronization can
be extended to quantify the performance of the spectral method for orthogonal group syn-
chronization, which is about orthogonal matrices instead of phases. Let d > 0 be an integer.
Define

(11) O(d) = {UeRdXd:UUT:UTU:Id}

to include all orthogonal matrices in R4, Let Z7,..., Z% € O(d). Analogous to (1), we
consider the problem with additive Gaussian noise and incomplete data [19, 26, 25]. For
each 1 < j <k <n, we observe X, := Z:Z;" + oWy, € R4 when Ajj, = 1, where Wjy,
follows the standard matrix Gaussian distribution. The goal is to recover Z7, ..., Z} from
{Xjrh<j<k<n and {A4; r}1<j<k<n. This is known as the orthogonal group synchronization
(or O(d) synchronization).

The observations { X, }1<j<r<n can be seen as submatrices of an nd x nd matrix X with
&jj =0 and Ay; := & forany 1 < j <k <n.Then X' is symmetric and can be seen as a
noisy version of

(12) EX = pZ*Z*" — plog

whose leading eigenspace is Z*/\/n, where Z* € O(d)" is an nd x d matrix such that its
Jth submatrix is Z;. Similar to the phase synchronization, we have the following spectral
method. Let \; > ... > )4 be the largest d eigenvalues of X’ and u1, ..., uq € R™ be their
corresponding eigenvectors. Denote U := (ug,...,uq) € R"* as the eigenspace that in-
cludes the top d eigenvectors of X'. For each j € [n], denote U; € R9*4 a5 its jth submatrix.
Then the spectral estimator 2]- € O(d) is defined as

_ {P(Uj), if det(U;) #0,

13 7
(13 J Iy, if det(U;) =0,

for each j € [n]. Here the mapping P : R%*? — (O(d) is derived from the polar decomposition
and serves as a normalization step for each U; such that 2j € O(d). Let Z € O(d)" be an
nd x d matrix such that 2j is its jth submatrix for each j € [n]. Then the performance
of Z can be quantified by a loss function E"d(2 , Z*) that is analogous to (5). The detailed
definitions of P and ¢°¢ are deferred to Section 3.

The spectral method Z was used as an initialization in [19] for a variant of GPM to achieve
the exact minimax risk (1 + 0(1))‘1«%202 for d = O(1). To conduct a sharp analysis of its
statistical performance, we extend our novel perturbation analysis from analyzing the leading
eigenvector to the leading eigenspace. Recall # is the leading eigenvector of A. Analogous
to (8), we have a novel choice of the population eigenspace U*, defined as

(14) U:=Z"o(u®1y),

and view U as its sample counterpart. This is different from existing literature [19, 40] which
uses Z*/+/n as the population eigenspace. Our choice of U* enables the establishment of the
exact recovery of the spectral method when there is no additive noise (i.e., o = 0), as seen
Proposition 3.1, and is closer to U than Z*/+/n is.

The first-order approximation of U is a matrix determined by XU™* whose explicit expres-
sion will be given later in (22). We then show U can be well-approximated by its first-order
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approximation, analogous to (9), with a remainder term of a small ¢ norm (see Proposition
3.2). This is a consequence of a more general eigenspace perturbation theory (see Lemma
3.2) for two arbitrary Hermitian matrices. Using the first-order approximation, we then carry
out an entrywise analysis for Z. Our main result for the spectral method in the O(d) synchro-
nization is summarized below in Theorem 1.2. The non-asymptotic version will be given in
Theorem 3.1.

THEOREM 1.2. Assume % — 00, lgfgpn — 00, and 2 < d = O(1). There exists some 0 =

o(1) such that with high probability,

= d(d—1)o?
N7 7< (1+6)— 2,
As a consequence, when o = 0 (i.e., there is no additive noise), the spectral method recovers

Z* exactly (up to an orthogonal matrix) with high probability as long as lglgpn — 00.

Theorem 1.2 shows that the spectral method Z achieves exact minimax optimality as it
matches the minimax lower bound (1+o0(1)) d%%l)az established in [19]. Similar to the phase
synchronization, the two conditions needed in Theorem 1.2 so that consistent estimation of
Z* is possible. They are also needed in [19] to achieve the minimax risk by a variant of GPM
initialized by the spectral method. On the contrary, Theorem 1.2 shows that in this parameter

regime, the spectral method is already minimax optimal with the correct leading constant.

Related Literature. Synchronization is a fundamental problem in applied math and statis-
tics. Various methods have been studied for both phase synchronization and O(d) synchro-
nization, including MLE [17, 39], GPM [39, 28, 17, 19, 26, 33], SDP [4, 36, 27, 15, 37, 18,
21], spectral methods [4, 36, 32, 8, 29, 16], and message passing [30, 24, 34]. The theoretical
performance of spectral methods was investigated in [17, 19, 25] and crude error bounds un-
der /5 or Frobenius norm were obtained. An £..-type error bound for spectral methods was
also given in [25].

Fine-grained perturbation analysis of eigenvectors has gained increasing attention in re-
cent years for various low-rank matrix problems in machine learning and statistics. Existing
literature has mostly focused on establishing ¢, bounds for eigenvectors [1, 11, 14] or {3
bounds on eigenspaces [22, 10, 9, 3]. For instance, [1] developed ¢,-type bounds for the
difference between eigenvectors (or eigenspaces) and their first-order approximations. In this
paper, we focus on developing sharp /»-type perturbation bounds, where direct applications
of existing {..-type results will result in extra logarithm factors.

For the phase synchronization problem, [16, 20, 31] investigated variants of spectral
methods based on Laplacian matrices. Instead of using the leading eigenvector of X as in
this paper, they utilize the eigenvector corresponding to the smallest eigenvalue of D — X
or I, — D XDz, where D € R™" is the degree matrix of A with diagonal entries
Djj =% £ Aj. and off-diagonal entries set to zero. These studies have established up-
per bounds for the performance of their spectral methods applicable to general graphs A
and additive noise W. Our focus, however, is on Erdds-Rényi random graphs with Gaussian
noise. Under our setting, their results imply an upper bound of Cn—‘ﬁ, where C' is a constant
significantly greater than 1. In contrast, our work establishes a sharp upper bound with the
correct leading constant 1/2. Our analytical approach could potentially be extended to their
methods to achieve the correct constant 1/2.

The existing literature [17, 18, 19] explored the exact minimax risk in synchronization
problems, focusing primarily on minimax lower bounds and analyzing MLE, GPM, and SDP.
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While our study shares a thematic resemblance with these prior efforts, it fundamentally di-
verges in both analysis and proof techniques. Previous studies hinge on contraction properties
of the generalized power iteration (GPI), demonstrating the iterative reduction in GPM error
until an optimal error is achieved. This approach further interprets MLE as a GPI fixed point
and SDP as an extension of GPI in a higher-dimensional space, thereby establishing their op-
timality. In contrast, this paper employs a novel strategy specifically tailored for the spectral
method. Instead of relying on the GPI framework, which proves inadequate for spectral anal-
ysis, we introduce a new perturbation toolkit designed for eigenvector analysis. This toolkit
provides precise characterization of eigenvector perturbation and leads to the optimality of
the spectral method. It opens new avenues for research and application beyond synchroniza-
tion problems.

Organization. We study the phase synchronization in Section 2. We first establish the exact
recovery of the spectral method in the no-additive-noise case in Section 2.1. Then in Section
2.2, we present our main technical tool for quantifying the distance between the leading
eigenvector and its first-order approximation. We then carry out an entry-wise analysis of the
spectral method and obtain non-asymptotic sharp upper bounds in Section 2.3. Finally, we
consider the extension to the orthogonal group synchronization in Section 3. Proofs of results
for the phase synchronization are given in Section 5. Due to the page limit, we include proofs
of results for the orthogonal group synchronization in the supplement [38].

Notation. For any positive integer n, we write [n] := {1,2,...,n}and 1,,:= (1,1,...,1)" €
R™. Denote I, as the n x n identity matrix and .J,, := 1,1} € R™*™ as the n x n matrix with
all entries being one. Given a,b € R, we denote a A b := min{a, b} and a VV b := max{a, b}.
For a complex number = € C, we use Z for its complex conjugate, Re(z) for its real part,
Im(x) for its imaginary part, and |z| for its modulus. Denote S,, := {x € C": ||z|| =1}
as including all unit vectors in C". For a complex vector z = (z;) € C?, we denote
||| :== (Z?Zl |2|?)!/2 as its Euclidean norm and ||z| o := maxje(q) | 75| as its £o, norm. For

a complex matrix B = (Bj) € € Chxd weuse B* € C4*% for 1ts conjugate transpose such
that (B");, = Bj;. The Frobenius norm and the operator norm of B are defined by || B||j :=
(I S0 Bkl ?)Y? and || B|| := sup,ecar yecis |juf=]o| =1 % Bv. We use Tr(B) for the
trace of a squared matrix B and define ||Bll2_s00 1= maxje[dl](zgil |Bjx|?)!/2. The no-
tation det(-) and ® are used for determinant and Kronecker product. For U,V € C%*dz,
UoV € R4 js the Hadamard product (U o V) = U;Vjx. For any B € R4*4 we
denote spin(B) as its smallest singular value. For two positive sequences {a,} and {b,},
an < by, and a, = O(by,) both mean a, < Cb,, for some constant C' > 0 independent of n.
We also write a, = o(b,) or ;* — oo when limsup,, > = 0. We use I{-} as the indicator

function. Define O(d;,ds2) := {V € R4*d . VT = [, 1 to include all d; x do real matrices
that have orthonormal columns.

2. Phase Synchronization.

2.1. No-additive-noise Case. We first study a special case where there is no additive
noise (i.e., o = 0). In this setting, the data matrix X = A o z*z*". Despite the data still being
missing at random, we are going to show the spectral method is able to recover z* exactly,
up to a phase.

Recall that % is the leading eigenvector of A and «* is defined in (8). The following lemma
points out the connection between u* and A o z*z*" as well as the connection between eigen-
values of A and those of A o z*z*",
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LEMMA 2.1. The unit vector u* is the leading eigenvector of Ao z*z*". That is, with \*
denoting as the largest eigenvalue of A o z*z*", we have

(15) (Aoz"2")u* = Au*,

In addition, all the eigenvalues of A are also eigenvalues of A o z*z*", and vice versa.

Since X = A o z*z*" in the no-additive-noise case, we have u = u*. Note that z; =
uj/|uj| = uji/|uj| = zju;/|251;| for each j € [n]. If 4; > 0, we have z; = 27. If u; <0
instead, then z; = —z7. If all the coordinates of % are positive (or negative), we have z being
equal to z* (or —z*) exactly. The following proposition provides an £, control for the differ-
ence between @ and 1,,/+/n, which are eigenvectors of A and EA, respectively. The proof of
(16) follows proofs of results in [1]. When the right-hand side of (16) is smaller than 1//n,
it immediately establishes the exact recovery of Z.

PROPOSITION 2.1.  There exist some constants C1,Cy > 0 such that if £ > C4, we

logn
have ®
logn 1 1
<C + —,
; (\/ np log<np>) Vi

with probability at least 1 —8n~1°. As a result, if% >max {C1,2C3 }, we have ((Z, z*) =
0 with probability at least 1 — 8n 10,

o 1
Uj—ib

(16) min max N

be{l,—1} j€[n]

Lemma 2.1 and Proposition 2.1 together establish the exact recovery of z for the special
case where o = 0, through studying «*. This provides a starting point for our analysis of the
general case where o # 0. From (2), the data matrix X is a noisy version of A o z*2*" with
additive noise o0 A o W that scales with o. As a result, in the following sections, we view u*
as the population eigenvector and w as its sample counterpart, studying the performance of
the spectral method.

2.2. First-order Approximation of The Leading Eigenvector. In this section, we provide a
fine-grained perturbation analysis for the eigenvector w. Classical matrix perturbation theory,
such as Davis-Kahan Theorem, can only give a crude upper bound for infyec, ||u — u*b||,
which turns out to be insufficient to derive a sharp bound for ¢(Z, z*). Instead, we develop a
more powerful tool for perturbation analysis of w using its first-order approximation v defined
in (9). In fact, our tool goes beyond the phase synchronization problem and can be applied to
arbitrary Hermitian matrices.

LEMMA 2.2. Consider two Hermitian matrices Y,Y* € C"*". Let pij > p5 > ... > ur,
be the eigenvalues of Y*. Let v* (resp. v) be the eigenvector of Y* (resp. Y') corresponding
to its largest eigenvalue. If |Y — Y| < min{u] — p3, 1i}/4, we have

Yov* 40v/2 ( 4 2) 9
v— bl < —— + = Y =Y*|
1Yo H 9( ( 7

inf . . .
My — HQ) 17 Mo Mg

beCy

+W,‘Y_y*||).
1

In Lemma 2.2, there are two matrices Y, Y* whose leading eigenvectors are v, v* respec-
tively. It studies the /5 difference between v and Yv*/||Yv*|| up to a phase. Let 11 be the
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largest eigenvalue of Y. The unit vector Y'v*/||Yv*|| is interpreted as the first-order approxi-
mation of v, as v can be decomposed into v =Y v/ =Y 0v* /1 + Y (v — v )/,u1 where the
first term Y'v*/p; is proportional to Yv* /||[Yv*||. If Y* is rank-one, meaning ;3 = p = 0,
the upper bound in Lemma 2.2 becomes 80v/2 ||Y — Y*||?/(31+2). Lemma 2.2 itself might
be of independent interest and be useful in other low-rank matrix problems.

The key to Lemma 2.2 is the following equation. Since v = Yv and ||[Yv*| - ”YU i

Yv*, we can derive (see (29) in the proof of Lemma 2.2):

_ " You*
p Yo | (I, = Y) <U Vo ”> Y (uy Yot — o).

Its left-hand side can be shown to be related to infyec, ||[v — Y0o*b/||Yv*||||. By carefully
studying and upper bounding its right-hand side, which does not involve v, we derive Lemma
2.2.

Lemma 2.2 requires that the perturbation between Y and Y™ is not only small compared
to the eigengap ;1] — 5, but also small compared to the leading eigenvalue ;7. A similar re-
quirement is also needed in [1] to establish /. bounds for the difference between the eigen-
vector and its first-order approximation. In contrast, classical theory such as Davis-Kahan
theorem (see Lemma 5.1) only needs the perturbation to be small compared to the eigengap
to bound infyec, ||v — v*b]|. A natural question is whether the bound in Lemma 2.2 can be
modified to depend on eigenvalues only through the eigengaps. It turns out this is not fea-
sible, as it deals with the distance between v and its first-order approximation Y v* /|| Y v*||,
not the distance between v and v* as in Davis-Kahan theorem. To illustrate it, consider the
following counterexample. Let eq, . .., e, be the canonical basis of R™. Let § > 0. Define

(17)  Y*:=diag(0,—1,—1,...,—1) eR™" and Y :=Y" + d(e1 + e2)(e1 + e2)" /2.

Then jrf = 0,5 = —Lof — i3 = L,v* = eq, |[Y = V|| = 6, and Yo /[[Yo*|| = (e1 +
e2)/v/2. We can show v has the following explicit expression (see Appendix C in the supple-
ment for detailed calculation):

1 1 1 1
1o v:\/2 <1+\/1+52>61+\/2 <1_\/1+62)e2

When ¢ is sufficiently close to 0, we have v =~ v*. This is not surprising as it is con-
sistent with the bound from Davis-Kahan theorem as the ratio between the perturbation
and eigengap is ||Y — Y| /(u] — pud) = 6 ~ 0. On the other hand, |jv — Yv*/||Yv*|||| =
Hel —(e1+ 62)/\/§H =2 — /2 > 0 no matter how small § may be. As a result, in this
counterexample, Yv* /||[Yv*|| is not a good approximation of v despite the sufficiently small
perturbation.

Applying Lemma 2.2 to the phase synchronization, we have the following result.

PROPOSITION 2.2.  There exist constants C,Cy, C3 > 0 such thatzflnp > Cy and 25 >
C5, we have
2
. ~ o°+o
inf ||lu—ub|| <Cs ,
beC, np

with probability at least 1 — 3n 10

Proposition 2.2 shows that w is well-approximated by its first-order approximation u (up
to a phase) with an approximation error that is at most in the order of (o2 + o) /np. Note that
we can show infyec, ||u — u*b|| is of order o/ /np by using Davis-Kahan Theorem. ThlS
is much larger than the upper bound derived in Proposition 2.2, particularly when np/o? is
large. As a result, u provides a precise characterization of u with negligible /5 error.
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2.3. Sharp 0y Analysis of The Spectral Estimator. In this section, we will conduct a sharp
analysis of the performance of the spectral estimator z using the first-order approximation u
of the eigenvector u. According to Proposition 2.2, u is close to u (up to a phase) with a small
difference. Then intuitively, z should be close to its counterpart that uses u instead of u in
(4), up to a global phase. For each j € [n], the distance of u;/ [u;| from 27 is essentially de-
termined by zj’-‘ﬁj. By the definition in (9), %, is proportional to [ X u*];, the jth coordinate of
Xu*. With (2), it leads to ?;ﬂj x A*?;uj DY Ajijk?;uz. Here the first term /\*gu";
can be interpreted as the signal as it is related to the population quantity u;, which gives the
exact recovery of the spectral method in the no-additive-noise case in Proposition 2.1. As
u* is close to 2* /y/n, the second term is approximately equal to n= /23", 4 JkW] K2} 2
Its contribution toward the estimation error is essentially determined by its imaginary part

n Y m (Y, AjW;z) 2;), which can be interpreted as the main error term. Summing
over all j € [n], the signals and the main error terms together lead to the minimax risk
o2/(2np). At the same time, contributions of approximation errors such as infycc, ||u — ub||
turn out to be negligible. This leads to the following theorem on the performance of the
spectral estimator.

THEOREM 2.1. There exist constants C1,Cs,C3 > 0 such that if 2 > C and p >

logn
Cy, we have

2\ i 1 1 2
()< 1+ | (Z) + )22y o
np np  log(np) 2np

with probability at least 1 — n™° — exp ( 312 (%) %).

Theorem 2.1 is non-asymptotic and its asymptotic version is presented in Theorem 1.1. It
covers the no-additive-noise case (i.e., Proposition 2.1), as it implies that ¢(Z, z*) = 0 with
high probability when o = 0. Theorem 2.1 shows that /(Z, z*) is equal to 02/(2np) up to a
factor that is determined by (02/(np))*/%, \/logn/(np), and 1/log(np). The first term is
related to various approximation errors including the one from Proposition 2.2. The second
and third terms are derived from (16).

We can make a comparison between Theorem 2.1 and the existing result ¢(Z, z*) <
(62 +1)/np in [17]. There are two main improvements. First, we obtain the exact constant
1/2 for the error term Z—;, which gives a more accurate characterization of the performance

of the spectral estimator. Second, the 1/np error term in (o2 + 1)/np no longer exists in
Theorem 2.1. We further compare Theorem 2.1 with the minimax lower bound for the phase
synchronization problem. The paper [17] proved that there exist constants Cy, C5 > 0 such
that if & > C}, we have

2 2
(19) inf sup El(z,2%) > (1 —C5s <J + i)) 7

2€C™ zxeCp np 2np

Compared with (19), the spectral estimator Z is exact minimax optimal as it not only achieves
the correct rate o2 /(np) but also the correct constant 1/2. Under the parameter regime as in
Theorem 2.1, [17, 18] showed that MLE, GPM (if properly initialized), and SDP achieve
the exact minimax risk. Theorem 2.1 points out that the spectral method is as good as these
methods.
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3. Orthogonal Group Synchronization. In this section, we will extend our analysis
to matrix synchronizations where the quantities of interest are orthogonal matrices instead of
phases. The orthogonal group synchronization problem has been briefly introduced in Section
1. Here we provide more details about the problem.

Let d > 0 be an integer. Recall the definition of O(d) in (11) and that Z7, ..., Z} € O(d).
For each 1 < j < k < n, the observation Xj;, € R¥? is given by

(20) Xy, = {Z;ZZTWWM’ Az =1,
0, if Ajk = 0,

where A ;i ~ Bernoulli(p) and W), ~ MN(0,14,1,), i.e., the standard matrix Gaussian dis-
tribution!. We assume {Ajkhi<j<k<n, {Wjk}i<j<k<n are all independent of each other.
Similar to the phase synchronization problem, the observations are missing at random
with additive Gaussian noises. The goal is to recover Z7, ..., Z; from {Xj;}1<j<r<n and
{4k h<j<kzn

The data matrix X € R"®*"? can be written equivalently in a way that is analogous to
(2). Define Aj; := 0 and Ay := Aj forall 1 < j <k <n. Define W € Crdxnd guch that
Wij = 04xq and Wy := W]Tk for all 1 < j < k <n. Then we have the expression:

Q21)  X=(ARJ))o(Z*Z +oW)=(A® Jg) 0 Z*Z*" + 6(A® Jg) o W.

From (12), the data matrix X can be seen as a noisy version of pZ*Z** — pl,4. Since the
columns of Z* are orthogonal to each other, we have the following eigendecomposition:
pZ*Z*" =np(Z*/\/n)(Z*/\/n)" where Z*/\/n € O(nd,d). That is, np is the only non-
zero eigenvalue of pZ* Z*" with multiplicity d.

The definition of the spectral estimator 21, .. .,ZL is given in (13). The mapping P :
R4 — O(d) is from the polar decomposition and is defined as follows. For any ma-
trix B € R%*? that is full-rank, it admits a singular value decomposition (SVD): B =
MDV™ with M,V € O(d) and D a diagonal matrix. Then its polar decomposition is
B=(MV™)(VDVT™)and P(B) := MV™ is defined as its first factor.

Recall that « is the leading eigenvector of A and the population eigenspace U™ is defined
in (14). That is, U* € R™> and its jth submatrix is U = ;2 € R™? for each j € [n].
Following the proof of Lemma 2.1, we can show U* is the leading eigenspace of (A ® J;) o
YAV A

LEMMA 3.1.  Denote \{ > X5 > ... > X\, as the eigenvalues of (A® Jq) 0 Z* Z*". Then
Al = A5 =...= A}, all equal the leading eigenvalue of A. In addition, X} | is equal to the
second largest eigenvalue of A. Furthermore, U* is the eigenspace of (A ® Jg) o Z*Z*"
corresponding to \J, i.e.,

(A® Jg) 0 Z* 2\ U* = NiU™.

Following the proof of Proposition 2.1, particularly using (16), we can further establish
the exact recovery of Z, up to an orthogonal matrix, in the no-additive-noise case.

PROPOSITION 3.1. Consider the no-additive-noise case where o = 0. There exists some
constant C1 > 0 such that if % > (', we have ((Z,2*) = 0 with probability at least 1 —

7n710

' A random matrix X follows a matrix Gaussian distribution MN (M, %,9) if its density function is propor-
tional to exp (—%Tr (Q—l(x —M)Te N x - M))).
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Similar to the phase synchronization, we can study the first-order approximation of the
eigenspace U. Denote A := diag(\y, ..., \q) € R¥? as the diagonal matrix of the d largest
eigenvalues of X'. Then U can be expressed as U = XUA L. Define

(22) U:= argmln HU xU*

e -

Then U is the projection of XU™* onto O(nd, d). This is similar to the definition of % in (9)
for the phase synchronization, where w is the projection of Xu* onto the unit sphere. As a
result, U can be regarded as the first-order approximation of U.

The following lemma provides an upper bound for a leading eigenspace and its first-order
approximation of two arbitrary Hermitian matrices. It is an extension of Lemma 2.2 which is
only about the perturbation of a leading eigenvector. The proof of Lemma 3.2 follows that of
Lemma 2.2 but is more involved, as it needs to deal with matrix multiplication which is not
commutative.

LEMMA 3.2. Consider two symmetric matrices Y,Y™* € R"*". Let i > p5 > ... > u,
be the eigenvalues of Y*. Let V* € R™*? (resp. V) be the leading eigenspace of Y* ( resp
Y') corresponding to its d largest eigenvalues. Define Vi= argminy. co(n,d |V — YV*HF
Y = Y| < minfug — pl, .13} /4, we have

16\/§ ( 20}
0= M) 1 \3(w

8v2 <4u1 (p} — )
3 (:“:l - /‘2—&-1) I

inf HV VOH <
0€0(d) 3

+1) Y —v*|?

q~ “flﬂ)

_|_

+2(p1 — prg) + max{|pg 4], Iu2|}> Y —Y™.
Mg — Mg iq

Lemma 3.2 includes Lemma 2.2 as a special case when d = 1. For d > 1, if uj = ), i.e.,
the largest d eigenvalues of Y'* are all equal, the upper bound in Lemma 3.2 simplifies to

1 1 1
nf |V -70| < ( : +*) I -y
0€0(d) Mg = Mg \ \Hq = Hapr  Hg

max{|ug 1], 1, .
n {| d4;1| \ nl}Hy_Y |>7
Hq

which is similar in form to the upper bound in Lemma 2.2. This expression can be used in
the O(d) synchronization problem as A} is shown to be equal to A in Lemma 3.1. A direct
application of this expression leads to the following proposition regarding the perturbation
between U and U.

PROPOSITION 3.2.  Assume 2 < d < Cy for some constant Cy > 0. There exist constants
C1,Ca,C3 > 0 such that if 2= > Cy and 2% > Cy, we have

logn
o?d+oVd
np ’

inf HU UOH <l arove
0eO(d

with probability at least 1 — 6n~19.

When d = 1, Proposition 3.2 reduces to Proposition 2.2. With Proposmon 3.2, we can
carry out a sharp /5 analysis of the performance of the spectral estimator Z using U. The loss
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function is defined analogously to (5) as

~ 1A 2
¢4(Z,2*) ;= min - sz - Z;OH .

0€0(d) F
In this way, we have the following theorem which is similar to Theorem 2.1. Its asymp-
totic version is given in Theorem 1.2. The proof of Theorem 3.1 follows that of Theo-
rem 2.1 but is more complicated due to the existence of the mapping P in the definition
of the spectral method. To prove Theorem 3.1, note that for each j € [n], ||Z; — Z]*HF =
IP(U;) = Z; |lp = P(Z;"U;) — 1allr where Z;"Uj; can be approximated by ZjTﬁj accord-
ing to Proposition (3.2). The term Z Tﬁj can be further expanded using (21) and Lemma 3.1,
leading to ), ) AjpZ T"WjkZ); and several approximation error terms. Careful analysis of

> kzj AjkZ; Wik Zj; eventually leads to the minimax risk d(d — 1)o?/(2np) and all the
other error terms turn out to be negligible.

THEOREM 3.1. Assume 2 < d < Cy for some constant Cy > 0. There exist constants
C1,Cs, Cs such that if% > Cy and 28 > Cs, we have

N 2\ 3 2
w7 79 < (144 N, logn N 1 d(d—1)o
np np  log(np) 2np

holds with probability at least 1 —n~" — exp (—L (25) i)

We can compare the upper bound in Theorem 3.1 to existing results for the O(d) synchro-
nization. [19] derived an upper bound for the spectral method: £(Z, Z*) < d*(1+ o2d)/(np)
with high probability. In comparison, our upper bound has a smaller factor of d(d — 1)/2 for
o2 /np. In addition, it does not have the d*/np error term. The paper [19] also established
the minimax lower bound: when 2 < d < (), there exist constants Cy4, C5 > 0 such that if
28 > (4, we have

- 1 2 -1 2
inf  sup NZ,2%) > (1 e ( + U)) dd=1)o"
ZeO(d)" z+cO(d)n no np 2np

Compared to the lower bound, the spectral estimator Z is exact minimax optimal as it
achieves the correct rate with the correct constant d(d — 1)/2 in front of the optimal rate

a2 /np.
4. Discussions.

4.1. Comparison of Spectral Method and Other Methods. In synchronization problems,
the spectral method offers computational advantages over alternative methods such as MLE,
SDP, and GPM. According to Theorem 1.1, the spectral method attains statistical optimality
in the limit as 28 — oo, achieving the minimum possible risk. The performance of the spectral
method in scenarios where 7% does not approach infinity, however, remains less understood.

Previous studies [21, 23] have explored the PCA method in Bayesian settings for synchro-
nization problems with p = 1. Unlike the spectral method, as defined in (4), PCA does not
involve entrywise normalization but scales the leading eigenvector u to minimize the mean
square error (MSE). These studies offer a comprehensive asymptotic analysis of PCA’s MSE
and that of the Bayes-optimal estimator, demonstrating both methods’ ability to achieve sub-
stantial accuracy when o is below a specific threshold. However, PCA tends to exhibit a
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higher MSE compared to the Bayes-optimal estimator. Furthermore, [21] indicates that the
MSE of SDP falls between that of PCA and the Bayes-optimal estimator, leaning more to-
wards the latter.

While Theorem 1.1 addresses the regime where % — 00, Theorem 2.1 establishes an

upper bound in scenarios where % exceeds a certain constant. This suggests a complex

interplay between the performance of the spectral method and the ratio Z—; in the con-

stant 2L regime. To better understand this relationship, we conducted numerical experi-

mentsgusing the spectral method, GPM, and SDP under various o2 levels. The GPM, ini-
tialized with the spectral estimator %@M := Z, iteratively updates ng),M = f(X EgP_N} )) for
t > 1, where f:C" — C7 is an entrywise normalization function defined as [f(x)]; :=
x;/|zi|l{x; # 0} + [{z; =0} for any x € C". The SDP, a convex optimization problem,
maximizes Maxyzegnxn.z— 78 ding(2)=1,,2-0 1T(XZ) over complex positive-semidefinite
Hermitian matrices with unit diagonal entries and can be initialized using the spectral method.
We assessed their performances using the normalized squared ¢5 loss (5).

0.4

—_— 1.0
" Spectral — Spectral
[} GPM
: B
= 0.3 o?l(2np) 0.8
o
g

0.6
2 02 o
el
&
= 0.4
£
5 0.1
= 0.2
0.0*"/ 0.0 - e
\ | | | \ \ | | | \
0 5 10 15 20 0 5 10 15 20
o o

FIG 1. Numerical results for the spectral method, GPM, and SDP in phase synchronization, with n = 100,
p=0.5 and o2 varying within [0, 20]. Left: Error comparison measured by the normalized squared (o loss.
Right: Comparison of the high-order term in their errors.

Figure 1 summarizes the comparative performances of these methods. For low o2 values,
. 2
the error rates of all methods approximate QUTP. The left panel of the figure shows that as o2

increases, their error rates rise more steeply than %. As o2 continues to increase, the spectral
method exhibits higher error rates, as expected, since the other two methods use the spectral
method for initialization and enhance it through more complex procedures. For a deeper
insight into the numerical performance differences, we compare the high-order terms in their
errors. Specifically, the normalized squared /5 loss for each method can be expressed as
(149) %, where ¢ represents the high-order term. The right panel of Figure 1 compares § for
these three methods. It reveals that even at small o2 values, the spectral method’s performance
diverges from those of the other methods. This suggests that while § diminishes to O for
all three methods as o2 decreases (thus achieving exact minimax optimality), the spectral
method’s § diminishes more slowly than those of the other two methods.

Deriving explicit expressions for these error rates would be insightful, yet it falls outside
the scope of this paper and presents an avenue for future research.
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4.2. Condition on p. In the phase synchronization problem (1), observations are missing
at random, forming an Erdos-Rényi random graph A with edge probability p. The value of
p cannot be excessively small, as this could result in A being disconnected, thereby making
accurate estimation of z* under a global phase impossible. Theorem 1.1 assumes % — 00
to establish the exact minimax optimality of the spectral method. A less stringent condition,
where % exceeds a certain constant, is considered in Theorem 2.1. However, it is known

that A is connected with high probability when —£- > 1 + € for any constant € > 0. This

1
raises the question of how the spectral method per%;ns when % is a small constant.

Our analysis requires % to be greater than a certain constant for several technical rea-
sons. This condition ensures desired bounds hold for critical quantities such as ||[A — EA||
and ||A o W], which are essential for the /o, analysis in Proposition 2.1 and the ¢ analy-
sis of the first order approximation in Proposition 2.2. Moreover, the proof of Theorem 2.1

logn

leverages the /., results from Proposition 2.1, leading to the inclusion of the p factor
in the theorem’s upper bound. This requires 2= to approach infinity for the upper bound to

asymptotically match the exact minimax risk. Obtaining precise bounds for the performance
of the spectral method when 72 is a small constant would require an extension beyond our
current analytic framework, a task we leave for future research.

4.3. Other Low-rank Problems. The synchronization problems investigated in this
manuscript are part of a broader category of problems characterized by low-rank matrix
structures disrupted by additive noise and incomplete data. The methodologies developed
herein are applicable to a variety of related problems, such as matrix completion, principal
component analysis, factor models, mixture models, and ranking from pairwise comparison
data. A key observation is that many of these problems encompass multiple sources of ran-
domness, such as that arising from missing data and additive noise. An effective approach,
as demonstrated in this study, is to isolate these sources and evaluate their individual con-
tributions to the overall estimation error. This strategy is exemplified in our analysis of syn-
chronization problems, where we introduce a novel population eigenvector and eigenspace.
Furthermore, Lemma 2.2 and Lemma 3.2 offer a general framework for the perturbation
analysis of eigenvectors and eigenspaces.

On the other hand, synchronization problems are special in that their leading eigenvector or
eigenspace is spread out. In the literature [11], the coherence of an eigenvector u is defined as
maX;e n] lu;|? /n, where uy, ..., u, are its coordinates. In phase synchronization, the leading
eigenvector of EX in (3) possesses uniformly equal magnitude 1/4/n, indicating maximal
coherence. Contrastingly, in many low-rank problems, eigenvectors exhibit lower coherence,
which naturally factors into theoretical analysis. Therefore, when extending the concepts
and methodologies from this paper to other scenarios, it is crucial to monitor eigenvector
coherence for more precise and insightful analysis.

5. Proofs for Phase Synchronization.

5.1. Proof of Lemma 2.2. We first present a variant of Davis-Kahan Theorem [13] and
an inequality about infycc, ||z — yb|| and ||(Iy — xzx™)y|| that will be used in the proof of
Lemma 2.2.

LEMMA 5.1. Let X,)N( € C4 pe two Hermitian matrices. Let \y > Mo > ... > \g be
the eigenvalues of X. Consider any r € [d]. Let U € C4" (resp. U) be the eigenspace of X
(resp. X ) that includes its leading r eigenvectors. Under the assumption that || X — X|| <
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(Ar — Arg1)/4, we have
' HX A

I1-uU") UH —_—
H( r )\r+1)

LEMMA 5.2.  For any unit vectors x,y € C%, we have infyec, ||z — yb|| < V2 ||(Ig — z2™)yl|.

PROOF OF LEMMA 2.2. Denote p1 > ... > u, as the eigenvalues of Y. We first give
some inequalities for the eigenvalues and ||Yv*|| that will be used later in the proof. By
Weyl’s inequality, we have

max {|u1 — pl,s [pe — pal} < [IY =Y.
Since ||Y — Y*|| < min{pu] — p3, 17 }/4 is assumed, we have

3 5 11— 1
2 —ur < < X — > - <
(23) PSS HLS Jpr, e 2 o
and
24) HT |17 — pa < Y — Y~ < 41y =Y~

—1l=
111 ’ pr T o= lY =YE T 3

Regarding || Y v*||, using the decomposition

and its consequence

(25) Yo=Y "+ (Y =Y ' =pujv"+ (Y =Y )"
we have

.3
(26) Y or]| > 5 — Y — Y ”1

We define v € C" and v € S,, as

Y *
27 b=,
M1
- Yo*
(28) V= .
Y v|]

Then v is the first-order approximation of v, written equivalently as v = v/||0||. Note that
with ||Yv*|| > 0 as shown in (26), v is well-defined.
Since v is the eigenvector of Y corresponding to p1, we have

pv =Y,
piv=Yv"/||o].

Subtracting the second equation from the first one, we have

*
_ - L o
o= =7 (0= o) =Vl =0+7 (7 57 ) = Y00+ 5o
v 0]
After rearranging, we have

(29) 91l (1L — V)0 — ) = Y (5 — o).
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Since (u1l, — Y)v = 0, we have span(uif, — Y) being orthogonal to v. As a result,
10| (w1, — Y) (v —0) = ||9]] (1L, — Y) (I, — vo™)v. In addition, since the left-hand side
of (29) belongs to span(/,, — vv"), its right-hand side must also belong to span(/,, — vo").
That is, Y (0 — v*) = (I, — vo™)Y (0 — v*). Then (29) leads to

(30) ”EH (MlIn - Y)(In - UUH)ﬁz (In — UUH)Y(B — v*)'

Observe that 0 < p7 — po < ... < g — oy are the eigenvalues of pq I, — Y. In particular,
the eigenvector corresponding to 0 is v. Since (I,, — vv™)v is orthogonal to v, from (30) we
have

18] (1 = p2) [| (I = vo™)ol| <N[O[ | (et = Y) (I — 00™)0| = || (I — 00™)Y (T = 0")]].

Hence,
- 1 -«
€1y [(Ln, —vv™")v]| < m”(fn—WH)Y(U—U -
From Lemma 5.2, we have infycc, [|v — 0b|| < v/2||(1,, — vv™)v]|. With this, (31) leads to
- 2 o .
(32) nf o < — Y2 (L o)V (5 — o).
beC, 19]] (11 — p2)

In the following, we are going to analyze (I, — vv™)Y (0 — v*). We have
(I, —vo")Y (0 — v™)

= (I — v0")Y (Y”* )

M1

*

1

= (I, —vu")Y ('ul - 1> v+ — (I, =" )Y (Y = Y*)o*
251 241

_ <"f_1> (I — 0" )0 + (Zi )(IH—WH)(Y—Y*)U*

M1

1 1
+ — (I, —vo")pjv o™ (Y = Y*)v* + — (I, — o™ ) (Y™ — pjo" ™) (Y =Y ™) v*
M1 M1

! (L~ o) (Y =Y (Y =Y o*

o
AT -
+ (‘/ﬁ )(1 " )(y_y*)v*+;(ln_vUH)(Y e (v
1

+— =) (Y =Y") (Y - Y )"
K1

Hence,

[(Ln — v0")Y (0 —0")||
* V(Y —Y*)o*

S(‘Ml_l‘ﬂ ( ) ‘) (I — vo™)o* |+‘ ‘IIY e
21 H1
YV* — oot Y — V* Y_Y*2

N | piot o™ ] I N | I
M1 H1
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e L B e [
H1 K1 K1
max{|p|, |k |}y — Y* Y —Y*|?
. max{lps], [} [ |
M1 H1
where we use the fact that ||, —vv™|| =1 and ||Y™* — pjv*v™|| = max{|u5], |} |}. Then
together with (32), we have

~ 2 1 Y -Y* * HY , %
inf o — b < Y2 (’“—1‘+’”>u1||<fn—vv |
beC, 9] (1 = p2) \ \[ i1

i Ll Y =Y Y =Y
m_l"|y_y*|,+max{m2|,unuu |, Iy =y )
1 M1 M1

+

In the rest of the proof, we are going to simplify the display above. From (23) and (26),
we have

o 5
Using Lemma 5.1 and the assumption ||Y — Y| < (u] — p3)/4, we have
L2y —v
It oyt < 22V
H1 = M2

With the above results, together with (23) and (24), we have
1nf ||lv —vb||
be

l

V2 4y —Y*¥| Y -Y*|\ 2|y -Y* Y —Y*| .
<2 Hs* !+H3* /’51‘* *H+H3 v — v
5 3 H1 T MY — 15 Y
+max{!u§\,luZI}HY—Y*H Iy —v*|?
%/ﬁ 4:“*1
_ 10v/2 (( 16 8>\Y—Y*||2 4max{|p3), \unl}HY Y*,>
3(py — p3) \\3(ui —p3)  3p] 3ut
40v/2 4 2 a
<ol (g + 2 ) iy -+ P ey,
(Hl MQ) (Ml MQ) My I

5.2. Proofs of Lemma 2.1, Proposition 2.1, and Proposition 2.2.

PROOF OF LEMMA 2.1 . Denote X" as an eigenvalue of A with its corresponding eigen-
vector u’. Then we have Au’ = \'v/'. This can be equivalently written as

> Ajpug, = N, Vj € [n].
k#j

Multiplying by z; on both sides, we have

ZAij;U;C = ZA]kz;ziz(zZu%) Nz, Vg € [n].
py ks
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That is, (A o z*2*")(2* ou’) = N(2* o). Hence, X is an eigenvalue of A o z*2*" with the
corresponding eigenvector z* o u’.

By the same argument, we can show each eigenvalue of A o z*z*" is also an eigenvalue
of A. As aresult, since @ is the leading eigenvector of A, z* o % is the leading eigenvector of
Ao zFz™, O

Before proving Proposition 2.1 and Proposition 2.2, we first state some technical lemmas
related to A and W.

LEMMA 5.3. The largest eigenvalue of EA is (n — 1)p and the corresponding eigen-
vector is 1,,/\/n. The remaining eigenvalues of EA are —p with multiplicity n — 1. Denote
N >N, > ... >\, as the eigenvalues of A. We have

33 |N—=(n-— l)p\,;%aé(n\)\; +p| <||A-EA|, and N — X, >np —2||A - EA|.

LEMMA 5.4. There exist constants Cy,Co > 0 such that if % > (', then we have

A —EA| < Cy/np,

[Ao W] < Cay/np,

The first part of Proposition 2.1 (i.e., (16)) can be proved using Theorem 2.1 of [1] which
we include below for completeness. The statement of Theorem 2.1 in [1] is complicated as
the theorem works for perturbation of eigenspaces. However, what we need to consider here
is only the perturbation of the leading eigenvector. For easier reference, we present below a
simpler version of the theorem.

2

— n? logn
Z Im ZAjijkz;zk 3719 14+ Co i

J€[n] k#j

with probability at least 1 — 3n~19.

LEMMA 5.5 (A simpler version of Theorem 2.1 of [1]). Consider two symmetric ma-
trices Y,Y* € R"™™. Let the eigenvalues of Y* be pj > p5 > ... > p. Define A* =
min{p] — p3, 1i} and k= max{|ui|, |1 |}/A*. Let the leading eigenvector of Y (resp.
Y™) be v (resp. v*). Assume the following conditions are satisfied for some v > 0 and some
function ¢ : [0, 400) — [0, +00):

LY [ly o0 < AT

2. Forany m € [n], {Yj, : j =m or k =m} are independent of {Yjj, : j # m,k # m}.

3. 32kmax{vy,o(v)} <1 and for some 5y € (0,1), P(||]Y = Y*|| <yA*) >1—do.

4. Suppose ¢(x) is continuous and non-decreasing in [0,+00) with ¢(0) =0, ¢(z)/x is

non-increasing in [0, +00), and 61 € (0,1). For any m € [n] and w € R™,
]l 01
P(|[Y =Y ]pw <A* >1——.

Then with probability at least 1 — g — 201, there exists some constant C > 0 and some
be {—1,1} such that

[vb =Y /uilloe < C (K(k + (1) (v + S 07l + 7Y ll206 /AT) -
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The following Lemma 5.6 provides two Bernstein-type concentration inequalities to be
used in the proof of Proposition 2.1. The first one is the classical Bernstein inequality; see
Section 2.8 of [6] for its proof. The second one is proved in Lemma 7 of [1].

LEMMA 5.6.  Let By,..., By, be real independent random variables such that max ¢, | Bj| <
M for some M > 0. Then

142
P (Bj —EBj)| >t | <2exp <_ 2 )
J;} > jein E(Bj —EB))? + 3 Mt

Let w € R" be a fixed vector and a > 0. If { B} jen) Z'riglBernoulli(p), we have

24 a)np
p(|Y wB |z — TPy
i€l 1 Vlog( Mol °°)

PROOF OF PROPOSITION 2.1. We use Lemma 5.5 to prove the first part of the proposi-
tion. Denote pj > ps > ... > pr as the eigenvalues of EA. Define A* and « the same as
in Lemma 5.5. From Lemma 5.3, we have A* = (n — 1)p, k = 1, with 1,,//n being the
leading eigenvector of EA. Since EA = pJ,, — pI,,, we have IEA|2—00 = v/(n — 1)p. By
Lemma 5.4, there exist constants c1, co > 1 such that if 10 P-> ¢, then ||A IEA|| < co\/np

with probability at least 1 — 3n~ 0. Define 7 := 2c2/\/np, & := 2n~1%, and ¢(z) :=
3(1v log( ~1))~L. Then the first assumption of Lemma 5.5 is satisfied as long as cg > 1.
When 25 is greater than some sufficiently large constant, we have () < 8/log(np), and
the thlrd assumptlon is satisfied. We can also verify that the second assumption is also sat-
isfied. For any m € [n], denote [A — EA],,. as the jth row of A — EA. For any w € R",
since [A —EA],,.w is a weighted average of centered Bernoulli random variables, the second
inequality of Lemma 5.6 can be applied to have

AR

< 2exp(—anp).

Valwls
2.
<P (lA-Ednu|> ——2P o u, | <207,
1\/log( HWIl )

when O — > 11 is greater than some sufficiently large constant. Define d; := 2n~ 10 Then
the last assumptlon of Lemma 5.5 is satisfied. Then Lemma 5.5 leads to the conclusion that
with probability at least 1 — 6n =1, there exists some constant ¢; > 0 and some b € {—1,1}

such that
. 1 1 IEA|,
AL <o (s ot)| A
2o 8 1 2co y/(n—1)p
1+3 ( + )
(< N\ Togtw) Jxrm—wp>
< b
log(np) v/n
for some constant 02 > (. Note that
1 1 1 1
Al, = ——FAL, + A-EML,=—1,+ —— —(A—EA,
A = R EAL (A B = ol (A - B
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Then we have
1 1
b — —1 2 -

1 1
¢n"w§bawnm+waAM#

For any m € [n], by the first inequality of Lemma 5.6, there exists some constant c3 > 0 such
that

Snpl
P(|[A_EA]M]]-71|203\/M) SQeXp (_ 5 Nplogn )

A—-EAN,

o0

(n—1)p(1 —p) + §v/nplogn
< on 1.

Together with a union bound, we have P (||(4 — EA)1,|| > csy/nplogn) < 2n~'°. Hence,

- 1 ca 1 1 c3v/nplogn logn 1 1
ub— —=1,| < + <c + >
Vo Ul T log(np) v (n=1)p  V/n np  log(np) ) v/n

for some constant ¢4 > 0 with probability at least 1 — 8n 10,

The second part of the proposition is an immediate consequence of the first part. If ; :gpn >

max {C’l, 2022}, all the coordinates of @ have the same sign according to (16). From Lemma
2.1, we have u = u* as u* is the leading eigenvector of Ao 2*2*". If {;} [, are all positive,
we have

5= /luj| = 251y = 5,

for each j € [n]. Thatis, 2= 2*. If {1; } j¢|,] are all negative, we then have 2= —z*. O

PROOF OF PROPOSITION 2.2. Recall \* is the largest eigenvalue of A o z*z*". From
Lemma 2.1, u* is the corresponding eigenvector. Denote A5 > ... > A7 as its remaining
eigenvalues. By Lemma 5.4, there exist constants c;, ce > 0 such that when % > cq, We
have ||A —EA| < cp\/np and ||Ao W|| < co\/np with probability at least 1 — 3n~10. By
Lemma 2.1 and Lemma 5.3, we have \* > (n— 1)p — c2/np, max{|A3|, A5 |} < p+cay/nip,
and \* — A5 > np — 2c2,/np. When lngpn and 2% are greater than some sufficiently large con-
stant, we have 4o [|[Ao W| < np/2 <min{A\},\* — A3} satisfied. Since X — A o z*2*" =
0 A oW, adirect application of Lemma 2.2 leads to

inf ||u — ub||
beCy

1012 AN ,  max{gl, Mo A0 W
< — AoW 1
< 404/2 4 N 2 c%aan N (p+ cay/np)cao\/np
Inp/2 \\ np/2  np/2 np/2
2
S C3 s 0-7
np
for some constant c3 > 0. J

5.3. Proof of Theorem 2.1. We first state some technical lemmas that will be used in the
proof of Theorem 2.1.
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LEMMA 5.7. There exists some constant Cy > O such that for any ~ satisfying 222 —=r >
C'1, we have

20 40 1 2

E 1 =2 E AJkW]kz Zp| =7 ¢ < 5o exp 7 np ,
np v2p 16

Jjeln] k#j

holds with probability at least 1 — exp <—312 7272”” > .

LEMMA 5.8 (Lemma 10 and Lemma 11 of [17]). For any x € C such that Re(x) > 0,

1’ IP?;EQ . For any x € C\ {0} and any y € Cy, we have ’ﬁ—y‘ <2|x—y|

Iw\

PROOF OF THEOREM 2.1. Let b; € C; satisfy ||u — ubi|| = infsec, ||u — ual|. Denote
d :=u — uby € C". Recall % is the leading eigenvector of A. From Proposition 2 1, Propo-

sition 2.2, and Lemma 5.4, there exist constants cy,cy > 0 such that if 1: s 02 > c1, We
have

o’ +o
(34) 10]] < e ,

np
o 1 logn 1 1
35 max |i; — —=bo| < c + —,
G jeml | \/52‘_ 2( np log(np)> n
(36) |A —EA| < cov/np,
(37) |Ao W/ < cay/np,
2
=% n’p logn
(38) > |mm ZAjijkzjzk < <1+ e/ . )
jE€n] k#j

with probability at least 1 —n =7, for some by € {—1,1}.

From (35), when 5 > 2¢2, U is closer to 1,,/y/nby than to —1,,/v/nby with respect to
l5 norm. From Lemma 5.3, 1,,/1/n is the leading eigenvector of EA. By Lemma 5.1 and
Lemma 5.2, we have

§ oo 2[A-EA|
[ = L/ Vo] < VRII = Lo 25 )i < == == < r
Recall that u* is defined as z* o % in (8). Define §* := u* — ﬁz*bg. This yields
|0%]] = z*oﬁ—iz*o]l by z* o ﬁ—i]l by
N N
1 2co./ 2
(39) — 7= —=1,b|| < 2Cay/MP + 2P
vn np
By the definition of w in (9), we can decompose u into
~ Xu* bl
u=uby +06= o+ 0= (Aoz"z")u* + 0o (Ao W)u*)+0
[ X [IXu]
(40) (Nu*+o(AoW)u™) + 9,

IIX gl
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where we use the fact that «* is the eigenvector of Aoz*z*™ corresponding to the eigenvalue
A* by Lemma 2.1. With the definition of «* and also its approximation f 2*ba, (40) leads to

b1 < 1
N (zFou)+o0(AoW) <z*b2 + 5*>> +0.
~Ixw] vn
For any j € [n], denote [A o W];. as its jth row. From the display above, we can express u;
as

b L e
u; = IIX; 7| \FZA]kWszkbﬁa[AoW] 85| + 95
k#j
By (4), when u; # 0, we have
- bobiz*u;
}/Z\] - Z;blbg‘ = bgblz;f%} ‘ bgblz] 1‘ = M —1
J ‘bgblzjuj}
IXullp 7, .
1) = ?belZﬂ'uﬁ 1
‘7” )\3 ”bgblz;fuj‘
which is all about 2.8 ”b2b1z u;. With
fj = ZAjijk?;ZZ,
k#j
we have
[ Xur]|, — . o o[AoW];.6%baz qu*”

Note that from (35), we have

N 1 1
(43) botl; > (1 — ¢ ( f;gpn +iog (np)>> NG

Let 0 <, p < 1/8 whose values will be given later. Consider the following two cases.
(HIf

O sl 0

(44) ‘)\*\/ﬁ@ S\/ﬁa
o[AoW];.0"| _ p.

45) v S\/ﬁa
[Xu | | _ p

(46) e 0; S\/ﬁ

all hold, then from (42) and (43), we have

| Xu*||, — logn 1 1
babiziu; | > | 1— —v—=2p| —
R( o s ) 2\t (A gty | T U
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which can be further lower bounded by 1/(2/n) for sufficiently large lnp Therefore, u; #
0 in this case. Then by Lemma 5.8 and (41), we have

|25 = 2} bibs|
(2R + SR i),
: (“C?(@+m)‘”‘2”>ﬁ
i (%6 N
(1_CQ<\/@+IOWP)_7_2P)% ;
< m (&))] +2\FUHA oW, 5% + 2y/n || Xu*|| 551,

- logn 1 A¥ A¥
(1= (V% + ter) =7 = 2)

Note that for any z,y € R and any 1 > 0, we have (z +y)? = 22 +2(n'/22) (n~'/2y) + % <
(1+n)2? + (1 + 7571y We have

(1+m) o [T (&)
(1o (Vo5 )~ 20)

8no? . _L8n | Xur)?
o 4o W]+ (1) X s e

where the value of 1 > 0 will be given later.
(2) If any one of (44)-(46) does not hold, we simply upper bound |z; — 27b1b2| by 2. Then

this case can be written as
>
\/7

O'[AOW]] 8*bozt

o[AoW];.6* | Xu|| ¢

‘ -

B

5 - fhibaf <

+(1+nh

o[AoW];.6*
)\*

&

2 = zbubs|*
p X
— I e I 9
>¢ﬁ}+ { >¢ﬁ}+ { T

<4 <]1{
a1 T R P T e T
<4 (H{a|§j| >N+ A2 + e ,

where in the last inequality we use the fact I {z >y} < 2% /42 for any z,y > 0.
Combining the above two cases together, we have

2 — Zjbabe|°
(14 ) £ [Tm (&)

(1 o (/2R k) _7_2,3)2

8no? 8n || Xu*||? 512

N/n

+(1+n s 2 [AoW].6* >+ (1 +n7") 2 |65

o tn|[AoWiat P n||Xur]?]6;]?

+4<n{a|§jyzm }+ p2)\*2j + e j
(1+n)Z Im (&)

5 T4{o[§| =A™}

(1 (VB ) )
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n | Xur|?

2
_ o\ No . _ _
+8(1 07" +p )5 Ao W' P 481+ 07 + 7)) =5 16"
The display above holds for each j € [n]. Summing over j, we have
nl(z,z%)
SRS,
Jj€[n]
(1+77)0—722 *
< > 2 2 ()P +4 ) Holgl =72
(1 —C2 ( =+ log(lnp)> -7 2[)) J€ln] €]
1, —2\n0” 2 -1, -2 n||Xu*||2 2
8L+ +p7) g D AW P8+ +p7) = > 19
j€n] j€n]
(1+n) 5o .
< : : 3D ()P +4) H{olg>\"}
(1 —c (\/ =+ log(ln,,)) -7 2p) j€ln] j€n]
no? n || Xu*|?

_ _ 2 _ _
+8(1+n~" + ) g Ao WP 8" 1P + 80+ 07" +p7%) =5 161",
where in the last inequality, we use > ;¢ [[A 0 W)j.0%% = (Ao W)5*||*> < || Ao W2 ||6*]|°.
We are going to simplify the display above. From (34), (37), (39), and (38), we have upper
bounds for [|5][ , [[A o W|, [|6*[|, and 3 ;cp,,y [Tm (£;)|?. Using (36), Lemma 2.1, and Lemma
5.3, we have \* > (n — 1)p — ¢o/np and a crude bound np/2 < \* < 2np when longpn is
greater than some sufficiently large constant. Due to the decomposition X = A o z*z*" +

oA oW and that (A o z*z*")u* = A\*u*, we have

| Xu*|| = |\ u* + Ao Wu'|| < XN 4o ||AoW| < np+ cao/np.

. . 2
From Lemma 5.7, if y satisfies “5* > c3 for some constant c3 > 0, we have

. 20 402 1 [~2np
ZH{U|§J’|Z’W\}§ ZH{WKHZ’Y}SWGXP(—MV 2 |

Jj€mn] Jjeln]

holds with probability at least 1 — exp <— 351/ VZZP ) . When cj is sufficiently large, we have

402 1 [+2np a2 \*
exp | —5=1/ < ;
v2np 16V o2 ~v2np

which is due to the fact 4exp (—/z/16) < 1/2% when = > x for some large o > 0.

Combining the above results together, we have
logn\ o2 o \*
1 W= =
)2 ( + ¢ " ) 2np+ (’y%}p

2
(1 +77) (162g1>
0(z,2°) < S
1 1
(1= o (V5" + ity ) 7~ 20

_ _ 2¢co 2 52
+32(1+1n 1+p2c2< ) —
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cga2> st + o2

C
np )% (np)?
-2
Notethatﬁ <14162,V0<z < %.Wehave (1 —c2 (\/h;lgp" + bg(ﬁ) e 2p) <

—2
1416 (e (/222 + by ) 7+ 20) and (1—er ke — 1) <1416 (ks + 1)

as long as [Z2- is greater than some sufficiently large constant. After rearrangement, there

exists some constant ¢5 > 0 such that

+128(1+nt+p7?) <1 +

R logn 1 o2 2
0Z,2)<|1+cs|(n+v+p+ 8% 4 )+’y6<>

np  log(np np
_ _ 1+ 02 o?
+(n 407 < p > np’

We can choose 72 = /02 /(np) (then P > ¢y is guaranteed as long as 28 > ¢3). We also

g

set p> = /(14 02) /np and let = p?. Then, there exists some constant cg > 0 such that

2\ I 1 1 2
13 < [1he [ () + 4204 7
np np  log(np) 2np
This holds with probability at least 1 —n~* — exp (g5 (2£)*). O
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SUPPLEMENTARY MATERIAL

Supplement A: Supplement to ‘“Exact Minimax Optimality of Spectral Methods in
Phase Synchronization and Orthogonal Group Synchronization”
(url to be specified). In the supplement [38], we first prove the auxiliary lemmas of Section 5
in Appendix A. We then include proofs of results for the orthogonal group synchronization
in Appendix B. A calculation to derive (18) is included in Appendix C.
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