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APPENDIX A: ADDITIONAL PROOFS

In this appendix we provide the proofs of Lemma 5.2, Proposition 5.1,
Proposition 5.2, Theorem 2.1 and Theorem 3.1.

A.1. Proof of Lemma 5.2. Let p(z) be the probability mass function
of Z;, and M (t) be the moment generating function of Z;. That is
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The minimum of M(t) is achieved at t* = 3 5 log Z((ll ZZ;, with

wn e (-6 )

This gives I = —log M (t*) = max;(— log M (t)). Let 6 be a positive number
which may depend on n. Denote S,y = >""" | Z; and S,/ () = >_;-; zi. Then

P(Sy > 0) > > [1rGz)
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where we use the fact that exp(n’t*0) > exp(t* >, z;) > [[exp(t*z;) when

>, zi < n'd. Denote g(w) = %. Then
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xXP(0) (s (relomery it

= exp (—n'T) exp(—n't*8) Z Hq(zi).

{2:8,/(2)€[0,n/5]} i=1



2 ZHANG, ZHOU

Note that ¢g(w) is a probability mass function, as ), Ww = 1. Let
Wi, Wy, ...,W, be ii.d random variable with probability mass function
q(w), then
1 &
P(S,s > 0) > exp (—n'I) exp(—n’t*&)P(é > — Z W; > 0).
n
i=1

A closer look on W7 gives

POV = 1) = P(Wi = —1) = 3705 ﬂfl(l ~ -,

and P(W; =0)=1—-P(W; =1) —P(W; = —1). Thus EW; =0 and

Var(W;) = M?t*)\/“bu ~ha- by

nn n n

Denote V = Var(zgil W;/n') = Var(Wy)/n’. By Proposition A.1 we have
I/(t*VV) < \/nI/K. Consider the following two cases.

(1)IfnI/K — oo, we have I/(t*\/V) — oo as well. Define § = V%I%(t*)_%
which yields 62/V = I/(t*/V) — co. Chebyshev’s inequality gives

1 & v
P(|,; o] 2 0) < 5 =o0).
i=1
By the fact that the distribution of % Z;il W; is symmetric, we have

(5>*ZW>0) s(1-F( 2w 29)) » 5

Together with t*6 = o(I) we get P(S,y > 0) > exp(—(l +o(1))n'I).

(2) If nI/K = O(1) is in a constant order then there exist constants
c1,¢y > 0 such that nf/K < ¢; and I/(t*VV) > ¢y. Define § = c3K/(nt*)
for some constant c3 > 0, then

\/V_ nVVt* < Vi < .a

5 csK T e3l _6203.

We can choose c3 large enough such that V/6? < ¢4 < 1 for some constant
¢4 > 0. Then by applying the Chebyshev’s inequality as in case (1) we obtain

<5>—ZW>O) ( (

>5>) (1—C4)>0
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Thus P(S,, > 0) is lower bounded by some positive constant.

(3) If nI/K = o(1), we can use coupling to convert it into case (2). By
Lemma B.1 we have nI/K < (a — b)?/(aK). We can find an @’ > a such
that (a’ —b)?/(a’K) < 1 or a b/ < b such that (a —b)?/(aK) < 1. Thus by
coupling the probability

n’ n’ n’ n’
P(ZXi > ZYz) > P(ZXi > ZYZ/)
=1 =1 =1 i=1

is lower bounded by a positive constant, where {Y/}?, b Ber(%). Similar

coupling trick can also be applied on b'.

PROPOSITION A.1. Define I, t* and M (t*) as in Equation (1.2), Equa-
tion (3.3) and Equation (A.1). Let

2K ab a b
V=——"{/——1—-—)1—-—).
Under the assumption that 0 < b < a < (1 — ¢)n for any constant ¢ > 0 we
have I?/((t*)?V) < 2L,

PROOF. By the definition of M (t*) we have M (t*) =< 1, which implies
V< %@ < % For t* we have
b(1 —a/n)
a(l —b/n)

=gee (-7 (-5 53)
x—log(l—a;b)'

By Lemma B.1, we have I < (a — b)?/(na). We consider the following two
cases.
(1) If a < b, we have t* < (a — b)/a. Then

1
t* = —§log

a—b)2
2o (G5 a=v?_nl
(t*)2V ~ (%47)21%1 aK K

(2) If a > b, we have t* < loga/b. Note that £ (log %)4 = o(1), we have

2 (a=b)*\2 4 2
= ( ) (a—0) 1 >(a—b) _nl

na
—~

(t*)2vw(log“)2Lﬁ: @K \/g(log%)QN ak K

b
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A.2. Proof of Proposition 5.1. Together with Equation (5.4) and
Equation (5.5) we have

P(T(0) > T(09)) < IP(ZUZ- - ZV > My - a)>,
=1 =1

where {U;}}_;, {Vi}{, are independent random variables and U; ~ Ber(g;),
V; ~ Ber(p;) with some {g;}_;, {pi}¢, such that minp; > a/n and
max ¢; < b/n. By coupling, we have

oY% «a

P(T(0) > T(o0) < P( DX = 3 Vi Ay —a)),
i=1 i=1

with independent variables {X;};]_; w Ber(2) and {Vi}2, o Ber(£). As an

application of Markov inequality,

P(T(0) > T(o0)) < B exp (1 Sx e Vi) = exp(tA(y - a)) )
< e A (Eetxl ) ! (Ee_tyl ) *

i [t

holds for any ¢ > 0 and any w € [0, 1]. Choose t = t*. Then by the definition
of t* in Equation (3.3), we obtain Ee!" X1Ee~*"Y1 = ¢~ and by the definition

(Bet" X1)l-w ey

of X in Equation (3.4), we have (EeTVyw © exactly equal to 1. Thus

P(T (o) > T(0p)) < e~ (@M,

A.3. Proof of Proposition 5.2. Without loss of generality we assume
that dg (o, 00) = d(0,00). Then o assigns m nodes with different values from
09, and there are K possible values for each node. Thus

Hr .30 € T s.t. d(, 00) :m}’ < <”>Km < <€”K>m

m m

In addition, since each node has at most K possible choices, we have a naive
bound for the cardinality of I as [{I'}| < K™.

A.4. Proof of Theorem 2.1.
(1) For K = 2, the least favorable case for © is still @°. The proof is
identical to that of Theorem 2.2.
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(2) For K = 3, it is always possible to have o € © such that a constant
proportion of communities have size L,BLKJ’ and another constant proportion
have size (,BLKL with the rest communities have much larger size. Define
©% to contain all such o. Then with identical arguments used to establish
Lemma 5.1 and Lemma 5.2 we have

inf sup Er(o,6) > inf sup B(6(1))
g © 7 cecol

[n/BK] In/BK]

u=1 u=1
> exp(—(1+o(1))nl/BK).

A.5. Proof of Theorem 3.1 (K = 2). Without loss of generality
we assume 5 = [ %] throughout this section. For arbitrary o, € © with
d(o,00) = m, we can define a(c;0¢) and v(0; 0¢) the same way as in Section
5.2. Note that m < % since d(o,00) = min{dy(0,00),n — du(0o,00)}. Let
{Xi} i Ber(%) and {V;} b Ber(%), and {X;} L {Y;}. By the proof of
Proposition 5.1, we have

Y o
P(T(c) > T(0)) <P <Z Xi=> Yiz Ay - a)) .
=1 =1

Note that in K = 2 we have a specific equality as o+~ = m(n —m). Recall

that A = — 55 log (%). By the Chernoff bound,

P(T (o) > T(00)) < (Ee!"Xi)7 (Be~t"Yi) e " A0

min—m) ; Fet* Xi -2l
(R X Y T —26* A 2
= (Ee Ee ) (Ee—t*yi e )
< m(n — m)I)

— ex -_—

p 9 )

* Y. _4*xy * t*X,L- .
where we use Eet"XiEet"Yi = exp(—1I) and e*™ = %- The proof is

similar to that of Theorem 3.2. Here we only include the key quantities and
omit the details. Assume 0 < € < 1/8. Consider the following three cases:
(1) If nI/2 > (1 + €)logn, define my = 1 and m’ = en/2. Then P; <
nexp(—(n —1)I/2). Denote R = nexp(—(n — 1)I/2). We have

< Rn=/* for mg <m < m’
)™ exp(—"2L) < Rexp(—n(m8_4)1), for m’ <m <n/2.
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Then nEr(o,5) < E%jl mP,, = (1+ o(1))R.
(2) If nI/2 < (1 — €)logn, define my = nexp(—(1 — e~"/2)nI/2) and
m’ = nexp(—nl/8). We have

P < (Zen)mexp( LLC XL an’)I) = exp(—e~ 2I”TmI) for mg <m < m/,
(241 exp(— nmly < exp(—”—ml) for m' <m <n/2.
Then IET(J ) < mg/n+ an/zmo = (1+ o(1))mgo/n.
(3) If 210g — 1 there exists a positive sequence w — 0 such that ‘QIOgn -
Tgn < (—(1 —w)nl/2) and m' = w?n.
P < { (5)7 exp(= ) < exp(—2520), for mg <m <
T ()M exp(— M) < exp(—"2L), for m' < m < n/2.
Then Er(o,6) < mo/n + Z:fgmo = (14 o(1))mo/n.

A.6. Proof of Theorem 3.1 (K > 3). For the upper bound, we need
the following lemma in replace of Lemma 5.3. Other than that, the proof is
identical to that for Theorem 3.2 and thus omitted.

LEMMA A.l. Assume 1 < B < \/g Let o € © be an arbitrary assign-

ment satisfying d(o,00) = m, where 0 < m < n is a positive integer. Then

2 ifm < < 5%
a(300) Ay(o300) = § S
K me > ﬁ?

(5-38%)

where ¢5 = o51+36-35)

PrOOF OF LEMMA A.1. It is sufficient to show the equality for v(o;0p).
First consider the case m < %LK Without loss of generosity, let o satisfy

k—1 k
o(i) =k,Vie [Zn; + 1,Zn;] .
j=1 j=1

Here {n}} are sizes of all communities in 0. Assume dp (0, 009) = m, then
m = |{i : o(i) # oo(i)}|. Define my = |{i : (i) = k,00(i) # k}| then
m =), my. For k € [K], define

Ye(o300) = {(i,)) 1 0(i) = 0(j) =k Jo(') # 00(J), i<j}|
:H(zg) Zn +1<Z<]<Z H
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We see that vy(o;00) = Zle Yi(o;00). We have my, < R < %;", and
also yx(o;00) > |{i : 0(i) = k,o0(i) = k}|{i : 0(i) = k,00(i) # k}| =

mk(nk — mk) Then

v(o;00) 2 ka(nk —my) > % —m?.
k

Now consider the case that m > 5% Define my p = [{i : 0(i) = k,00(i) =
k'}| for any k, k" € [K]. We see that equations my = 374 mk s and
ny, = my +myy and ng =y, my  hold for all k, k' € [K].

For each k € [K], we want to obtain the value of 7x(o;00). We divide
k € [K] into the following three categories:

(1) We say k € K if for all k' # k, my jy < %n% For a given my, we have

1 ] 2
Ye(oso0)  5(ng — 20 My i)

/ / 9y
nEmg npmg

with mg = 3 4, k. When my, < %n;ﬁ, it is easy to check

/
we(o500) o (g = (nf = mw)® —m) _ mf —
npmy M, o

Wl

2,/
When my > §ng,

(o3 00) (g — (g = me)? — (mi = §mp)? — (3m3)°)

npmyg njmy
2 2
o (g = my) + ni (my — 315
- nymy,
2
> 2,
9
Thus (05 00) > 29%7}‘(’“ in both cases.

(2) We say k € Ky if exists & # k such that my, > %n% Claim myy g >
%nﬁf Otherwise, from o we can exchange the labels k and k' to obtain a
new estimator o’. This helps to correctly recover at least my g — my —
My > 3n), — snf — 3nj, > 0 more nodes. Since ¢’ € I'(c), this implies
m = d(og,0) < dg(0g,0") < dg(oo,0) = m, which leads to a contradiction.

On the other hand, we have my = nj, — mp i > njy — (N — My ) >
o By omos (B350 o () Thig implies
BK — K T 38K =  3BK : P

1 n

V(05 00) + Vi (03 00) > Y (03 00) S TR T 3N, S 3BK

my + Mg _mk—l-mk/_mk—i-mk/_;n:l—{—l_wﬁz/(gm_i_l.
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2cgn(my+mys) > 2cgnmy,
e > .

Thus we have v (0; 00) + (035 00) > T

Apparently [K] = K1 UKy and K1 N K = @ Claim for any k € K1, there
exists at most one k' # k such that my , > nk, Otherwise if there exists
another k" # k/ such that k" # k and my» 5, > nk,,. Since k', k" € Ky, this
leads to My g = %(n% \/n;g,). Then n; > M o+ My o+ Mg o > TLL,, + %n;g,, >

3%’}( > B " which leads to a contradiction. Note that cg < %. Thus

(0500) Z 29k (0; 00)
ke[K]
1 2nmy. 2cgnmy,
>
>\ mrt X Tk
ke kel

5, cgnm
- K

APPENDIX B: ASYMPTOTIC EEQUIVALENCE OF I
LEMMA B.1. Let a and b satisfy 0 < a,b <n and |a —b|/n <1 —c for
any constant 1 > ¢ > 0. We have
(a—b)?
nmin{a + b,2n —a — b}

I =<

When b < a < (1 — ¢)n we have I < (a — b)?/(na). In addition if a = o(n),
we have I = (14 o(1))(v/a — Vb)?/n.

PROOF. Without loss of generality we assume b < a. Write
~ log ((WJF \/1_7“\/1_757)2)
nmn n n
log< <Z+b>+2\/?<\/<1—n><1—b)+ le;))
1og<1—<\f [) —2\f< \/7 \/1— 1—b)>>
Note that \/; Fﬁ >4

we have

B.1) Ix <\/Z—\/E>2+2\/g<1—

> ¢ bounded away from 0,

|
VN
—
|
3|
N———
N
—
|
S|
N———
N——
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We consider the following two cases:
(1) When 1 —b/n > a/n, i.e. n — b > a, we have

7 oy (1-/3) -0-n0-)
1_ﬁ_wl_”)o_”%1—@#(1—:1)(1—51)
I )

R C R DI

where the denominator is in a constant order, which implies that there is
some constant ¢y > 0,

(B.2) IX(HQI\/;)(W—\T) _ Wa-vh?*

n n

)

Note that

(Va—vb)? _ (a-b)? _ (a—b)>
n n(ya+vb)?  n(a+b)’

which yields I =< 7(1(& +)b)

(2)Ifb/n>1—a/n,ie n—b< a, we have

Y T (T T :(1_\/(1_>(1_>>2_$
[ By T o
(Vs |

() (k)

where the denominator is in a constant order. This implies that for some
constant co > 0,

Ix(1+2c2\/7 F_ 1_7 (H_HY

Note that

1/1—f— 1—7 — ) = (a - b)°
+\/1 9)2 T a((n—b) + (n—a))’

n
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which yields I = (="

When b < a < (1 — ¢)n, we immediately obtain I < (a — b)?/(na) since
a = (a+b) < (2n—a—">). In addition if a = o(n), the proof is nearly identical
with case (1), except that (v/a—v/b)?/n = o(1) and ab/n? = o(1). Note that
I is equal to the right hand side of Equation (B.1) up to a (14 o(1)) factor.
Then Equation (B.2) leads to I = (14 o(1))(va — vb)?/n. O
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