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We study the statistical estimation problem of orthogonal group synchronization and rotation group syn-
chronization. The model is ¥;; = Z;"ZJTkT +oW; e R4*d where Wij; is a Gaussian random matrix and Z*
is either an orthogonal matrix or a rotation matrix, and each Y; is observed independently with probability
p. We analyze an iterative polar decomposition algorithm for the estimation of Z* and show it has an error

2
of (14+0(1)) %‘?1) when initialized by spectral methods. A matching minimax lower bound is further
established that leads to the optimality of the proposed algorithm as it achieves the exact minimax risk.
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1. Introduction
Consider
dxd
Yij:Z;kZ;kT—’—O'WijER s (1)

forall 1 <i < j < n. We assume

ZF e 0d) ={UeR™ . yU"=U'"U =1, 2
foralli € [n] and W;; ~ .#.M0,1;,1;) independently forall 1 <i <j < n.! Our goal is to estimate the
orthogonal matrices Z7, - - - ,Z*. This problem is known as orthogonal group synchronization or (d)
synchronization. In addition to (2), we also consider a closely related setting that

7 € S0(d) = (U € 6(d) : det(U) = 1}, 3)

for all i € [n]. This is known as rotation group synchronization or .#0(d) synchronization. Both &(d)
and .0/(d) synchronizations have found successful applications across a wide range of areas including

' A random matrix X follows a matrix Gaussian distribution .Z (M, £,), if its density function is proportional to
exp (—3 (2T - =" - ).
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structural biology, computational genomics, robotics, computer vision and distributed networks. For
example, synchronization over &'(d) has been applied to the sensor network localization problem [8].
The problem over ¢(3) can be used to solve the graph realization problem [9], and that over .#0(3)
plays a central role in cryo-electron microscopy [30, 32] and global motion estimation [1].

Despite a growing literature in application and methodology, theoretical understandings of syn-
chronization over '(d) or .#0(d) have not been thoroughly explored. In particular, the exact minimax
estimation of the &/(d) synchronization under the model (1) still remains an important open problem. In
this paper, we carefully characterize the minimax risk with respect to the following loss function,

1 n
UZ,2*) = min - » |Z —ZBl}, )
BeO@ N ; ' PoE

defined for all Z, Z* € 0(d)". Note that the minimization over B € 0(d) is necessary, since multiplying
every Z! by some B € 0(d) does not change the distribution of the observations. Our result is obtained
under a setting that allows the possibility of missing interactions. Instead of observing Y;; for all 1 <
[ <j = n, we assume that each Y;; is observed with probability p. In other words, we only observe (1)
on a random graph that A;; ~ Bernoulli(p) independently forall 1 <i < j < n. We summarize the main
result of the paper on the &/(d) synchronization as the following theorem.

THEOREM 1.1. For the &(d) Synchronization (2), assume % — 00, lgé’n — ooand 2 < d = O(1).
Then, there exists some § = o(1) such that

. ~ o2dd—-1)
_inf sup E 0(Z,2) > (1 —6)————. (®)]
ZeOd)y ZeO(d)" znp

Moreover, the algorithm 7 described in Section 2.4 satisfies

o2dd—-1)

€Z,Z) < (1+9)
2np

(6)

o\ 1/4
with probability at least 1 — n~8 — exp (— (U—f;) )

Though the result of Theorem 1.1 is stated in asymptotic forms, non-asymptotic versions under the
assumptions Z—g > ¢; and % > ¢, for some sufficiently large constants ¢y, c, > 0 are also presented

in the paper, with the exact form of § explicitly given in Theorem 2.1 and Theorem 3.1. The high-
probability upper bound (6) immediately implies an in-expectation upper bound given the boundedness

1/4
of the loss function that £(Z,Z*) < 4d for all Z,Z* € O(d)". Since exp (— (Z—’;) ) =0 (%‘?”),

we have

~ odd—1) 4d
sup E 0(Z,2) < (1+ 8)¥ + = @)
7e0(dy" 2np n
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for some 8 = o(1). According to the proof of Theorem 1.1, the 4dn~? in (7) can actually be improved to
4dn=C for any constant C > 0. Therefore, if we additionally assume that o2 /p = n~¢ for some constant
¢ > 0, we will have

o2dd—-1) o2dd—1)
1—-8)—— < inf sup EZE(Z Z) <(1+ 8)—,
an Ze ﬁ(d)” Zeﬁ(d)” 27’lp
for some § = o(1). Hence, %‘;1) is the exact asymptotic minimax risk for &(d) synchronization. We

remark that M

d(d— 1)
2

is intuitive to understand, since o2 is the noise level, np is the effective sample

size, and is the degrees of freedom of &(d). In additional to Theorem 1.1, we also obtain a very
similar result for the minimax risk of .0'(d) synchronization. See Theorem 2.2 and Theorem 3.2 for
the exact statement.

To achieve the minimax optimality, we consider an iterative polar decomposition procedure that
projects the matrix Z N Aij YUZJ(’ D to the space O(d) at the tth iteration. This algorithm can be
viewed as an approx1mat10n to the maximum likelihood estimator, and is known under other names
such as generalized power method [4, 14, 23, 27] and projected power method [7] in the literature.
We establish a sharp statistical error bound for the evolution of the algorithm and shows that the error
decays exponentially to the optimal 62%“;1) as long as the algorithm is initialized by a spectral method
[1, 32]. Our lower bound analysis is a careful application of the celebrated van Trees’ inequality [17]. It
complements the Cramér—Rao lower bound derived by [6] for the set of unbiased estimators.

Let us give some very brief comments on the assumptions of Theorem 1.1. Our paper is focused on
the setting where d does not grow with the sample size n. This covers the most interesting applications
in the literature for d = 3, though an extension of our result to a growing d would also be theoretically
interesting. We exclude the case d = 1, because .#0(1) is a degenerate set, and the problem over
0(1) = {—1,1} is known as Z, synchronization, whose minimax rate has already been derived in the
literature [11, 16]. It is interesting to note that the minimax rate of Z, synchronization is exponential
instead of the polynomial rate of &(d) synchronization for d > 2. When d = O(1), the condition

;’—I; — 00 is equivalent to the minimax risk being vanishing. Since the loss function is bounded, the

condition g—’; — 00 can also be viewed as necessary for the minimax risk to have a nontrivial rate.

We remark that a nontrivial estimation when Z—Q = 1 is still possible, but that requires a very different

technique of approximate message passing (AMP) [28] that does not apply to (% — oo. Finally, the
np

condition fogn — OO guarantees that the random graph is connected with high probability so that

synchronization up to a global phase ambiguity is possible.

1.1 Related literature

One popular method for group synchronization is semi-definite programming (SDP) [1, 32]. The
tightness of SDP and other forms of convex relaxation has been studied by [10, 24, 35]. In particular,
it is shown by [24] that SDP is tight for &(d) synchronization when o> < /n in the setting of p = 1.
The papers [1, 5, 29, 32] have studied spectral methods and its asymptotic error behavior. In terms of
statistical estimation error, [23] and [25] have derived error bounds for the generalized power method
and the spectral method for £__-type loss functions in the setting of p = 1 with a general d that can

2
potentially grow. In particular, both rates are # when d is bounded by some constant. For partial
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594 C. GAO AND A.Y. ZHANG

observations, the analysis of [27] for the generalized power method applied to p < 1, but they require
p = n~ /2 for a nontrivial result.

When d = 2, #0(d) synchronization is also known as angular/phase synchronization and has
been extensively studied in the literature [31]. The tightness of SDP has been established by [2, 36].
The convergence property and statistical estimation error of the generalized power method are studied
by [26, 36]. The work that is mostly related to us is [15] that derives the minimax risk of phase
synchronization. The analysis of [15] relies critically on the representation of an .(2) element as
a unit complex number. However, as soon as d > 3, elements of the groups &/(d) and .#0(d) are general
non-commutative matrices, and the techniques in [15] cannot be applied to derive Theorem 1.1. See
Section 2.2 for a detailed discussion.

1.2 Paper organization

The rest of the paper is organized as follows. In Section 2, we analyze the error decay of the iterative
polar decomposition algorithm and the statistical property of the initialization procedure. This leads
to the upper bound results for &(d) and .#0(d) synchronizations. The lower bounds are derived in
Section 3. Finally, Section 4 collects all the technical proofs of the paper.

1.3 Notation

Ford € N, we write [d] = {1, ...,d}. Givena, b € R, we write aVvb = max(a, b) and anb = min(a, b).
For a set S, we use I{S} and |S| to denote its indicator function and cardinality, respectively. The notation
1, denotes a vector of all ones. For a matrix B = (Bi/) € R91%4%_ the Frobenius norm, matrix £, norm,

and operator norm of B are defined by || B||r =, /z;il Z;lil |Bij|2, IBlly,, = max; ;g Z}Zl |B;| and

I1Bllop = Smax(B), and we use s,;,, (B) and s, (B) for the smallest and the largest singular values of B.
For U,V € RU1*% oV e RU*% is the Hadamard product U o V = (U;;V;), and the trace inner
product is Tr(UVT) = Zfl; I Z;lil U,;V;;- The notation det(-), vec(-) and ® are used for determinant,

vectorization and Kronecker product. For two integers d; > d,, define 0(d,,d,) = {U € Rh*%
U'U = 1.} so that 0(d) = 0(d,d). The notation P and [E are generic probability and expectation
operators whose distribution is determined from the context. For two positive sequences {a,} and {b,},
a, S b,ora, = 0(b,) means a, < Cb, for some constant C > 0 independent of n. We also write
a, = o(b,) or Z—Z — 00 when limsup,, 7 = 0.

2. Optimality of iterative polar decomposition

In this section, we derive the upper bound parts of the main results. We first investigate the &(d)
synchronization in Sections 2.1- 2.4 and then extend the results to the .#0(d) synchronization in
Section 2.5.

2.1  The algorithm

For a squared matrix X € R9*¢ that is of full rank, it admits a singular value decomposition (SVD)
X = UDV" with U,V € 0(d) and D being diagonal. Then, the polar decomposition of X is given by
X = PQ, where P = UV™ and Q = VDV". We denote the first factor, which is called generalized phase,
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 595
by
P(X) =UV". 3
It is well known [18] that £2(X) can also be defined by

P(X) = argmin ||B — X||3. 9)
BeO(d)

The operator Z(-) satisfies the following properties:
1. For any ¢ > 0, (X)) = P(cX).
2. For any R € O0(d), Z(RX) = RZ(X) and 2(XR") = 2(X)R".
3. Suppose X = X" and is positive definite, then 2(X) = 1.

The iterative polar decomposition algorithm for the &(d) synchronization is given by the following
iteration,

(-1 (-1
&z (Zje{n]\{i}Ainiij ) det (Zje{n]\{i}Ainiij )7“)’

70 =
i ([—1) (l_l) —
z", det (Zje{n]\{i} A2 ) =9

(10)

starting from some initialization {Zi(O)}ie[n]' To understand (10), we can consider the situation where
{Z/T" } iclnn\ (i) are known. Then, to estimate Z7, one can apply the maximum likelihood estimator (MLE)
that solves the following optimization problem:

min > Ayll¥; —ZZ" I}
7O jepng

With some straightforward arrangement of the objective function and (9), the minimum is achieved

by & (zje[n]\{i}AinijZ; ) as long as > ici\ i Atf/YijZ; has full rank. Thus, the iteration (10) can be
D

thought of as a local MLE step with the unknown {Z]?“ Yiernn\ iy Teplaced by {Zj(t*
step.

}jéln]\{i} from the last

2.2 An oracle perturbation bound

In this section, we give an oracle analysis for (10) to understand its statistical properties. An iterative
algorithm that is similar to (10) has been analyzed by [15] in the context of phase synchronization.
However, the argument used in [15] that leads to the correct constant is limited to the phase
synchronization and cannot be used for the &(d) or .”0(d) synchronization. In the following, we first
summarize the analysis in [15] for the phase synchronization and then present our new analysis for the
0(d) synchronization to achieve the correct constant.

As we have mentioned in Section 1, phase synchronization is .0(d) synchronization with d = 2.
Since a rotation matrix in R? is parametrized by an angle, we can equivalently set up the problem

via complex numbers. That is, we have Yl-j = z;.*Z]’.“ + aWij e Cforl <i<j<nEachzisa
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596 C. GAO AND A.Y. ZHANG

complex number with norm 1 and z} stands for the complex conjugate of z¥. The noise variable W, i is

standard complex Gaussian. Suppose we have partial observations on a random graph {A;}; <;_;,. the
generalized power method [4, 12, 28] is given by the following iteration,
el AinijZ,('r_l) ‘ (t—1)
B s A # 0,
3’ = |Setmnin A JEL T (11
t—1) =1
G ‘Z/e[n]\{i} AyYyz; ‘ =0.

It was shown by [15] that (11) achieves the optimal statistical error with a sharp leading constant after
sufficient steps of iterations. The key mathematical ingredient in the analysis of [15] is the understanding
of a one-step iteration error starting from the truth z!~1 = z*. That is, we define

AY
5 = ZJG["]\{l} ij UJ (12)

i
2 jetnnii) Ay Yz

and our goal is to give a sharp bound for |Z; — z;"lz. We can easily rearrange the right hand side of (12)

o e _ 9 e AiWiE
asz Zf‘1+e|,w1thei—W.Then,
. 1+e¢; Im(e;)|?
% -z 1> = L% < Ll)'z (13)
1+ e [Re(1 + ¢;)|
where the inequality above is by the fact that
ﬂ - 1' ‘—R (x) for any x € C such that Re(x) 0. (14)
x

For a proof of (14), see Lemma 5.6 in [15]. Since it can be shown that ¢, is small, the denominator of (13)
is close to 1. The numerical of (13) can be accurately controlled by the Gaussianity of e; conditioning
on the random graph {AU}I <i<j<n- To summarize, the first order behavior of |Z; — 7 2 is determined by
|Im(el-)|2, which leads to the optimal error of phase synchronization with a sharp constant in [15].

The above analysis relies on (14) and critically on the representation of an .0'(2) element as a unit
complex number. Next, we present our new analysis for the &(d) synchronization. To understand the
statistical property of (10) for the &(d) synchronization, let us similarly consider an oracle setting with

z!™Y =z forall i € [n]. Define

Z=2 > ayz]. (15)
JEln\{i}

and our goal is to bound IIZ -z ||%. Compared with (12), the formula (15) does not have a closed form
anymore, and the inequality (14) that only applies to complex numbers does not have a straightforward
extension to general orthogonal matrices.
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 597

By the property of Z(-), let us first write write

5 S ALY TF
7 = P jen\{i} “ij * i< _ {@(Z;k_i_Ei),
2 ety Aij

where the error matrix is given by

*
ey 2 et AWiZ
= .
2jetnii Ay

Note that Z} = Z(Z}), and thus, bounding ||Zl- -7zt ||% requires a perturbation analysis of the operator
Z(+), which is given by the following lemma.

LEMMA 2.1 (Theorem 1 of [22]). Let X ,)~( € R4*4 pe two matrices of full rank. Then,

12(X) = PX) | < =X — Xl
smin(X) + smin(X)
By Lemma 2.1, we have
> 12 -2 2
12 =712 = (1= 1Ellop/2)  NEiIR: (16)
Given {Aij}, the conditional expectation of ||Ei||12: is Zje(:i*} vt Moreover, Zje[n]\{i} Al-j concentrates
around (n — 1)p. Therefore, it can be shown that
IEIR = (1 + 0p 1) 8 (17)
illp = P —
under appropriate conditions. When ";‘fz = o(1), we have the bound
202
. o°d
na—ﬁﬁsa+%mr5< (18)

However, compared with our minimax lower bound in Theorem 3.1, it is clear that the error bound

22 . . . . L .
% is not optimal. This is due to a naive application of Lemma 2.1. Below, we present an improved

analysis of ||Z,- -7zt ||%. Recall the definition of E; and the properties of Z(-), and we have
1Z; = ZFIIE = 1220, + EZ™) = 1,

The key observation is that we can write I; as the operator &?(-) applied to any positive definite matrix.
With this idea, we have

IZ; — ZF |3 = || P, + E;Z;") — 2 (any positive definite matrix) ||, (19)
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598 C. GAO AND A.Y. ZHANG

We shall choose a positive definite matrix whose difference from I, + E;Z is as small as possible and
then apply Lemma 2.1. It turns out a correct choice is I; + E ZF + Z*TET When

= o(1), we

can view I; + 2E,Zl* + EZZ.*TEI.T as a small perturbation from /; by (17), and thus, it is p0s1t1ve definite.

Apply Lemma 2.1, and we have

v 1 1 2
1Z; — Zl.*||l% = H P, +EZT) - P (Id + EEI-ZZ-* + 2Z;“TET) ]
—21 AT 1 % T ?
= (1-1Ehy) | 3BT - 2 E |

Compared with the previous bound (16), the || E; ||F in (16) has been improved to || SsEZT — Zl*ElT ||12:.
To see why this is an improvement, we have two simple observations:

1. The diagonal entries of %EiZ;“T — %Z;"ElT are all zero, whereas those of E; are all nonzero.

2. The off-diagonal entries of %EZ-ZI.*T - %ZI*EIT have smaller variance. For any 1 < a <
b < d, we have (%EZZ;“T — %Z?E’T)ab A ~ JV(O ) compared with (E;) ,|A ~

2
o)
ety A

2
By direct calculation, the conditional expectation of || %EiZ;kT — %Zj‘ETHF given {A;} is zozdﬁ,
jeln

’ ZZJE

and it can be shown that

2 o2dd—1
=1+ (D)Q
F

1 1
” 2Elzl*T — EZ;‘ET

under appropriate conditions. This leads to the bound

. 2dd -1
17— ZF 3 < (1 + Pm%—%rl 20)

which is optimal in view of the minimax lower bound in Theorem 3.1. Compared with d? in (18), the
factor %d (d — 1) in (20) is the correct degrees of freedom of the space 0(d).
2.3 Analysis of the iteration

Having understood how a one-step iteration (10) would achieve the optimal statistical error bound if it
were started from the truth, we are ready to analyze the evolution of (10) starting from an initialization
that is close to the truth. Let us first shorthand the formula (10) by

7® f(Z(t 1))

In other words, we have introduced a map f : &(d)" — O(d)" such that f (Z(’_l))i is defined by (10).
We characterize the evolution of the loss function (4) through the map f by the following lemma.
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 599

LeEMMA 2.2. For the 0(d) synchronization (2), assume g—’; > ¢, and % > ¢, for some sufficiently

large constants ¢y,c, > O and 2 < d < C for some constant C > 0. Then, for any y € [0, 1/16), we
have

2
(Z(f(Z) Z*) < 8,0(Z,Z") + (1 +32)M

1/4
Zl—n_g—exp(—(n—z) ),
o

1/4
where §; = Cl‘/% and 8, = C, (y + log"+a ) for some constants C;,C, > 0 that only
depend on C.

for allZ € € (d)" such that £(Z,Z*) < y)

To understand the consequence of Lemma 2.2, we can first do a sanity check by setting Z = Z*.
This results in the bound

- o2dd—1)
L(f(Z7),27) < +32)T,

which is the one-step iteration error starting from the truth, and thus, the oracle analysis in Section 2.2
is recovered.
More generally, as long as Z¢~ satisfies £(Z/~1, Z*) < y for some y € (0, 1/16), we have

2dd— 1
(0,2 < 5,02, 2 + (1 4y TR D @1
np

From (21), we know that E(Z(’) zZ*) < 6 w+a+ 82)“ dz(;;i; D] , which can again be bounded by y

under the condition that 25 ~z = ¢ and > ¢, for some sufficiently large constants ¢;,c, > 0. By

Togn gn
mathematical induction, we can conclude that (21) holds for all # > 1 as long as LZO, 7% < y. We

can also rearrange the one-step iteration bound (21) into a linear convergence result,

148, 02d(d — 1)
1 -6 2np

(z",z*) < 80z, 2 + (22)

forall 7 > 1. The bound (22) implies that Z() will eventually be statistically optimal after sufficient steps
of iterations. However, it does not imply that Z converges to any fixed object. As is shown by [23,
36] via a leave-one-out argument, the algorithmic convergence of the iterative algorithm requires the

condition o> = O (1 ogn ) at least when p = 1. In comparison, the bound (22) guarantees the statistical

optimality without characterizing its convergence property and thus only requires (7 to be sufficiently
large.

As we have discussed in the introduction section, the two conditions Z’; > ¢y and o > ¢, are
essentially necessary for the result to hold, at least when d is bounded by a constant. If bot i conditions
are slightly strengthened to 02 — oo and 10£ — 00, the same result of Lemma 2.2 will hold with
vanishing §; and §,.
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600 C. GAO AND A.Y. ZHANG

The proof of Lemma 2.2 also holds more generally for d that can potentially grow. Without
assuming d < C for some constant C > 0, we would obtain the same high probability bound with

262 2\ /4 .-
8 = Cpy/ %, 8 =G, (y2 + %) , and the conditions replaced by %3 > ¢, and

np
dlogn Z €.

2.4 Optimal upper bound

To derive the minimax upper bound for the '(d) synchronization from Lemma 2.2, we need to construct
an initialization Z(©) € &(d)" whose statistical error £(Z(®, Z*) is sufficiently small. Let us first organize
the observations {¥;},_;_;-, into a matrix Y € R"dxnd That is,

Yll "'Yln
y=|: - | (23)
Y, - Y

n nn

where V;; = Y forall 1 <i <j <nandY; = I, forall i € [n]. The noise matrices {W;;},_;_;<,
can be organized into W € R">" with the same arrangement as (23), and we set W; = W, for all
I <i<j=<nand W; =0 foralli € [n]. Then, we can write the model (1) as

Y=7Z"T+ oW,

where Z*T = (ZTT, 2y € R4>nd 1n other words, Y can be viewed as a noisy version of the rank-d
matrix Z*Z*T, and thus, we can use a spectral method to estimate the column space of Z*. Since we do
not observe all ¥;;’s, the spectral method can be applied to (A ® 1, ]15) oY, where A € {0, 1} with
Aj=Ajforalll =i<j<nandA; = O0forallie [n]. Recall that ® stands for the matrix Kronecker

product and o denotes the Hadamard product. To compute Z© e &(d)", we first find

1

U= argmax Tt (UT ((A ®1,10)0 Y) U) , 24)
UeO(nd.d)
and then compute
SO _ [@(U,-x det(T)) # 0, 05)

1, det(U;) = 0,

for all i € [n]. Here, f/i stands for the ith d x d block of U and thus U" = (f/T, e ,f],Tl). The error
bound of Z is given by the following lemma.

LEmMA 2.3. For the &(d) synchronization (2), assume % > ¢ for some sufficiently large constants
¢ > 0and2 < d < C; for some constant C; > 0. Then, we have

2
1
029,74 < cT L,
np

with probability at least 1 — n~° for some constant C > 0 only depending on C 1-
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 601

o241
np

the model (1). The second term # is a consequence of the randomness from the graph. It comes from an

upper bound [[A—EA[|,, < /np. In fact, it can be slightly improved by |A—EA]l o, <JnpAd—p)),
which makes a difference when 1 — p is small. This leads to the second term # replaced by %. As

The error rate

is the sum of two terms. The first term Z—p is from the additive Gaussian noise in

a result, when o2 = 0 and p = 1, we have E(Z(O),Z*) = 0, i.e. perfect recovery of Z*.

By Lemma 2.3, we know that £(Z(©, Z*) is sufficiently small when 25 and g2 are sufficiently

large. Then, we can directly apply Lemma 2.2 and its consequence (22) to obtain the desired upper
bound.

THEOREM 2.1. For the &(d) synchronization (2), assume % > ¢, and % > ¢, for some sufficiently

large constants ¢;,c, > 0 and 2 < d < C; for some constant C; > 0. Consider the algorithm (10)
initialized by (25). We have

2\ /4 2 _
0z, 2% 5(1+c(l°g"+a ) )0 =1
np 2np

1
o

1/4
for all t > log (—2) with probability at least 1 — 2n~2 — exp (— (:—12’) ) for some constant C > 0
only depending on C;.

REMARK 2.1. The proof of Lemma 2.3 also holds more generally for d that can potentially grow. When

d grows, the initialization has the error bound £(Z©, Z*) < C‘ﬂ(dg—pzﬂ) with high probability. As a
consequence, without assuming d < C, the result of Theorem 2.1 becomes

2 2 1/4 2 2 _
2.7 5(1+C((dlogn+d o ) LA ))a dd -1
np Vp 2Znp

with high probability under the conditions that 12—, %5 and 7 are sufficiently large. The same

iterative algorithm has also been analyzed by [23] for an £, type loss when p = 1, and they showed
that

2(d* +dlo
min max 2 — Z7B|)% < cZ(d +dlogn)
BeO(d) i€ln]

with high probability under the condition that is sufficiently large.

n
o2(d?+dlogn)

2.5 Rotation group synchronization

In this section, we study .#0'(d) synchronization, where our goal is to estimate Z* € .#0(d)" from the
observations (1) on a random graph. The loss function for this problem is defined by

_ 1 <&
0Z,Z°)= min - |Z —Z'B|3,
Be SO @) ; ' imrE
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602 C. GAO AND A.Y. ZHANG

for any Z,Z* € Y0(d)". The .70(d) synchronization problem requires a slight modification of the
iterative algorithm (10). To do this, we first introduce an operator &(-) that maps a d x d full-rank
matrix to .#0/(d). For a full-rank squared matrix X € R?*? that admits an SVD X = UDV", we define

- I, 0
PX)=U ( dol det (UVT)) 174

The only difference from &(X) is the diagonal matrix with the last entry det(U ) sandwiched between
U and V. It is clear that det(UV") € {—1, 1} and thus det(#(X)) = 1, which implies Z(X) € .70(d).
By [20], Z(X) can also be characterized as the solution to an optimization problem. That is,

P(X) = argmin ||B — X||3.
Be.S0(d)

Then, similar to the motivation behind the iteration (10), we consider an iterative procedure for .70(d)
synchronization,

- (1) (1)
z (zje[n]\{i}Aleiij ) det(zje[n]\{i}Ainiij )750’

70 =
i (l—l) (t_l) —
z', det (Zje[»z]\{i}AinUZj ) =0

(26)

The iteration (26) enjoys a similar convergence property as given by Lemma 2.2 with a good
initialization. This result is stated as Lemma 4.7 in Section 4.3. Mathematically, one can show that
as long as Z_(Z(t’l),Z*) < y for some sufficiently small y, the determinant of Zjeln]\{i}Aiin.ij(’_l) is
positive for most i € [n] so that 52(0 = () for those i’s. With this argument, the same proof that
leads to the conclusion of Lemma 2.2 also characterizes the convergence of (26).

To initialize the iterative procedure (26), we also use a spectral method. Define

20 - {@(U», det(;) #0. on

1, det(U;) = 0,

where UT = (U, - - -, ﬁ,{) is given by (24). It is clear that Zl.(o) € J0(d) for all i € [n]. We show in
Lemma 4.8 that £(Z(?), Z*) is sufficiently small. Together with the statistical property of the iterative
procedure (26), we have the following upper bound result for .#€(d) synchronization.

THEOREM 2.2. For the .70/(d) synchronization (3), assume % > ¢; and 22 > ¢, for some sufficiently
large constants ¢{,c, > 0 and 2 < d < C, for some constant C; > 0. Consider the algorithm (26)

initialized by (27). We have

2\ /4 2
Z(Z(’) z<(1+c logn+o o“dd—-1)
’ - np 2np

1
o

1/4
for all t > log (—2) with probability at least 1 — 2n™° — exp (— ((Z—’;) ) for some constant C > 0
only depending on C;.
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 603

3. Minimax lower bound

In this section, we derive the lower bound part of the main result. We first consider &'(d) synchronization,
and the minimax risk is given by

~ 1<y -~
_inf  sup E,(Z,Z)= inf sup E,| min — Z IZ; — Z.B|% | . (28)
Ze0d" ze Oay Z2e0@" ze Oy BeO(d) 1 i

Our first step is to apply Lemma 4.6 and lower bound the loss function Z(Z Z) by

~ I e~
(2.2 2 5 > > 27 - 27} ;. (29)
i=1 j=1

Compared with E(Z Z), the right hand side of (29) is a loss that is decomposable across all pairs (i, j) €
[n]2, and therefore, it is sufficient to lower bound the estimation error of each individual ZiZjT and then
to aggregate the results. Following this strategy, we have

_inf  sup E,0(Z,2)
Ze0(d)" 7e Oay

l . n n .
— inf sup > > E,|ZZf — ZZ] I3

>
27’[2 Ze ﬁ(d)" Ze ﬁ(d)"

i=1 j=1

1 - .
— _inf > / B NZZ] — zZ I} | | d(Z) (30)

2 ~
2n* ZeOlay |<i#j<n k=1

v

1 _
> Z /(i%f//IEZHT—Zl-ZjT||%dl'I(Zi)dl'I(Zj)) H dr(z,), 31
ke[n\{ij

I<ij<n i)

where IT is some probability distribution supported on &(d) to be specified later. The inequality (30)
lower bounds the minimax risk with a Bayes risk, and (31) is lower bounding infimum of average by
average of infimum. Now it suffices to lower bound

inf / / BT — ZZI2dI1(Z)dT1(Z), (32)
a :

for each {Z };cp\ iy and each i # j. The quantity (32) can be understood as the Bayes risk of estimating
Zl-ZjT given the knowledge of {Z}ycpup 1))+
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604 C. GAO AND A.Y. ZHANG

To analyze (32), we first need to construct a probability distribution IT on &(d). Given {r,} <, _p<y
and {s,,}| <p<q<q> W€ can form the following d x d matrix,

S11 V] iz o0 Ty
$21 $22 73 24
o= : : o] (3)
Sd—1,1 Sd—12 Sd—13 """ Vd—14d
Sd1 Sa2 Sz 0 Sad

In other words, {r,;};<, <, are the upper triangular elements of Q, and the lower triangular and the
diagonal elements of Q are given by {s,,};<p<,<4- We are going to specify the values of {s,,};<p<4<4
by {r,p}1 <g<p<q SO that O is a matrix of degrees of freedom %d(d —1). To do this, let us introduce some

new notation. For each integera > 2, 0, ; € R@=Dx@=D jg the submatrix of Q collecting the first
a — 1 rows and columns. We also define

al q Mat1Taar1 T T Tglaq

Sa,a—1 Ta—1la Ta—1.a+17a,a+1 +oe Ta—1,d"ad

All the three vectors above belong to R*~!. The construction of {Sap}1<p<a<q 1s given by the following
procedure.

1. We first set s;; = \/1 — ("122 +"'+r%d)-

2. Given the values of {s,;}; <p<4<x—1> We find 531, 54, - - -, s through the equations
Qk—15k-1 + SRt = —Vis (34
ISy 17 + st =1 = (rl%,k+l +"‘+rl%d)- (35)

Note that the equations above have two sets of real solutions (under the assumption of
Lemma 3.1). We take the set of solutions with the larger value of sy;.

After going through the above procedure, the matrix Q in the form of (33) is fully determined by
its upper triangular elements {r_}, -, ;<4 and therefore, we can write Q = Q(r). The equation (34)
guarantees that the rows of Q(r) are orthogonal to each other and (35) implies that each row of Q(r) is
a unit vector. The following lemma characterizes a sufficient condition on {r,;,} <, ;<4 that implies the
existence of Q(r). o

LEMMA 3.1. Assume max, <a<b<d 7l < 8(1;5/2' Then, Q(r) is well defined and the following properties
are satisfied:

1. Q(r) € F6(d);

1 : 7.
2. max;_j,_,—g s, < e and M, (4] Saq = 35

ISy
Irap

2 <5,

u
3. max) _,peq MaXyepg) | 2yei
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 605

According to Lemma 3.1, the constructed Q(r) can also be used for deriving the minimax lower
bound of .”6(d) synchronization. Moreover, its entries and the derivatives with respect to {7} <, <p<g
are well controlled, which means that the matrix Q(r) is smoothly parametrized by r. Let P be a
distribution under which r,, ~ u independently for all 1 < a < b < d with some u being a

smooth probability density function supported on [—ﬁ, 8d+n]- To be specific, we can set u(f)

exp( - d5t2) {7 < 1/ 8d°/ 2)} Then, by letting IT be the induced probability measure of Q(r)
with {r ;}; <4<p<qg ~ P, we can write (32) as

inf / / E, T — Z,(NZ(*) T |3dP(r)dP(r), (36)
T

where we have some slight abuse of notation that Z; = Z;(r) = Q(r) and Z = Z (r’ ) = Q(r'). Compared

with (32), the distribution P in (36) is a standard probability measure on R . The Bayes risk (36)
can then be lower bounded via van Trees’ inequality [17].

LEmMA 3.2. Assume g—’; > ¢ for some sufficiently large constants ¢ > 0 and 2 < d < C, for some
constant C; > 0. Then, we have

2 2407
iaf//Ezll’f — Z(NZ;(r"Y" IRdP(r)dP(r) = (1 e (l n “_)) o7d@—-1)
T n  np np

for some constant C > 0 only depending on C;.

The proof of Lemma 3.2, which verifies the technical conditions of [17], is given in Section 4.5. Note
that these technical conditions are implied by the conclusion of Lemma 3.1. In view of the inequality
(31), we immediately have the following theorem.

THEOREM 3.1. Assume % > c for some sufficiently large constants ¢ > 0 and 2 < d < C, for some
constant C; > 0. Then, we have

1 o2\\o2dd-1
inf sup EZZ(Z Zy=(1-c{—-+—))——,
Ze ﬁ(d)” Zeﬁ(d)” n np 2]’lp

for some constant C > 0 only depending on Cj.

The derivation of the minimax lower bound for .#¢(d) synchronization follows the same approach.
According to Lemma 4.6, the inequality (29) also holds for the loss 7 (Z Z). Moreover, by Lemma 3.1,
the construction of Q(r) is already in .#0(d). Then, an analogous result to Lemma 3.2 also holds with
some straightforward modification. This leads to the following theorem.

THEOREM 3.2. Assume Z—I; > c for some sufficiently large constants ¢ > 0 and 2 < d < C, for some

constant C; > 0. Then, we have

_ 1 o?\\o2dd-1)
inf sup ExZ,2DH)=(1-C|-+—))—.
2e 50" 7¢. 70 ay n  np 2np

for some constant C > 0 only depending on C.
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606 C. GAO AND A.Y. ZHANG

4. Proofs
4.1 Some auxiliary lemmas

LEMMA 4.1. Assume lglg — > ¢ for some sufficiently large constant ¢ > 0. Then, we have

2

A — < Cnpl ,
5233]( 'z'( ij—P)| =Cnplogn
Jeln\{i}

and
IA — EAll,, < C/np,

with probability at least 1 — n~ !9 for some constant C > 0.

Proof. The first result is a direct application of union bound and Bernstein’s inequality. The second
result is Theorem 5.2 of [21]. O

LEMMA 4.2. Assume % > ¢ for some sufficiently large constant ¢ > 0. Then, we have

IA® 1, 1)) 0 Wiy, < C/dnp,

with probability at least 1 — n~ !9 for some constant C > 0.

Proof. We use P, for the conditional probability IP(-|A). Define the event

o/ = { max A.<?2
Jeln\{i}

np
logn

argument. It is clear that the largest row £, norm of A ® 1, 17 is bounded by /2dnp under the event 7.
By Corollary 3.9 of [3], we have

Under the assumption > ¢, we have P(o*) < n~!! by Bernstein’s inequality and a union bound

sup Py (II(A ®1,1]) 0 Wiy, > C/dnp + ,) </
Acdd

for some constant C; > 0. This implies that sup,_ /P4 (||(A ®1, ]lg) o W||Op > sz/dnp) < p
for some constant C, > 0. Thus, we have

P (||(A ® 1, 11) 0 Wiy > Cp/dnp)

IA

P() + sup P, (la®1,10) 0 Wiy, > C,/dnp)
Ae

< o',

which implies the desired result. g
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 607
LEMMA 4.3. Assume k:gn > ¢ for some sufficiently large constant ¢ > 0. Consider independent
random matrices Xl-j ~ MMO,1,;,1,) for 1 <i < j < n. Write le- = Xl-j for 1 <i < j < n. Then, we
have

2
n
> > A (X -x)| =2d@=Dae-p+cC (dz\/an logn + dy/n3p? log n) :
=1 |jetnvy .
and
2
n
DU DD Ax| =dnm—1p+C (dz\/nzp logn + d\/n3p? log n) ,
i=t ety g

with probability at least 1 — n~'? for some constant C > 0.

Proof. We use P, for the conditional probability IP(-|A). Define the event

n
&/ = 1 max Z Aij§2np,z Z Ay <n(n—1p+5\/n’plogn

i€[n]

Jeln\{i} i=1 jeln]\{}

Under the assumption loﬂ > ¢, we have P(&F) < n11 by Bernstein’s inequality and a union bound

. gn
argument. Define

2
n
s0= | 2| X 4 (x;-x;)
i=1 |jeln\(i) .
Then, for any A € «/and any X’ and X", we have
2
n
gX) =gl = | D01 D Ay (X x5 - X5+ X;) 37)
i=1 ||jeln\t) .

n

= 120 2 Z‘

i=1 \jeln\{}} Jeln\{z}

2
. (38)

Xy =X = Xy X;
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608 C. GAO AND A.Y. ZHANG

AP

i=1 je[n]\{i}
n
<2V2mp | D0 D0 IXG - X[ (39)
i=1 jeln\(i)
Y Y X = XGIE.
i=1 je[nlj>i

The bounds (37) and (39) are due to triangle inequality. The inequality (38) can be viewed as a
generalization of Cauchy—Schwarz, since

2
> (X = x4 X5)
jeln\(i) F
2
- e 3 (-
KeREIKIP=1|\  je[n)\(i)
2
= e 3 (R - X )
KeREIKIF=1 |je[n)\ (i)
2
= e | A | (KX - - X )
KeRE|KIp=1 \ je[a]\(i) jeln\ti
< | > 4 > IX; - X - X + X[l
Jeln\(i) Jeln\(i)
To summarize, we have shown that g(X) is Lipschitz with respect to {X;};-;_;<,, and the Lipschitz

constant is bounded by 4, /np. By a standard Gaussian concentration inequality for Lipschitz functions
[33], we have

P (1gX) — E(g(X)|A)| > 1./np)
P(e) + sup P, (Ig(X) — E(g(X)|A)| > t/np)

Aeod

LS 2exp (—Cltz) s

IA

IA

for some constant C; > 0. Therefore, by choosing t = C,+/log n for some constant C, > 0, we have

g(X) = E(g(X)|A) + Cyy/nplogn,
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 609

with probability at least 1 — 2n~!!. In addition, we have

2
n
B0 = | SE(| 3 4, (x-x)| |a
=1\ [ljeta\ia .
n
= 2d(d—1)z Z A
i=1 jeln\{}}
< \/2d(d—1)(n(n—1)p+5\/m),

for any A € 7. Thus,

gX) < \/2d(d -1 (n(n —p+ 5,/n2plogn) + C,y/nplogn,

with probability at least 1 — 3n~!!, and the first desired bound is implied by squaring both sides of the

above inequality. The second bound can be proved by a similar argument, and we omit the details. [

LEmMA 4.4, Consider independent X; ~ MMO,1,,1,;) and E; ~ Bernoulli(p). Then,

- p* pt
d .
P j_gl EX;| /p>t]| =81%exp (— min (144n’ g)) ,

op

forany ¢ > 0.

Proof. Apply a standard discretization trick [34], and there exists a subset % C {u € R? : Jlul = 1}
with cardinality bound |%] < 9 that satisfies

n n
T
ZEij < 3 max ZEju va.
j=1

op u,ve =1
Note that for any u, v € %, we have uTva ~ M0, 1). By Lemma 13 of [13], we have

2

n
t t
P 3Zl:Ejuijv/p>t §exp(—min(1‘z4n,%)),
/:
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610 C. GAO AND A.Y. ZHANG

Hence,
n n
P ZE]X] /p>t|] < P|3 max ZE]-MTva/p >t
= op u,ve =1
n
< Z P 3ZE]-MTva/p >t
uye Jj=1
2
. pr© pt
=< Sld - T S s
= eXp( i (144n 6))
which is the desired bound. Il

LeEMMA 4.5 (Corollary 2.14 of [19]). Consider X,)? € R9%d with X being full rank. Then,

| det(X) — det(X)|
| det(X)|

~ d
= (IX Mol X = Xllgp + 1) — 1.

LEmMMA 4.6. For any Z,Z* € 0(d)", we have
Lo
—= 2.2 122 - 7" I < 22,2, (40)
i=1 j=1
For any Z,Z* € #0(d)", we have
1 S~ T sk 7T |2 7 *
~ ;J; 1Z.Z] — Z;Z" |} < 20(2.2%). (41)
For any Z, Z* € R"@*4 gych that Z/n,Z*//n € O(nd,d), we have
1 l =
min —> 17, - Z/Blg < — > > 127 - 7" |;. (42)
i=1 i=1 j=1

In all inequalities above, we have Z" = (Z{,--- ,Z}) and Z*" = (Z]",--- ,Z;"), where Z; and Z are
the ith block sub-matrices of size d x d of Z and Z*, respectively.

Proof. Consider any Z,Z* € 0(d)". By direct expansion, we can write

1 n
0z,27y=2|d— max Tr -Zz}sz ,
BeO(d) n-3
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and
1 n n 1 n 2
=22 127 -z | =2 d—H;ZZiTZ?‘ (43)
i=1 j=1 i=1 F
Since
1< 1< 1<
max Trl = Z'7*B ) < max T ->Z'ZB)<Vad|-> Z'zF|
we have

1 n n
= 2.2 122 - 77"

i=1 j=1

2(JZI+

1 n
n 2AE
i=1

1 n
F i=1

)

The proof of (40) is complete. The inequality (41) can be proved with the same argument.
Finally, we prove (42). For any Z,Z* e R™*9 such that Z//n,Z*//n € O(nd,d), we have

ming g 3 X012 — ZEBIE = 2(d = maxge g, (3 20 Z127B) ) and the identity (43)
continues to hold. Suppose the matrix %Z?:l Z!Z* admits an SVD %Z;’zl Z!Z* = UDV". Then,

)

n

% Z VAVAS

i=1

IA

m(ﬁz_ ‘

IA

20(Z,Z%).

1
[IDXERAAL:

1 n Tz :
”Z Zi:l Zi Zi Hop

1 n
max Tr{ - Zz}sz > Tr(UDV'VU") = Tr(D) >
BeO(d) ni3

This implies

2
1 n T 7%
EZi:lZiZi F

1 n T 7%

Zi:lZiZi

n op

A
S}
|

1 n
min - ||Z, —Z'B||Z <
Beﬁ(d)n; ' P

2
1 n Tk
ZZi:lZiZi F

|2/v/alp |22/ 3/ o

A
)

d—

n 2

% > zlz;

i=1

A
S

d —

F

l n n
52> |2z -zz

i=1 j=I

2
-
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612 C. GAO AND A.Y. ZHANG

The proof is complete. d

4.2 Proof of Lemma 2.2
For any Z € 0(d)" such that £(Z,Z*) < y, we define

2 jetnniiy AiYiZi

7. =
l Zje[n]\{i} Ay

) (44)

for each i € [n]. Then, write 7= f(Z). It is clear that Z- = 32(2-) for i such that Z is full rank. The
condition £(Z,Z*) < y implies that there exists some B € O(d) such that £(Z,Z*) = %ZL] z; —

Z'BIg < y. With Y; = ZXZ¥" + o W,

jj» we obtain the following expansion:

et AgZ (Z — Z7B)B

ZX'ZB" = I, +

et Aij
et A2 W% = BB 0 2 e Ay Wi
2 et A 2 e\ Ai

n

1 *T * T 1 *T * T
= Lt i LA GG P - @ = 2
j=

et AijZfT(Zj - Z;‘B)BT 1

*T * T
2 '@ -7BB

Z"J'E[n]\{i} Aij n—= jeln\{i}
jetnni) A2 Wy(Z; — Z7 B)B" L 9 el A2 Wzt
2 e A 2 e A
Next, we define
1
0=1I, +— ZZ*T(Z Z'B)B". (45)
]_
It is clear that
10 — Illp < —Z 1Z; - ZBllg < T Z 12 — Z'BIE < 27, (46)
]_

and therefore, é is full rank and we can define 0 = ﬂ(@). With these definitions and the above
expansion of Z'"Z,B", we can write

Z'ZB"Q" = 00" + 8, 47
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where S; = —-1-77(Z, — Z*B)B'Q" + F; + G; + H,, with

e AyZ % — ZB)BTQT

Fi = “aTi 2 A -ZBE
2 jetnii) Aij P e
T T AT
G — o je[n]\{i}AijZ;k Wij(Zj_Z;B)B Q
i b
2 jetnviiy A
o ey Ay WiZ Q'
H =
2 jetn\(i) Ajj

For the first term of (47), it is clear that éQT is a symmetric matrix by the definition of &(-) given in
(8). We also have

1

n—1

N

n—1

1
— |2-7B|; =

Z7"(Z;, - Z'B)B'Q" =

1 n
“> lz-zBli< vy @)
i=1

Aslong as [|[Fillo, V 1Gillop V 1 Hjllop < p, by (46), (47) and (48), we have

SuinZTZBTQ) = 50in (@) = [1Sllp = 1 = 3(0 + /7). (49)

When 3(p + /¥) < 1, Z;‘TZ-BTQT has full rank, and so does Z-, and thus, we have Z = BZ(Z-). Now
we can apply a perturbation analysis to (47),

IZ; — Z:QBI} = | PZ;) — Z' OB}

= |22 ZB Q" — I3 (50)
_ - 1 1 2
= H 200" +S,) — P (QQT + =8 + —S?) (51)
27027 g
! lS — 1ST ’ (52)
(1=3p+ P27 27|

The equality (50) is by the properties of Z2(-) listed in Section 2.1. We then used the fact that
00" + %Si + %SIT is symmetric and positive definite so that &2 (QQT + %Si + %SIT) = 1,;, which
leads to (51). The inequality (52) is by Lemma 2.1, with smin(éQT + §;) lower bounded by (49)
and s, (éQT + 38, + ST ) is lower bounded similarly (which also implies that 00" + 15, + 187
is positive definite required by (51)). The perturbation analysis has been done under the condition
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614 C. GAO AND A.Y. ZHANG

||Fl-||Op \Y, ||Gi||Op \Y ||Hl-||op < p. Without this condition, we have

_ 1 1 1%
* 2
IZ~Z0BF = TS0 7E |25~ 2% | WIFlep v 1Gilep ¥ I1Hilp < o)

+4dI{|Fllop V 1Gillop V 1 Hillop > 0}

Si

1+7 1 1| 3(14+7n7h
- 5 | 38— SH!| + o= 5 (I3 +1G1)
=36+ P 1277 25 T =30+
3 +n7Y ?
TS o PR R
PRV It ¢
HAAT(IFlgp = P} + 441Gy > o} + 4TI H, oy > ), (53)

where we have used the inequality || X + X/||]2: < 1+ 77)||X||]2: + (1 + 17_1)||X’||}2: for any matrices
X, X' € R4 The above bound holds deterministically for any 5 € (0, 1) and any p > 0 that satisfies
3(p + 4/¥) < 1. The specific values of 7 and p will be determined later.

In the next step of the proof, we will need to analyze F;, G; and H;. This requires a few high
probability events. First, by Lemma 4.4, we have

n 2
20 . d _( pnp pnp
ZP o | Z, AgWyZj | > p | = 81%nexp (_mm (57602’ 120))"
i=1 jelnl\(i} op
By Markov inequality, we have
n 2 2
20 o p“np
2| 22 AWz = ep s e | 7). (4
“ np |. . 0%p o
i=1 jeln\ti) op
with probability at least
| _gpafnp pnp N p*np N pp p*np
2 57602 o P o2 o
2 2
-~ 1—g819 p-np (_3 p=np
2 o2

\
|
o0
—
o
¢
>
o)
|
)
Q:N
ES]
N——

\%
—_
|
I¢)
>
g}
|
ko)
3I\)
b
SN——
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 615

The above set of inequalities requires that p satisfies ";';P > 2304 + 5d. Then, by Lemma 4.1,
Lemma 4.2 and Lemma 4.3, we know that

min z A; = (n—1p—Cynplogn, (55)

U iy
max z A; < (n—1Dp+ Cynplogn, (56)

ety
1A —EAll,, < Cy/np, (57)
IA®1,17) 0 Wi, < Cy/dnp, (58)

2
n
1
22 A (@wiz —zwz)| < 2d - 1>n2p(1 +¢f ij”) (59)

i=1 |jeln\(i) F

2
n
1
S| 5 am| <ien(1+c/2) @
| n

i=1 |[jelnI\{i F

all hold with probability at least 1 —n~ for some constant C > 0. We conclude that the events (54), (55),
(56), (57), (58), (59) and (60) hold simultaneously with probability at least 1 — n?— exp (—,/ @).

o
These events will be assumed from now on.
Analysis of F;. By triangle inequality, (55) and (56), we have

H 2 jetniiy A — PZ (2~ Z7B) ”F

IFillg <
2 jetn\(i) Ajj
1
i mwwwirt] PIEACEEE
e Ay 1 F
2
< = > 4-pZ"-ZB)
P | ety F
2| e @y — )|
jetn\ iy (A
b 5 g,
P jeln\(i}
’ Civ/plogn | —
<~ X wypztg-zm| + Y|S0z - 2B
P |jeinniy F ! =t
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616 C. GAO AND A.Y. ZHANG

Using (57), we have
2

8 n
| 2 Wy Z - 4B 420
L jeln\{i} B

IA

1 n
D IIFE
i=1

lo

IA

8 n
A= EAl5, D 1Z; — Z'BIl§ +2C}
i=1
logn
np

IA

C,——0(Z,7%).

This bound also implies

1 « 1 < 2 logn N
- 2H{||F,-||op >P S5 21 Il < Gy U220,
= =

Analysis of G;. By (55) and (58), we have

2

IA

202 « "
n3p2 Z Z AyjWij(Z; = Z;B)
i=1 |ljelnl\ti) F

1 n
-2 G
i=1

IA

202 Z
Al 1D o W3, D 1Z — 2 BII

i=1

o%d "
C;—(Z,Z7%),
np

IA

and thus,

1 « 1 < 5 o2d .
;;H{n@uop >P s Zl IGillE < €325 02,27,

Analysis of H,. First, by (54) and (55), we have

| — 20
a2

np

IA

> AWz =
jeln\i) op

1 n
- 2H{||H,-||op > p}
1=

IA

IA
[¢]
>
o
|
|

1
8" (2. 7%
np

&M vz, 7%
np

(61)

(62)

(63)

(64)

(65)
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 617

. . o S et Az TWiZ
Next, to bound || $H; — JHT||Z, we introduce the notation E; = ’elz'”\ ;’ 7 and thus, we can
jen\{i}

write H; = E;Q". We then have

1 <& 2

11
ET+ E(Q" —1,j1)——(Q—Id)ET

1 12
SH; — SH; SEi — SE
27 g 2702

i=1 F

ET

IA

o+ ol ZIIE(Q —IDIIE

IA

1|1 1 i 1 «
(1+n>52“§Ei—§E} T HIQ = 14llE— > I
i=1 i=1

By (55) and (59), we have

|1 1 o
— E, — ~E;
n 1 2 2 F
2 - 2
s it D IPMCLEREAT)
4 (np —2C/npTogn)” ™ i |t F
<

1 2d(d —1
(1+C5 oin)a ;np ).

By Lemma 2.1 and (46), we have

10 — Illp <2110 — Lllp < 4/7.
By (55) and (60), we have

2

1 < o? I <
~ D IEIR < =D azwzy
n i=1 (np — 2C'\/ np log n) n i=1 je[n]\{z}

202d>
np

F

We combine the three bounds above and obtain

l— 1 logn \ o%d(d — 1) _, l6yo?d?
—Z||—Hi——HT||F<(1+n> 14 Cy 2 +a+H 2L (66)
n—= 2 np 2np np
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618 C. GAO AND A.Y. ZHANG

Finally, we also have the bound
1 n
n i=1

Now we can plug the bounds (61), (62), (63), (64), (65), (66) and (67) into (53), and we have

2

S o2

Z"z,— Z'B)B'Q" UZ,Z"). (67)

1
n—1

1 n
-2 12— Z 0Bl

i=1

log n j_2 ]]( 1 1)
1+ C, ! /
( + 6('0+\/7+77+77 Y+ np )) 2np

1 2,
+4dexp | —= p 2p + Cg (n_l +a’,o_2
2V o

0Z,7%)

IA

IA

UZ,Z").

) logn + o%d
np

So far we have required n € (0,1), p > 0,3(p + /¥) < l and / pj’;’] > 2304 + 5d. Set

, = /y+logn+02d and o7 — /dlogn—i—azdz'
np np

252
Under the conditions that y < 1671, dlogflid upper bounded by a sufficiently small constant, all the

requirements are satisfied. With this choice, we have

1 2a\""*\ o2d(d — 1 dl 242
(27" < (1 s (yz N u) dd=1) . [dlogn+a’®, .
np 2np np

Note that this inequality has been derived from the events (54), (55), (56), (57), (58), (59) and (60)
and £(Z,Z*) < y. Thus, it holds uniformly over all Z € &(d)" such that £(Z,Z*) < y with probability

1/4
atleast 1 —n=2 —exp (— ((;’—’;) ) The proof is complete.

4.3 Proof of Theorem 2.2

We first characterize the evolution of £(Z®, Z*) through the map
7 :f_(Z(t_l)),

where f : .Z0(d)" — S0(d)" is defined by (26).

LeEmMA 4.7. For the .#0/(d) synchronization (3), assume Z—’; > ¢, and % > ¢, for some sufficiently

large constants ¢;,¢, > 0 and d < C for some constant C > 0. Then, for any y € [0, 1/ (32d2)), we
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 619
have

o o o2d(d—1)
]P’(Z(f(Z),Z ) S8 UZZ) + (48— —

> 1-— n?— exp (— (Z—I;)IM) s

1/4
where §, = Cl‘/% and §, = C, (y + log"+g ) for some constants C,,C, > 0 that only
depend on C.

for all Z € .70(d)" such that £(Z,Z*) < y)

Proof. The proof follows the same argument as that of Lemma 2.2, and we only point out the difference.
For any Z € .#0(d)" such that £(Z,Z*) < y, define Z according to (44). The condition £(Z, Z*) < y
implies that there exists some B € .#0/(d) such that £(Z,Z*) = % >z - Z'B ||% < y. Recall the
definition of é in (45) and the bound ||@ — I;llg < 2,/y that it satisfies according to (46). By Lemma
4.5, we have

1det(@) — 11 < (10— Lllp+1)' =1 <@y +Di—1<1

The last inequality is by the condition 2,/y < ed M log2 _ . Then, we can conclude that det(Q) > 0.
By the definition of &(-), we then have Q = Z(Q) = Z(Q) € SO(d). Recall the definitions of S,
F;, G; and H, in the proof of Lemma 2.2. By (47), we have

1ZZB" = Illop < 1 ZF"ZB"Q" — Q0" oy + 10 — Iyllop < 3(0 + /),

as long as ||Fl~||Op \Y ||Gl~||Op \Y, ||Hi||Op < p.By Lemma 4.5, we have

~ ~ d
| det(ZTZ,B") — 1] < (||z,.*Tz,.BT —Iyllop + 1) —1<@p+y+Di-1<1.

The last 1nequa11ty requires 3(p + /¥) < ed11022 _ | We then have det(Z*TZ B™) > 0, which
implies det(Z ) > 0. Thus, QZ(Z ) = Q(Z ). Together with the fact Q0 € .#0(d) that we have just
established, the remaining arguments in the proof of Lemma 2.2 can be directly applied to obtain the
desired conclusion. The only subtle difference is that here we require 3(p + /¥) < ed M log2 _
compared with 3(po + ,/¥) < 1 in the proof of Lemma 2.2. As a result, a sufficient condition for y is
y < 1/(32d?) compared with y < 1/16 in Lemma 2.2. This detail does not affect the result given the
assumption thatd < C. ]

Then, we establish the error bound for the initialization procedure.

LemMA 4.8. For the .#0(d) synchronization (3), assume ; ;’g — > c for some sufficiently large constants
¢ > 0and d < C, for some constant C; > 0. Then, for Z¥) defined in (27), we have

o241
np

with probability at least 1 — n~? for some constant C > 0 only depending on C 1

1z9. 79 < C
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620 C. GAO AND A.Y. ZHANG

The proof of Lemma 4.8 will be given in Section 4.4.

Proof of Theorem 2.2. By Lemma 4.7 and the same argument that leads to (22), we have

1468, 02d(d— 1)

VALY A R NAVANY A
( ) < 81( e S

)

for all + > 1, as long as Z(Z(O),Z*) is sufficiently small. The initial error E_(Z(O),Z*) is controlled by
Lemma 4.8, and thus the desired result follows. O

4.4 Proofs of Lemma 2.3 and Lemma 4.8
We first state a property of the operator ().

LEMMA 4.9; Consider a full-rank X = (X, -+ ,X,) € RY%d where X, € RY is the ath column of
X. Define X = (Xy,---,X,_;,—X,;) by changing the sign of the last column of X. Then, we have
P(X) = 2(X).

Proof.  Suppose X admits an SVD X = UDV". Define V" by changing the sign of the last column of
V™. Then, the SVD of X is X = UDVT, and we have

2x)=vu| vi—ul| V' = 2X),
1 1
det(UVT) —det(UVT)

where the last equality is by — det(UV?) = det(UV"). O
Proofs of Lemma 2.3 and Lemma 4.8. For any Z € R"*4 such that Z//n € O(nd, d), we have

Ip A1, 1D oy —ZZ" 2 = ' A® 1, 10) o V|2 +nPd — 2T ((p*‘(A ®1,10)0 Y)ZZT) .

Therefore, minimizing P~ 'A ® 1 d ]lg) o Y — ZZT||12: is equivalent to maximizing
Tr (p~'(A® 1, 11) 0 Y)ZZ"). For €(d) synchronization, we can thus write Z(© as

L0 _ | P@). deZ) #0,
i 1, det(Z,) = 0,

where

7 argmin lp~'A®1,10) 0y —2Z"|2.
ZeRrdxd:z /. fne O(nd.d)
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 621
For .#0/(d) synchronization, Z® is

P2, det(Z) #0,

70 _
i 1, det(Z) = 0,

where Z has the same definition.
Our first step is to derive a bound for Z. For both &(d) synchronization and .¥6(d) synchronization,
it is clear that Z* /s/n € O(nd, d). By the definition of Z, we have

P A® L 1) oY —ZZ'} < lp” A® 1, 1)) oY — Z°Z|.
After rearrangement, we obtain
122" — 2272 < 2 ‘Tr ((2’2”r 77N MA@ 1,1 oy — Z*Z*T))‘ .
This implies

FoT s 7T
727" — 7*Z
\ZZ" - Z*Z"" || < 2 Tr(

| ZZ" — 72+ 727,

P lA®1,1) oy — Z*Z*T))‘ .

Note that HZZZZ _ZZ*ZZ*T” is a matrix of rank at most 2d, and thus it admits an eigendecomposition
— F

55T * 7%
T% = ]-211 Ajuu; with the eigenvalues satisfying 21-2;11 k/z = 1. Then, we have
77" — 77+
T2 o l'lael, 10)o Y—Z*Z*T))‘
' (IIZZT —zz s ATl

2d

< > Il

J=1

A

W AR, 1) oY — Z*Z*T)uj‘

2d
I~ A@ 1,10 0¥ = Z°Z*T 0, D 1]
j=1

V2dilpT " A® L 1)) oY — Z°Z* ||,

IA

IA

Hence,
\ZZ" — 27"
< W2dlp AR 1)) oY — Z° 2],
<

1 o
2\/2d1; 1A —FEA) @ 1, 1}) 0 Z*Z*"||,, + 2«/2d;||(A ® 1, 1)) 0 Wi,y
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622 C. GAO AND A.Y. ZHANG

For the first term, we have

1A —EA) @ 1, 1)) 0 Z*Z*"|,

= max
uT=@] o D) S0 uil2=1

< max
W=l ) 3 lugl|?=1

< A —EA) ® Iyllyp

< A —EA[,,

< Ciynp,

n n
D2 Ay —EApuZZu;

i=1 j=1

n n
DD Ay —EApuy,

i=1 j=1

with probability at least 1 — n~ !0 by Lemma 4.1. The second term can be bounded by Lemma 4.2. That

is,

lA®1, 1)) 0 Wiy, < Cyi/npd,

with probability at least 1 — n~'%. Combining the above bounds, we have

d(1+0%d)

1
ﬁnﬁ — 772 < C;——2,

np

with probability at least 1 — 21710, Apply Lemma 4.6, and we have

1

d(1+0%d)

n
min — Z IZ; — ZB|: < C;——L. (68)

BeO(d) " i

np

Next, let us consider the setting of &(d) synchronization. For any B € &/(d), we have

1 n
0
-2 1Z” - Z;BIE

i=1

1 — ~ 1 ~
= - 1z -z BIEI{det(Z,) # 0} + - > 1z - zBIRI{det(Z,) = 0}

i=1

IA

i=1

i=1

I < ~ ~
- 2 12Z) = Z}BIFl{den(Z)) # 0)

n
+o 3120 7B {7, - 2Bz o e - 1) ©

i=1
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 623

—Zuz Z'BIE + 4dZ

I1Z, — Z*B|12

¥ (ed " tog2 — 1)2

IA

(70)

IA

l— -~
Cod*~> 117~ Z Bl
i=1

where (69) is because ||Z~ —Z'Blg < edMog2 | implies det(Z) # 0 by Lemma 4.5, and (70) is by
Lemma 2.1 and Markov inequality. Taking minimum on both sides and applying (68), we have

d* (14 02d)

0) *
min - 1Zz;” - Z; B|| < Cog—m——=,
BeO@ 1 Z > np

with probability at least 1 — 2n~10.

Finally, we consider the setting of .70/(d) synchronization. We know that Z € .70/(d) for alli € [n].
For any B € .#0/(d), it is clear that we also have Z!'B € .0/(d), which implies det(Z*B) > 0. Then,

l n
0
- >z - z:BI}
i=1

1 w = 1 w -
= - > 1ZY - ' BIRI{det(Z) > 0} + - > 1z - z; BIRI{det(Z,) < 0}
i=1 i=1

% > N 2Z) - Z}BIFI{det(Z,) > 0} (71)
i=1

IA

1 < 0 ~ -1
+= 312 - ZBIRIZ, — Z7Bllp = & 8% — 1} (72)
n i=1

4d I1Z, — Z*B|1%
<- IIZ Z'B|E + —_—
Z e Z (et toz2 1)

& ~
= C4d3; Z I1Z, — ZBl|g.
i—1

n we have used the tact that Z. = 7 A' = A- when det A~ > U, an is because
In (71) we h d the fact that Z° = 2(Z,) = 2(Z,) when det(Z)) > 0, and (72) is b

||Z- —ZIBllg < ed M log2 | implies det(Z) > 0 by Lemma 4.5 and we know the fact that det(Z;'B) > 0.
Taking minimum on both sides of the inequality, we have

(0) * *
min E 12" —Z; B|| < C,d” min E ||Z —Z; B|| (73)
Be SOy N 4 Be. SO N F

For any B € 0(d)\.-#0(d), we can define B by changing the sign of the last column of B, and then
we have B € .#0(d). We also define Z by changing the sign of the last column of Z Note that
det(Z*B) > 0, and thus,

€202 YoJe|\ £ uo Josn Ateiqr elueajfsuuad Jo Alsioniun Aq 229/699/16S/2/Z | /a1onJe/ierewi/woo dno olwapese//:sdjy Wol) papeojumod]



624 C. GAO AND A.Y. ZHANG
1 n
0 -
-2 1" -z B
i=1

1 ~ ~ 1 ~ ~
= = 1z — Z;BII{der(Z;) > 0} + - 1z - ZBIRI{det(Z,) < 0}
i=1 i=1

1 « ~ ~ -
< - D> I12Z) - Z'B|Fl{det(Z;) > 0} (74)
n i1=] . l
+- D120~ ZBIRIZ - Z Bl = o 22 - 1) (75)
i=1
4d Z,— Z'B|?
<- Z IZ; — Z'Blz + Z 1% = 2 Bl

T (ed M log2 — 1)2

l — =~ ~
< Cyd’~ > 117~ 7Bl

e =
= Cyd*~ D112~ Z; Bl (76)
i=1

To see (74), we first apply Lemma 4.9 to obtain Z(O) @(Z ) = @(Z ), and then We have 3”(2 ) =

@(Z ) when det(Z;) > 0. The bound (75) is obtained because ||Z Z*B|| “'log2 _ 1 implies
det(Z) > 0 by Lemma 4.5 and we also know the fact that det(Z* B) > 0. The last equality (76) is a
direct consequence of the definitions of Z and B. Taking minimum on both sides of the inequality, we
have

(0) * «
min 1Z;” - Z; B|| <C,d min ||Z Z B|| (77)
Be SO n Z 4 BeO@\S0O@) " Z F

Combining (73), (77) and (68), we have

0) *
min Iz~ = Z; B||
BeSO@ N Z F

IA

min{ C,d®> min ||Z ZIB|E, Cyd® min IZ; — ZIB|3
( Y eSO nz B Beﬁ(d)\Yﬁ(d)nz PoE

= C,d® min - ||Z 7B}
Beﬁ’(d)nz F

d* (1 +02%d
C4%7

with probability at least 1 — 27719, The proof is complete. g
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 625

4.5 Proofs of Lemma 3.1, Lemma 3.2 and Theorem 3.2

Proof of Lemma 3.1. We use a mathematical induction argument. First, since

1—(r2 +...+r2)>1_L

12 1d] = 64d4 ’

it is clear that s is well defined and satisfies s;; > %. Next, we study s,; and s,,. The equation (34)
can be written as

Yialry + -+« + 1 1 r
Sy = — 13723 1d"2d £S22~ (78)
S11 S11

We plug (78) into (35) and obtain a quadratic equation of s,,. A sufficient condition for a quadratic
equation ax? + bx + ¢ = 0 to have two real solutions is ac < 0. For the quadratic equation of s,,, this
condition is

Fi3fas + o Figrag)?
1—(r§3+~--+r§d)—(1323 P, )

ST1

Since s1; > % and max; _,_p<q 7l < Wls/z, (79) clearly holds, and thus, s,, is well defined. By (78),

8551 1s also well defined. We know from (35) that |s,,| < 1, and therefore, by (78), we have the bound

|Fi3Fyy + - 4 P gtogl + |70l 1 1 1
Isy,| < 113723 1d"2d 2l _ Pt <
7/8 56d*  Td>/ 4d
and thus,
1
2 2 2 2
Sy =1—=s31 =53+ +1r5) >1— —,
22 21 ( 23 2d) — 16d3
which implies 5,5 > %
Suppose max; _;,_,<x_1 1S5 < # and min,g 1y 5,4 = %, now we study s, Sgp, -+, Sy Define

@k_l € R&=Dx*=D {5 be a diagonal matrix with the same diagonal elements as Oy_1- Then, we have
~ ~ 1
1Qk—1 — Qk71||op <NQu_y — Qk71||goo < —,
4d
which implies

~ ~ 1 3
Smin(Qr—1) Z Smin(Qp—1) = 1Qk—1 = Qp—illop =2 5 — 75 = r (30)

4d —

ool

Thus, Q,_, is invertible and we can write (34) as

- -
Sk—1 = =S Q1 Rt — Qx_1Vi—1- (8D
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626 C. GAO AND A.Y. ZHANG

We plug (81) into (35) and obtain a quadratic equation of s;;. Similar to (79), a sufficient condition for
the quadratic equation to have two real solutions is

L= 10 v 1P = (r,%,kﬂ +- 4 r,%d) > 0. (82)

1 2 2 o 16/9
52 We have ||Qk Wit 17 = A6/Dvi_ 117 < = g and rkk+1 +

ot < ﬁ, and therefore (82) holds. Thus, sy is well defined. By (81), sy, - -, 54— are also
well defined. We know from (35) that |5y, | < 1, and therefore, by (81), we have the bound

By (80) and maX1§a<b§d |rab| S

1 1

4
-1 —1
ISi—1ll S 1O 1 R Il + 1O 2y vl < 5 (||Rk 1+ v 1||) = 6d2 48(1—7/2 =< iz

We also have

1 1
2 2 2 2
st = 1=l = (e 4+ he) 2 1 - o —

which implies s;;, > %. To summarize, we have shown that s;, 5;,, - - - , sy are well defined. Moreover,

we have max; ,_, ¢ [545| < # and min Z. Hence, we conclude that Q(r) is well defined,

ae[k] aa —
Q(r) € 0(d) and max; _p,_,<g Is,p] < 4d2 and m1nae[d] w3
To prove Q(r) € Z0(d), it suffices to show det(Q(r)) > 0. We define a diagonal matrix

~ d
0(r) € R¥*4 that has the same diagonal elements as Q(r) We know that det(Q(r)) > (—) > 0.

Since maxy_;_ <4 54| < 4d2 and max; _,_pq 74| < 8d5/2’ we have |Q(r) — Q(N)lyp, = (4d)™ I By

Lemma 4.5 and, we have

| det(Q(r) — det(Q(r))| a 8 1 d
[ det(O0)| ( 19@r) — Q(V)Ilop+l) —15(7@+1) —-1<1

and therefore, we have det(Q(r)) > 0, which implies Q(r) € .#0(d).
Finally, we analyze the derivative of Q(r) with respect to each r,. This is also done via a

9511
b

1
< 757 Suppose

mathematical induction argument. First, by the formula of s;;, we have
sy

9811
3rab 3}’“1,

both sides of (34) and (35) with respect to r,;, and obtain

3Sk_1 S 3Qk—1Sk - kka k—1
b _ 0rab Irgp 0rab
Qk( i ) = ( LG : (83)

drab 2 Irap

2 < 5foralll € [k— 1], now we study aS"ab and g% We take derivatives of
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 627

By the definitions of v,_; and R,_,, we have ‘ a;f; < Tg/z and Hskk a(f’;l < 1. By the condition
\/H af’sflabl ;?rs;i 2 < 5foralll e [k — 1], we have
2
an ! 8Qk ! <+d max aSl L Osu 241<5Vd+1
o 1<i<k—1 arub - ’
which implies
90 00 _
— S| < |5 ISl s6Vd+
ary, ary, op

1 3(’§,k+1+"‘+’fd)
2 Arab

We also have By (80) and (83), we have

8d5/2
2
351\ || 6 _we k-1 g ORi—1
I ap - drap argy “k=1 Skk drab
‘ ( m ) = 9 1 a(r‘%,k+l+"'+rkd) =25,
rap 27 9w
a5 ||? dsy | 2 .
and therefore, 5 =L 2 < 5 also holds for [ = k. The proof is complete. 0
Tab Orap

Proof of Lemma 3.2. Without loss of generality, we consider the problem with i = 1 and j = 2. Let
us first understand the likelihood function for the problem. Given the knowledge of Zs, - - - ,Z,, we can
decompose the likelihood function as

P(A®1, 15) oY,A) = p(A)p(A;,Y5|A) (HP(A1iY1i|A)P(A2iY2i|A))
i=3

x H PA;Y;lA).

3<i<j<n

Note that the part of the above decomposition that depends on Z; or Z, is

P(ALY151A) (H PALYAP(AYYy; |A>), (84)

i=3

which is proportional to the product of the density functions of .ZA(Z,Z},0%A 1,1 4)>
MN(Zi3A) 2,02 (Xis Ayy) g 1) and AN (i3 Ay) 25,0 (X3 Agy) I 1)

With the parametrization Z, = Z,(r) = Q(r) and Z, = Z,(r) = Q(¥'), we can write T = T(r,r') =
Z,(NZ(r")", and the logarithm of (84) as £(r, ). For the simplicity of notation, we re-index {"ab}lg a<b<d
and {r,}1 <u<p<a BY " <i<aa—1)2 and {1} <j<qa—1/2- respectively. The order of the re-indexing
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628 C. GAO AND A.Y. ZHANG

process is not important. Then, the information matrix is given by

BT VAL, )V L(r, /)T VAL, )V, L(r, )T
VL, )V L(r, )T YV L(r, )V, L(r, )T

where the expectation is induced by the distribution (84). Define the Jacobians G, = w

dd-1) 2 dd-1)
R %% and G, = L) ¢ RT3

S

2 . . .
xd” By direct calculation, we can write B = B, + B, €
RA@-Dxd@d=1) \where

B = P (GiG) GG,
' 02 \G6) GGy)°

and

g, =2 (qu 0 )

o? 0 G,G}
Define
2 p—
= ((22 ®1,)G] Uy, ®Zl)G§) c R xdd=1)

By Equation (11) of the paper [17], we have

igf//EZHT—Zl (r)Zz(r/)Tle:dP(r)dP(r’)
T

> //Tr(](r, NAP(r)dP() — I(P), (85)

where J(r,7’) = FB~'F" and I(P) is the information of the distribution P that will be elaborated later.

To analyze (85), we first need to show B is invertible so that J(r, r’) is well defined. For any unit
vectorve R~ 2 A , we have

2

d(d 1) dd—1) 2 d(d—1)

_]
Q
_Q
<
I

HM
[e5)
<
2

|~

3_[\1
~~
=
p—
p—

|
=
(o))
2
I
<
3
[l
—

The inequality above is because r can be viewed as a sub-vector of vec(Z; (r)). Recall the definition of
{Sap}1 <p<a<q In the parametrization of Q(r), and we also have
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d(d—1)
2
ovec(Z, (r
v'G,Glv = z vl%
Ty
dd-1) 2 dd-1) 2
E or z 3sah
= VvV, — —+ 1%
pIRcd D Y B 3
=1 I<b<a<d \ I=1
d-1)
as
< 1+ “Pab
cie >3 [
1<b<a=<d I=1
2543
< 1+_’

- 2
where the last inequality is by Lemma 3.1. Therefore, we have

2543

(G,G}) < (GGT)<1+T

— mm max

and the same bounds also apply to G,G;. We also have

2543
1G1Gllop < max Gl max Gl ) <1+ -
v||=

With the above bounds, we immediately have

(n=2)p 2543

(n—2)p
Smin(B2) = o2
2p 2543

629

(86)

(87)

(88)

Therefore, under the condition that d is bounded by a constant, we know that both B, + B, and B, are

invertible when 7 is sufficiently large.
Now we study the first term of (85). We can lower bound Tr(J(r, ¥')) by

T(J(r,r)) > Tr(FB;'F") — | Tr(F((By + By ™' — B HF")|

1/2

v

Tr(FB; ' F) ( — BY*B, + By "B}

—12||F) .
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630 C. GAO AND A.Y. ZHANG

By the definitions of B, and F, we have

2

T(FB;'F") = (ni—Z)p Tt ((22 ® 1,)G1(G,GN G, (4 ® Id))
PR, ¢ ((z ®1)GLG,GN G, (L' ®1 ))
=2 1 ®17)G62(6,6; 2(£; ® 1y
_ofdd-1)
- m=2p

By (86), (87) and (88), we have

12 Y 4 . d’
1By""(By +By) " By’ — Lllg < 1By llopllBy " lopI(By +By) ™ llgp 1Byl = C[;-

Hence, the first term of (85) has the following lower bound,

200
/ / T (r,/)dP(r)dP(F) > ( _ g) odd-1b (89)
n n—2)p

for some constant C, only depending on the bound of d.
Finally, we need to give an upper bound for /(P). Let A(-) be the density function of P, and then /(P)
is defined by

1 0 d
I(P) = —— | —K, (r, HAAC —K,(r, AL ) drdr,
® /%A(r)k(r’) (Brk (P (")) (arl a(r A (”)) rdr
where K(r, ') = FB~!. Given the definition of A(-), we have the bound

2
I(P) < C; | max max + max max |K (r,r)|) ,
o Lk oy Lk

0 /
a_rk ik(”,”)

where C; is some constant only depending on the bound of d and the maximum is taken over all r
and 7’ that satisfy max;_, <4 7| < Sd]T/Z and max;_, g 7, | < ﬁ. Though this bound can be
computed explicitly using formulas of matrix derivatives, we omit the long and tedious details here.
Intuitively, each entry of K(r,7") is a smooth function of r and r/, and the orders of %Kik(r, r) and

K (r,r") only depend on that of B,, since the contribution of B is negligible. We thus have I(P) <
2
C, (%) for some constant C, only depending on the bound of d. By (85) and (89), we have

2 200
iﬁf//EzH/T\ — Z,(NZ,("")"|gdP(rdP() = (1 — Cs (l + U_)) o”dd 1)’
T n o np np

and the proof is complete. g
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OPTIMAL ORTHOGONAL/ROTATION GROUP SYNCHRONIZATION 631

Proof of Theorem 3.2. By Lemma 4.6 and the same argument that leads to (31), we have

inf sup IEZZ (Z Z)

?e&”ﬁ(d)" Zeyﬁ’(d)"
1 . ~
> > /(n%f//EZHT—ZiZjT||%dl'I(Zi)dl'[(Zj)) [ dn@.
1<i#j<n ke[n]\{ij}

Since supp(I1) C .#6(d) by Lemma 3.1, the conclusion of Lemma 3.2 also applies here, and thus, we
have

2 2000
inf / / E,IT — Z(rZ;(*)" 13dP(ndP() = (1 e (l + ff_)) o’dd—1)
T n np np

This leads to the desired result. (I
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