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APPENDIX A: CHARACTERISTICS OF THE POPULATION QUANTITIES

In this section, we present several propositions that characterize the population quantities
defined in Section 4.1. We first define two matrices related to z*. Let D € R*** be a diagonal
matrix with

Djj=Hien]: 2 =7}, j e[k,
and let Z* € {0, 1}”Xk be a matrix such that

(40) Z! =1{zf = j}, i€[n],j €[k]

PROPOSITION A.1. There exists an orthogonal matrix W € R¥*F such that
V=2"D:W.
Consequently, V; . =Vj . for all i, j € [n] such that z} = zj* In addition, we have that
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PROOFEF. First note that
T 1 1 T 1 N T
P= (05, 00) 2T = (01,....00) DED ™ 2°T = (03,....6;) D} (Z°D7%)

and observe that Z* D~z has orthonormal columns. Now, we decompose (07,...,6%) Dz =
UAWT into its SVD. Here W is some orthonomal matrix W € R¥** Then we have that

P=UA (Z*D—%W)T,

with Z*D:W having orthonormal columns. Hence, we have that ¥ = A and V =
Z*D~sW. The structure of Z* leads to the second statement presented in the proposition.

Indeed, due to (2), the largest singular value of (7, ...,6;) must be greater than A /2. Since
07,...,0%) Dz =USWT, we obtain that
pnl

E 2
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PROPOSITION A.2. The matrix V satisfies

| k
max VTeZ- <4/—=.
i€[n] | | bn



PROOF. By Proposition A.1 we have that
IVTeil = IWTD™V2(Z) T eil| = | D7V2(Z*) el

where we used that W is orthogonal. Hence, we obtain that

1 k
I@IGI%HVTQH <———— (2 el = B
minje DF ;
O
PROPOSITION A.3. We have that
[, 85| < ony [ =, Vi, 1€ K.
AR Bn
PROOF. Since P=UXV7T and P ; = 07, i € [n], we have for any u, € [k] that
(u,0;) = 0V, where i € [n] is any index such that 2} = j.
The proof is completed by applying Proposition A.2. O

APPENDIX B: AUXILIARY LEMMAS RELATED TO THE NOISE MATRIX E

In this section, we present three basic lemmas for the control of the noise term E and
empirical singular values and vectors, used in the proof of Theorem 2.1.

LEMMA B.1.  For a random matrix E € RP*™ with {E; ;} Z.Zf.vd/\/(O, 1), define the event

F={|E|| <V2(vn+ /p)}. We have that
P(IEI 2 Vit Vp+t) <e

and particularly
P(F)>1- e 0-08n,

PROOF. By Theorem 2.13 in [2] we have that E|| E| < /n + /p. Moreover, as || E|| =
supHuH:HvH:1<u,Ev>, we have by Borell’s inequality (e.g. Theorem 2.2.7 in [3]) that

P(| Bl > E|E| +1t) <e /2 ]

Weyl’s inequality (e.g. Theorem 4.3.1 of [4]), the fact that X = P + F and Lemma B.1
imply the following lemma.
LEMMA B.2. Assume that the random event F holds. We have that
& <o +V2(Vn+/p), Vje k.
The last lemma included in this section is the Davis-Kahan-Wedin sin(©) Theorem, which

characterizes the distance between empirical and population singular vector spaces. We refer
readers to Theorem 21 of [8] for its proof.
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LEMMA B.3 (Davis-Kahan- Wedin sin(©) Theorem). Consider any rank-s matri-
ces W, w. Let W = ZZ 1azu2 T be its SVD with o1 > ... > o, Similarly, let W =
Yoy Jluzv be its SVD with &1 2 ..>0g Forany 1< j < l <, define V= (vj,...,v)
and V = (0,...,0;). Then, we have that

2w -w|
inf
O: orthogonal matrix

V- VOH < ﬁHVVT - VVTH <

min{o;_1 —o0j,0; — 0141}
where we denote oy = +00 and o511 = 0.
APPENDIX C: PROOFS OF KEY LEMMAS

In this section, we provide proofs of the lemmas stated in Section 4, except for the proof
of of Lemma 4.3, which is deferred to Appendix F. Throughout this section, for any matrix
W, we denote by span(W) the space spanned by the columns of W.

PROOF OF LEMMA 4.1. Since ]5.,,- = IA]Y,i = (UUT) IA]Y,i lies in the column space

span(U7) any {6, } , that achieves the minimum of (11) must also lie in span (/). In partic-
ular, we have that”

min Z ]5.72- -0, ? = mln Z HUY
z€[k]",{0;}5_ eR¥ b " {e; )t _, ER*
) 2
= min ,
ze[k]™ {c; };’ZleRk ‘e
where the last equation is due to the fact that U is an orthogonal matrix. O

PROOF OF LEMMA 4.2. Due to the fact that P is the best rank-k approximation of X in
spectral norm and P is also rank-%, we have that

|2 -x]||<1P-x1= 121

This, the fact that both P and P are at most rank k and the fact that we work on the event F
imply that,

HP - PHF < 2V2k||P — X|| = 2v/2k| E||
(41) <4VE(n+/p),

where the last inequality is due to Lemma B.1. Now, denote by O the center matrix after
solving (11). That is, the ith column of O is 0 2. Since © is the solution to the k-means
objective, we have that

|o-2],<]# -7,
F F
Hence, by the triangle inequality, we obtain that
Hé—PHFg QHP—PHFg&/%(ﬁ+ JP).
Now, define the set .S as
S A
5 (-

S:{ie[n]: ;.
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Since {ézf — 0% } are exactly the columns of © — P, we have that

1€[n]

07l _26tn+1)

S| < .
NV -
Assuming that
BA?
———— >512,
k2 (1+2)
we have that
6n
S| < —.
5= 2k

We now show that all the data points in S¢ are correctly clustered. We define
Cj={ien]:zf=4i€8°), jelk]
The following holds:
* For each j € [k], C; cannot be empty, as |C;| > [{i: 2] =j}| —|S] > 0.
* For each pair j, € [k],j # [, there cannot exist some i € C;,i’ € C; such that 2/ = Z.,.
Otherwise 9}; = ég;/ which would imply

o5 o] = oz — oz

2%

<

" N

+’ ’<A,

«952 — «92;/

+]

0:, — 07
contradicting (2).

Since Z; can only take values in [k], we conclude that the sets {2/ : i € C;} are disjoint for all
Jj € [k]. That is, there exists a permutation ¢ € ®, such that

zZi=¢(j), i€ Cy, j €[kl
This implies that ), _gc [{2; # ¢(2])} = 0. Hence, we obtain that

256k (n + p)
A2 '
When the ratio A?/ (k? (n + p)) is large enough, an immediate implication is that min ey [{i € [n] : 2 = j}| >

0(2,2%) < |5 <

%” -S| > g—z Moreover, in this case we obtain that

. 2
©—-P
m]aXHéj - 92(1)"2 < % - |SH|F < 128k2ﬁ(:_’_p)

J

PROOF OF LEMMA 4.4. Recall that M has SVD M = UXV7T where U = (uy,...,uy),
V =(v1,...,v) and ¥ = diag{o1, ...,0} € R¥** with o1 > 09 > --- > 0, > 0. We denote
S={z espan (I — VVT) :|z|| =1} to be the unit sphere in span (I — VVT). We also de-
note O to be the set of all orthonormal matrices in R™*"™ and furthermore

0'={0c0:0V=V}.
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Let V| be an orthogonal extension of V' such that (V, V) € O. Then for any O € O’, due to
the fact that O(V, V) € O and O(V, V) = (V,0OV ), we have that OV is another orthog-
onal extension of V. This implies that

(42) Oz €span (I —VVT) Vzespan(I-VVT).

Hence O’ includes all rotation matrices in span (I — VVT). In the following, we prove the
three assertions of Lemma 4.4 one by one.

Assertion (1). Recall that M = M + E=USV” + E and M = 32" 6;ii;6] and denote
by 4 equality in distribution. For any O € (0, since EOT 4 E, we have that MOT =
(UVT + E)OT =USVT + EOT £ M. On the other hand, /O has SVD

pANT

MOT =" 6;0; (09"
j=1

Hence, for any j € [k], we have that 0; 4 09;.
For any x € R", we define the mapping f : R" — S as f(x) = (I — VV)z/||(I —
VVT)z||. Applying f on both ©; and Od;, we obtain that
(I-VvVD0u; 4 I-VVTD,

I =VVD)Ou{| (I =VVT),]°

Since 9; = VV T, + (I —VVT)d;, we have Od; = VV 7T+ O(I — VVT)p;. By (42), we
have that O(I — VV7T)d; € span (I — VVT). Hence, we obtain that

(43) VVTOu; =VVTe;
(44) (I-VVDOi; =(I-vVTYOI - VVTi; =0 -VVT)p;.
As a consequence of (44), we obtain that

asy o MZVVIY _ OU-VVIe, o (I-VVI ooy
[T Vv~ O — VT, [T — Vi)

In particular, (I — VVT)9;/||(I — VVT)9,| is contained in S and is rotation-invariant.
Hence, we obtain that (I — VVT)d;/||(I — VVT)d;| is uniformly distributed on S.

Assertion (2). For any x € R", we define another mapping g : R — R" as g(x) =

(VVT)T (I = vVD)z)T/I|(I — VVT)z|))T. Recall that 9; 4 Ob; YO € O'. Applying
g on both 9; and O?; and using (43), (44) and (45), we obtain that

VvTe; \ o [ VVTy
(46) I-vvTyo, |= I-vvie, |-
0
I(I=VVT)o,] [(I=VVT)o,]

Let A be a Borel subset of span(V V1) and B a Borel subset of S. By (46) we have for any
O € O that

(I -VVT)y T, ) ( (I -VVT)y s )
Pl —+—cB|VV'0,cA)=P(O - cBIVV'o, e A).
(H(I = VvV, ‘ ! (1 = VVT)i,| ‘ !

I-VVT)o; TA . . o
=V VV*49; is also uniformly distributed on S, invariant to

the value of V'V'76;. This implies that (7=yv-2'y

Hence, we obtain that

is independent of VV719;.



Assertion (3). Since ||(I — VVT)i;|| = /1 — |[VVT4;]|% is a function of only V'V T4;, this
is an immediate consequence of the second assertion.
O

APPENDIX D: EXTENSION OF PROPOSITION 2.1

In this appendix, we provide an extension of Proposition 2.1.

PROPOSITION D.1.  Assume the observations { X; } | are generated as follows:
7; = 9;: + €.

Denote E = (e1,...,¢€,). Assume that A/(B~ " kn=02 ||E|) > C for some large enough
constant C' > 0. Then the output of Algorithm 1, 2, satisfies for another constant C' > 0

C'k| B
nAZ
In particular, if {e;}; ZZﬁi./\/'(O,Z) and assuming that A/(B7°°k(||Z]| + (trace(X) +

12| log(p + n))/n)%5) > C, we have for another constant C" > 0 with probability at least
1 —exp (—0.08n) that

47) 0(2,2°) <

C"k (IZ]| + (trace(E) + | log(p +n)) /n)?
A2 '

(48) 02,2%) <

Moreover, if {€;};"_, i subG(c?) (i.e., sub-Gaussian with variance proxy o) and assuming
that A/ (B~ 2kn"50(1+p/n)~%) > C, we have with probability at least 1 — exp (—0.08n)

that
C"ko? (14 2)

(49) 0(2,2) < N

PROOF. Following the proof of Proposition 2.1 line by line (47) immediately follows.

To obtain (48) and (49), we provide upper bounds for || E||.

When the errors {¢; },-_; are independent Gaussians with covariance matrix 3, we bound
|E|| by applying Corollary 3.11 in [1]. More precisely, assume that ¥ has eigendecom-
position ¥ = T'AT'"" with A being a diagonal matrix and I" an orthogonal matrix. Denote
by E a p x n matrix with i.i.d. standard Gaussian entries. Then, by rotation invariance

of isotropic Gaussian random variables, we have that F L PAV2TT B L DAV2E. Hence,

| E|| 4 ITAY2E| < ||AY2E)||. The entries of A'/2E are independent and hence we can now
apply Corollary 3.11 in [1] and (48) follows.

When the errors are sub-Gaussian distributed, we bound || F|| by a net argument, see for
instance Theorem 5.39 in [9]. ]

APPENDIX E: PROOF OF THEOREM 2.2
To prove Theorem 2.2, we first note that
SIVa-ealP< D IV —éslP

= [n] S ’I’L]

<(1+¢) inf min Y —¢il|?,
<+ n e Z i 125 = ¢
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as each iteration of Lloyd’s algorithm is guaranteed to not increase the value of the ob-
jective function. By the same analysis as for Z in Proposition 2.1 , Z and 2 satisfy (13)
with an additional factor of (1 + ¢) on the right hand side of the inequality and the centres
{0, };?:1 = {Uéj };‘f’:l satisfy (14) with an additional factor of /1 + ¢ on the right hand side
of the inequality. Then the exponential bound (10) follows similarly as the proof of Theorem
2.1 and we line out the necessary modifications below. .

In particular, the local optimality guarantee ||Y; — ¢z, || < ||Y; —¢;]|, Vi € [n], j # Z; ensures
that the equality in (17) holds. Moreover, by definition of the centres éj we have, similarly as
in (21), that

é- _ Zii:jpﬂ _ &l
7Yl Vel s =41

and that
0y

N (TR

Finally, since Z fulfills (13) with an additional factor of (1 + ¢) on the right hand side, we
further have that [{i € [n]: Z; = j}| > g—z and thus we obtain, as in (23), that

e mare (i1, 1CF) < (hp +4) | 5 (1+2).

With these modifications, the rest of the proof is the same as the proof of Theorem 2.1.

APPENDIX F: SPECTRAL PROJECTION MATRIX PERTURBATION THEORY

In this section, we give the proof of Lemma 4.3. Before that, we first introduce two lemmas
used in the proof of Lemma 4.3.

The following lemma gives an upper bound on the operator norm of ||.S,.p||. The setting
considered here is slightly more general than that in Lemma 4.3, as E is not necessarily a
Gaussian noise matrix. The proof of Lemma F.1 mainly follows that of Lemma 2 in [6]. It is
included in the later part of this section for completeness.

LEMMA FE1. Consider any rank-k matrix M € RP*™ with SVD M = 2521 Ujujva
where 01 > 03 ... > 0y, > 0. Define og = o1 = 0.

Consider any matrix E € RP*™, Define M = M + E. Let the SVD ofM be ZJ 10U A;‘F
where 61 > 02 > ... 2> Oppn.

For any two indexes a,b such that 1 < a < b <k, define Vo.p = (vg,...,0p), Va:b =

(Day ..., 0p) and 'V := (v1,...,vy). Define the singular value gap go., = min{o,_1 — 04,0 — Op41}-
Define
A 1
(50 Sun=(L=VVT) (Vs Vily = Var Vi) V= D — (I =VVT) BTy Vay.
a<j<b 7
Then, we have that
32(0q — E|?
a0l < (2= 4 1) 5,
T9a:b Qa b

Sg:p in Lemma 4.3 and Lemma F.1 depends on E. It can be written as S,.;(E) with
Sap (+) treated as a function of the noise matrix. Lemma F.2 studies the Lipschitz conti-
nuity of S,.(+). It slightly generalizes Lemma 2.4 in [7] and its proof follows along the same
arguments. Its proof will be given in the later part of this section for completeness.



LEMMA E2. Consider the same setting as in Lemma F.1. Define Sq.,(E) as in (50).
Consider another matrix E' € RP*™ and define M' := M + E'. Define S,.,(E') analogously.
Assuming that max {||E||, ||E’||} < ga:v/4, we have that

Oa — Gb> max {[| £, || £’
Ya:b 2

C2Y) 1Sa:6(E) — San(E")|| <1024 <1+ H}||E—E’H.

a:b

Applying Lemma F.1 and Lemma F.2, we are able to prove Lemma 4.3. It generalizes
Theorem 1.1 in [7], and its proof follows the same argument.

PROOF OF LEMMA 4.3. Define ¢ as follows

1, §<1
p(s)=4¢3-2s, 1<s<3/2
0, 5>3/2

and note that ¢ is Lipschitz with Lipschitz constant 2. As we mention earlier in this section,
we write S, (E) and treat S, (+) as a matrix valued function.

Step 1. Define a function

6| F
() = (Sua(E), W P71 ).
We are going to show that hs is also Lipschitz for any ¢ < g,.,/4. We use the notation |||,
for the nuclear norm of a matrix.

* First suppose that max {||E||, ||E’||} < d. Then, by Lemma F.1, Lemma F.2 and the fact
that ¢ is Lipschitz, we obtain that

\hs(E) — hs(E")|
< 5us) - 5us) o (L) o gt9,0) [ (LD ) g (BT

6||F 6||E 6|| E’

< [1Sus(B) — aAENWWH¢(|g”>+W%AEUH o (L) -0 (M)

— !
gmm(pr %)mwﬂgmwme_EMWh

Ga:b b

a E'||? 12||E|| - || E

10 (1 =) LB 2B 1
Ga:b gab )

Ogq— O, )
ga(r% b)ﬁrE—Emwm,

a: a:b

for some constant C > 0 that is independent of E, F’.
o If min {||E||,||E’||} > d then h(E) = h(E’) = 0 and the above inequality trivially holds.
* Finally, if | E|| <0 < || E'|, imi i

|hs(E) — hs(E")| = |hs(E)| = ‘<5a:b(E>’W> <¢ <6”5EH> ¢ <6H6E/H>> ‘

(%5) (55

< [1San(E)|]




Oaq — Op

)
e <1+ )ZHE—E'HHWH*,
ab

a:b
and the same bound holds if we switch the places of E and E’ in the last case.

Combining the above cases together, we have shown that for any ¢ such that § < g,.5/4, hs
is a Lipschitz function with Lipschitz constant bounded by

Oy — 0O 0
or (14 2= .
Gazb 9a:b

Step 2. In the following, for any two sequences {z,},{yn}, we adopt the notation x,, < yn,
meaning there exists some constant ¢ > 0 independent of n, such that x,, < cy,.
By lemma B.1, we have that for all £ > 0,

P (1B - E|EJ| > v2t) <exp(-1).

Set § = §(t) = E||E|| + v/2t. We consider the following two scenarios depending on the
values of ¢.

» We first consider the case where /2t < g,.5/24, which implies 6(¢) < g,.5/6. By the
definition of hs(-), we have that hs(E) = (S..5(E), W). Denoting by m the median of
(Sab(E), W) we have that

P (hs(E) =2 m) > P (hs(E) = m, ||l <6(t)) =P ((San(E), W) = m, | El| < (1))

1 1 1
> P((Sas W) 2 m) — P(|E]| > 6(8)) 2 5 — 57t 2 7,
and likewise P (hs(E) < m) > 1/4. Hence, since hs is Lipschitz, we can apply Lemma
2.6 in [7], which is a corollary to the the Gaussian isoperimetric inequality, to show that

with probability at least 1 — e~* that

"= )
(52) |h5(E)—m|§\/%<1+Ug b"”) —(Qt)HWH*.
a: a:b

By Lemma B.1, we have that E || E|| < \/n + p. Thus, we obtain that
Oq — Op Vit n—i—p-&-\/%
() ~m| 5 (14 P00 ) V2« W]l
Ga:b Ga:b Ga:b

Moreover, the event where || E|| < 6(¢) occurs with probability at least 1 — e~ and on this
event hs coincides with (S,.,(E), W). Hence, with probability at least 1 — 2e~*

D SwlE) W) —mi (1422 vt (W) an
Ja:b Ja:b Ja:b

*» We need to prove a similar inequality in the case v/2t > g,.;,/24. In this case we have that
E||E| < v/t as by assumption E|| E|| < g4.5/8. Hence, applying lemma F.1, we have that

Ogq — O, t
S0 S IS EN WL S (14 ) g
Ga:b 9a:b
Hence, since ¢ > log(4) and e~! < 1/4, we conclude that we can bound
— t
(55) 5 (1 =) .
Ya: 9a:b

(54) and (55) together immediately imply that the inequality in (53) also holds for /2t >
ga:b/24-
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So far we have proved that (53) holds for all ¢ > log4. Integrating out the tails in the
inequality in (53) we obtain that

Ogq — O, VN +
|E<Sa:b(E),W> - m‘ < E|<Sa:b(E)aW> - m| rg (1 + Gab b> 9 pHWH*a
a: a:b

and hence we can substitute the median by the mean in the concentration inequality (53).
O

The last two things left are the proofs of Lemma F.1 and Lemma F.2.

PROOF OF LEMMA F.1. As in the proof of Lemma 4.4, we use self-adjoint dilation. As
before, we define for any matrix W

D(W) = <I/I9T VOV>

Since D(M) is symmetric and because of its relation to M it has eigendecomposition
(56) D(M)= ) oiP,
1<[i|<k
where for i € [k],
_ 1 ulu;f uiviT 1 uZuZT fuiviT
7) o0-i=~oi, hi= 2 ('UzU;T vivl )’ Pi=3 —vul vl

Similarly, we have that

1<]i|<pAn
where for each i € [k], 6_;, ]5@ and P_i are defined analogously. Denote
(58) P= Z P, andP= Z b,
li|e{a,....b} li|e{a,....b}
Using this notation, we have that
T (1 7T T 5 On
(59 (1= VVT) (Vs Vil = Vaw Vi) Vi = (O (1= VVT)) (P = P) ( ),

where O,,«, denotes a n x p-matrix consisting of 0’s. We divide the following part of the
proof into three steps.

Step 1. In this step, we decompose (I — VVT) (Va:bVaTb — Va:bVaT:’b) Va:p- Denote by [0, 0]

the corresponding interval on the real axis of the complex plane C. Define v to be a contour
C around the intervals [0, 03] with distance equal to g,./2, i.e.,

(60) 7t = {77 € C:dist(, [o4,00]) = ggb} :

where for any point 7 € C and interval B € C, dist (7, B) = min,¢g ||n — 7/'||. Likewise we
define v~ as

(61) = {77 € C:dist(n, [0-5,0-0]) = ggb} '
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This way, among the singular values of D(M), only those with index in {a,...,b} and
{=b,...,—a} are included in y* and v~ respectively, and the remaining ones lie outside
of the contours. By the Riesz representation Theorem for spectral projectors (c.f. page 39 of
[5]), we have that

N 1 ~ 1 ~
62 P=—— D(M) —nI) tdn — — D(M) —nI) tdn.
(62) 2m.w(()n) 772m.T(()n) U

For any matrix W and any 7 € C, define the resolvent operator
Ry (n) = (D(W) —nI)~".

Then (62) can be written as

1 1

Ry (n)dn — 5 Ry (n)dn.
-

P i
21 o

Note that D(M) = D(M) 4+ D(E) and that Ry () = (D(M) —nI)~'. We expand Ry (n)
into its Neumann series:
Ry (n) = (D(M) = nI + D(E))™" = (D(M) —nI)(I + Ray(n)D(E))) ™"

= (I + Ru(n)D(E) ™ Rar(n) = Y (=1 [Rar(n) D(E)Y R (n)

(63) = Ry (n) = Rar(n)D(E) Ry (n) + Y (=1 Ry (n) D(E)Y Ras ().

Applying the Riesz representation Theorem on P, we have that

1 1
P=——¢ (D(M)—nD)"Ydn— — ¢ (D(M)—nI)~"
st (PO —nt) i o (DO a0y
1 Ras(n)d b Ryi(n)d
= g R =55 p Rar()di.
As aresult, we have the decomposition
(64) P—-P=L(E)+S(E)
where L(E) and S(F) are operators on E, defined as
1 1
69 LE)= 5§ RuG)DERu(dn+ 5 § Ra(i)D(E) Ry (n)dn
T Syt 2 [~
and
1 - :
S(E) =55 § S (-1 Rus(mD(EN Ras ()i
T 'Y+j:2
1 = . :
- —1)d D(E)) :
(66) i | L RMDEN Rart

By (59), we have that

A A, OTL
(I - VVT) <Va:bVaTb - Va:bVaTb) Va:b = (On><p (I - VVT)) L(E) ( Va?;p)

+ (Opxp (I=VVT)) S(E) <?};Xbp) :
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Step 2. In the following, we show that the first term on the right hand side of the above
formula equals j Ji (I — VVT) ETuj e;‘-F, which implies that the second term equals S,..
Define

(67) Lo = (Opxp (I = VVT)) L(E) (O‘};Xbp) .

We first simplify L(E). Recalling (57), for any i such that |i| < k, we have that P; = 6,67,

where 6; = %(UZT, o) 0_; = %(UZT, —vI)T. We expand this into an orthonormal basis

of RPF™, {6, 0—i};e) Y105} k1 1<j<prn_i- This implies the following:
e Fork+1<j<p+n—k,wedefine P; =0, 9? and decomlpose the identity matrix as
I= > P,
ie{l,...,p+n—k}U{—k,...,.—1}

In the rest of the proof, by default we treat {1,...,p+n—k} U{—k,...,—1} to be the
whole set for the index i. We drop it when there is no ambiguity. For instance, the above
equation can be simply written as [ =) . P;.

* We define

(68) o;j=0Vk+1<j<p+n—k

Then (56) can be expressed as
D(M)=) 0P,
i

e For k+1<j<p+n—k,#6; is orthogonal to 6; — 6_;,Vi € [k]. This implies that the
second part of ¢, (i.e., from the (p + 1)th coordinate to the (p + n)th coordinate) is 0, or
orthogonal to span(vy,...,vg). Thus,

(69) (OnXp (I - VVT)) P,=0,Vist. |i| <k,
(70) P; (O”X”> =0,Vist |i|¢{a,...,b}.
Vb ’ ’ ’
and
Opxn
an Oy 1=V P (Orn)=1-vv.
1>

By (56), we have that

-1 -1
Rar(n) = (D(M) —nI)™' = (Z%Pi —77[) = (Z (oi =) Pz‘)

i

1 1 1
(72) = r= Y P+ P,
- i o; —1 ) g; — 1
Zg{a7"'7b}

defined as Ry (n) and R (n) respectively. With this, for the first term of L(E) in (65), we
have that

L Ru)D(E) Ru)dn = == ¢ (RF(n) + RE () D(E) (RE (n) + RE (1)) din.

211 ot 211 ot
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Observe that by the Cauchy-Goursat Theorem,

since there is no singularity inside . The identical result holds for f,y . RS (n)D(E)RS (n)dn.
Using the Cauchy integral formula, we obtain that

2%; R{(nD(E)Ry (dn="3 > m%ﬁ — J_n)PiEpj

" i€{ay b} j¢{ab
- ¥ =
ic{a, b} s ot} '
A similar result holds for 5= ﬁy . RY (n)D(E)R{ (n)dn. Hence, we obain that

27Tz

1 P,D(E)P; + P;D(E)P,
5 P BuD(E)Ry(mdn= 3" ()a_a i
vt i€{a..b} j¢{a, b} 7

In the same manner, splitting

7 Ru=Rim+RymE Y sy A

g
1€{=b,...,—a}

we also obtain that

1
) 55§ FuDERNY= Y Y
i€{=b,...,.—a} j¢{-0,....,—a}

Hence, we have that

P,D(E)P; + P;D(E)P;
a ey={ ¥ Y + ¥ 3 ( );_U; (E)P;
ic{a,....b} j¢{a,....b} i€{—b,....—a} j¢{—b,...,—a} vl

Note that for any ¢ such |i| € {a,...,b} and any |j| ¢ {a, ..., b}, (69) and (70) imply

(Onxp (I=VVT)) PD(E)P; <OV"Xbp> —0.

Together with (67), this implies that

bo=| B+ S S 0w - vvn) SO Q)

ic{a,...,b} j¢{a,....b} i€{-b,...,—a} j¢{-b,...,—a}

S Y | S0 vy BEER Q)

ie{a,...,.b} ie{-b,....,—a}/) >k
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Recall that for all ¢ <k, 0_; = —o;. This yields

Lapy= Y. %(Onxp (1=vvD) (D P | D(E) (P — Py) (?}(:f)

ic{a,..b} J>k

= Y O -V (R (,%) <U§)uiuiov?) (?Z:Xbp)

(2

i€{a,...,b} >k
1 T O Xn T T
- Z P (O"Xp (I -Vv )) ZPJ Ip E* uiv; Vb
ic{a,...,b} i ik nxn
= Y vV E ] Vi,
i€{a,...,b} i

where the last equation is due to (71). This implies

Sa:b = (I - VVT) (Va:bVaTb - Va:bVaTb) Va:b - La:b
(76) = (Onxp (I-VVT)) S(E) <O‘}}Xbp> :

Step 3. In the final step, we upper bound ||.S,.;|| by using the formula above. By (72), for any
n€~t orn€~~, we have that

2

(77) R ()] < —.
YGa:b

Moreover, we have that
VTl=1"1<2(00 — 0b) + Tgau.
Recall the definition of S(E)) in (66). Note that | D(E)|| = || E||.

* Under the assumption that || E|| < g4.5/4, we have that

—+ — oo
v+ - ~
ISl < I5E)) < LTS Ry Gy Dy

j=2
2(0q — 03) + TGap 2\ 2\
S CNEP(—) DB
Ya:b —0 Ga:b
J
16(0, — EIP& 2
< < (Ua Ub) —l—8) H 2‘ ZHEH] ()
TYa:b 9ap §=0 YGa:b
32(0q — E|?
(78) < <(0“ %) +16> IZ]7
T9a:b Ja:b

o If [|E|| > ga:p/4, by (76) we have that

||Sa:bH < ‘ Va:b‘}a?b - VaZbVaTb

|+ Zas
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The first term is bounded by 2. By the definition of || L. ||, the second term can be bounded
as follows

1 E E
HLa:bH = (I_ VVT) ET Z 7uivz‘T Va:b < — H H < H H .
i€{a,...,b} i MiNie{q,....b} Ti Ga:b
Hence, we finally obtain that
FE El?
15 <2 MBI 2 gIEI
Ga:b gab

Finally, we prove Lemma F.2.

PROOF OF LEMMA F.2. We follow the same decomposition and notation as in the proof
of Lemma F.1. Recall the definition of P and P in (58). In particular, due to (64), we have
that

P—P=L(E)+S(E),

where L(E) and S(FE) are defined in (65) and (66), respectively. Define P’, L(E'), S(E’) in
the same manner for M’. Then we have that

S(E')-S(E)=P —P— (L(E") - L(E)).

As a consequence, due to (76), we obtain that
Sa:b(E/) - Sa:b(E) = (O"XP (I - VVT)) (S(E/) - S(E)) <O‘;;>;P>
. N\ (O,
= (O (1= VY1) (P P) (o)

— (Opxp I =VVT)) (L(E") — L(E)) <O‘}pr> .

In the proof of Lemma F.1, we analyze the difference between P and P. By the exactly the
same argument, we analyze the difference between P’ and P. As in (64), we have that

P —P=L(E'—E)+S8(F' —E),

where
T / 1 /
LE ~E)= 5§ RyD(E' - E)Ry(ndn
A/+
1
79) + o3 § Ru(DE = BBy (n)dn,
e -
and

$(F - B)=—-- 74 S (~1)7[Ryy () D(E' — B) Ry, (n)dn
vt j=2

211

o0

S f S (-1 [Ryy () D(E' ~ E)J Ry (n)dn,

211
Jj=2
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with v+, v~ defined in (60) and (61). Hence, we have that

Sa:b(E,) - Sa:b(E) = (O”XP (I - VVT)) S(El B E) (O‘bep>

+ (Onsp (I-VVT)) (ﬁ(Ef —E)— (L(E') - L(E))) (%x:) ’
which implies
B0 [Sen(E) — Sen(B)| < || S(E = B)|| + | LB - B) - (1(B) - L(B))||.

We are going to establish upper bounds on the two terms individually.

Step 1. We first bound the second term above. Due to (65), (79) and the fact that D(E’' — E) =
D(E") — D(FE), we have that

L(E'-E) - (L(E') - L(E))

1

=5 ¢ (Ryg(n)D(E' = B)Ry (n)dn — Ras () D(E' — E) Ry (n)) d

At
1
3 b (By()DE ~ E)Ryy )y — Rag()D(E' = E)Ras(w) d.

-
By Weyl’s inequality (Theorem 4.3.1 of [4]), we have |6; — 04| < || E||, Vi € [p A n]. Assum-
ing that || F|| < g4:p/4, the minimum distance between v, v~ to the points {(6;,0)} is at
least gq.5/2 — || E|| > ga:p/4. for all i € [p A n]. Similarly as (77), we obtain that

4
Ry <V T,
[ m] < = et

Hence, together with the fact that | D(E’ — E)|| = ||E' —

]{ (Ry;(mD(E" — E)Ry;(n)dn — Ry (n)D(E' — E)Ry(n)) dn
At

<

ji Ry (n)D(E' — E)(Ry(n) — RM(H))dnH N ’

8
80— Bl sup 1Ry, (n) — Ras(m)]l-
ap neyt

(o) = R ) DO = )R |

Moreover, by the expansion of the resolvent into a Neumann series in (63), we have that

182 () H<Z IRA D NIE N | Rar () < | Ras () | IIEHZ 1R ()11 E211)

SHEH

ga b
where the last inequality is due to (77). Hence, as |y | < 7gq.p + 2(0, — 03), we have that

74 (R () D(E' — E)Ry, (n)dn — Ry () D(E' — E)Ros () dy
At

J— /_
<o (o 2o IEUIE B
Ga:b Ya:b
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The same result holds for the other integral over v~. Hence, we obtain that
Oa — Ub)) IEIE — E]
TJaib Tach

Hﬁ(El —B)— (L(E) - L(E)) H <64 <1 L X

Step 2. For the term related to S, we bound it analogously as in the proof of Lemma F.1.
Following (78), we have that

A 32(0q — E'— E|?
HS(E’ - E)H <64 <(U" %) 4 16) 1E B,
T9azb 9a:b
Combining the above result with (80), we obtain that

Y E|l,|E
S0 (E') = Sa(E)|| < 1024 <1+ o U”) mex {12
a:b

||
he-E).

a:b
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