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SUPPLEMENT TO “COMMUNITY DETECTION IN
DEGREE-CORRECTED BLOCK MODELS”

By CHAO GAO, ZONGMING MA, ANDERSON Y. ZHANG, AND HARRISON H. ZHOU
University of Chicago, University of Pennsylvania, Yale University and Yale University

In this supplement, we first present additional graphical comparisons of numeric studies.
Then we present proofs of the main results, including the proofs of Theorem 1 for the case
of k = 2, of Theorem 2, and of all main results in Section 3. Moreover, we provide a careful
investigation of key properties of the quantity Ji(p,q) defined in (13), followed by proofs of
auxiliary results.

APPENDIX A: ADDITIONAL GRAPHICS OF NUMERIC RESULTS

A.1. Comparison of Running Times. We compare running times of all six algorithms
mentioned in Section 4 under both Scenarios 1 and 2. The comparison was conducted in
Matlab on a laptop computer with 1.3 GHz Intel Core i5 CPU and 8GB 1600 MHz DDR3
RAM. The implementation of CMM was kindly provided by the original authors.

From both Figure 4 and Figure 5, we can clearly see that CMM is much slower than all
the other methods. Among all the remaining five methods, SCORE and RSC outperform in
speed. However, their advantages in speed come at a cost of statistical accuracy.

A.2. Comparison of Performance of Algorithm 1 with Different 7’s. We con-
sider Algorithm 1 under Scenarios 1 and 2 with different choices of parameter 7. We let
T = C(Zi,j A; j)/n, and vary the value of ¢ among {2,5,10,20,30,50}. Shown in Figure 6,
the errors of Algorithm 1 are nearly identical once c is greater than 5.

APPENDIX B: ADDITIONAL PROOFS OF MAIN RESULTS

In order for Lemma 2 to be applied to lower bounding the performance of community
detection in DCBM, we need a version of Lemma 2 that can handle approximately equal
sizes. To be specific, suppose X = (X1,..., Xy,

Xm+1, - -+ Xm+tm, ) have independent Bernoulli entries. Given 1 > p > ¢ > 0 and 0, 01, . . ., Opim, >
0 such that
1 m 1 m-+mq
(34) EZH“EZ 0; € [1—9,1+9].
=1 i=m-+1

When m and m; are approximately equal, we are interested in understanding the minimum
possible Type I+I1I error of testing

m—+mq

Hy: X ~ ®Bern (0obip) ® ® Bern (0p0;q)

(35> i=1 i=m+1

m m—+my
vs. Hp: X~ ®Bern (000:q) ® ® Bern (06;p) .
i=1 i=m+1
1
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F1c 4. Comparison of speed for all siz methods under Scenario 1 (top), and the same comparison without
CMM displayed (bottom).

The setting of Lemma 2 is a special case where m = m; and § = 0.

LEMMA 5. Suppose that as m — oo, 1 < p/q = O(1), pmaxo<i<om 07 = o(1), § = o(1)
and ’mﬂl - 1’ = o(1). If Oom(\/p — \/q)* — oo,

inf (Pro¢ + P, (1= ) 2 exp (= (1 + o(1))0om(v/p — Va)?) -

Otherwise, there exists a constant ¢ € (0,1) such that infy (Pr,¢ + Pr, (1 — ¢)) > c.

B.1. Proof of Theorem 1 for k = 2. By the definition of the loss function, nf(z, z) <
n/2 for any Z € [2]". Therefore, we only need to calculate P(nf(z,z) = m) for 1 <m < n/2.
We will keep using the definitions T'y, = {i : 2(i) = u,2(i) = v}, C, = I'y1 U2 and
I'=T12UIy; for all u,v € [2]. Recall in (24) we have shown

P> L)< TT o (-50005- V0P
ﬁj;]Yu
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Fic 5. Comparison of speed for all siz methods under Scenario 2 (top), and the same comparison without
CMM displayed (bottom).

Since
Zeﬂj: ZGZZGNLZGZZG@—kZHlZ@—kZGZZ@
i<y i€l i€l iel'y 1 i€la i€l o i€la i€l i€laa
Y #Yij
> > 6 <<1—6>n—20i>,
el el
we have

- 1 9
(36) P(L(%) > L(2)) < exp (-2 >0 ((1 — 8)n — Ze) (VP —va) ) :
i€l iel
Denote m’ = nn for some 7 = o(1) satisfying n~ = o(I). We define 7 exactly the same way

as in Section 5.2. We use the notation

Re= 23 exp (< 002 (v~ va)?)
=1
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F1G 6. The effect of different choices of T for Scenario 1 (left) and Scenario 2 (right). The z-azis is the value
of c with T = c(3_; ; Aij)/n.

Recall the constant M used in Section 5.2.
Case 1: 1 <m < M. By (36), we have

P(nl(z,z) Z exp (—ZH < (1 —5)n—20i> (vp— \/§)2> .

IT|=m iel iel

Using the argument in Section 5.2, we have P(nl(Z, z) = m) < (2nM Rsi0,)™
Case 2: M < m < m'. We have > ;6 < 2|7(I')] < 2n due to (26). Note that n —
Yicr i = > icre 08 > [T€0min > n&mm/2 For any m < m’, using the monotone property of

z(1 — ) for z € [0,1], we have
Z%<(1—6)n—2¢9¢>2 i [ (1=dm— D" 6;] > > 6:(1-05-2n)n.
el el ieT(T) ier(T) ieT(T)

Thus, by (36), we have

P(L(Z) > L) < ] exo (0.0 -0-20)% (VB - va)?).

ier(T)
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Using the argument in Section 5.2, we have

m/M
P(nf(Z,z) = m) < (2eM)™ <‘W> .

Case 3: m > m/. Under this scenario, we can take an arbitrary subset IV C 7(I") such that
IT"| = nm/M, which leads to >, . 0 < 2nn. Recall n — Y, 60; = >, cpe 0 > [T¢|0min >
NBmin/2. Using (36), together with the property of z(1 — z) for z € [0, 1], we have

P(L(2) > L(2)) < exp (-3 36 ((1 -3 ei> (VP — \@2>

el el

< H exp (—91-(1 -0 — 277)%(\/]3 - \/5)2) .

By the argument used in Section 5.2, we have

e2MnRys o, > /M

P(nt(z,z) = m) < (2eM)" < Pm/M

Note that the above rate involves Rj, o, instead of R;gn for the case k£ > 3 in Section 5.2.

This results in a tighter bound for P (L(Z) > L(z)).
Finally by applying the same techniques used in Section 5.2, we obtain the desired bound
for E4(Z, 2).

B.2. Proof of Theorem 2. We only state the proof for the case k > 3. The proof for
the case k = 2 can be derived using essentially the same argument. For a label vector, recall
the notation n,(z) = |{i € [n] : 2(¢) = u}|. Under Condition N, there exists a z* € [k]" such
that n1(2*) < na(2*) < n3(2*) < -+ < ng(z*) with ny(2*) = na(2*) = |n/(Bk)], and that
(nu(Z*))_lzi;z*(i):u 0; € (1— g, 1+ %) for all u € [k].

1° As a first step, we define a community detection problem on a subset of the parameter
space such that we can avoid the complication of label permutation. To this end, given z*,
for each u € [k], let T,, C {i : 2*(i) = u} with cardinality [nu(z*) - 421215} collect the indices
of the largest ;’s in {6; : 2(i) = u}. Let T = UF_,T,. Define

7 — {ze [E]" : z(i) = 2*(4) for allieT,%—lgnu(z) < %—i—lfor all u #v e [k]}

Since z* € Z*, the latter is not empty. By the definition of T" and Condition N, max;cpe 0; is
bounded by a constant. Thus, for any z such that z(i) = z*(¢) for all i € T', we have

1
ny(z)

> 0ie(1-6,1406), foralluc k]
{i:2(3)=u}

Therefore, we can define a smaller parameter space P0 = P2(0,p, q, k, 8;0) C Pn(0,p,q, k, 3;6)
where
(37)

PO, p,q, k, B;6) = {P : Pij = 00;B.()2(j), 2 € Z*, Buw = p,Yu € [k], Buy = q,Yu # U} .
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So we have

(38) inf sup Enl(z,z) > infsupEnl(z,z) = infsupEH (2, 2),
= Pn(0,p,q,k,B:0) = PR = PR

where H (-, ) is the Hamming distance. Here, the equality is due to the fact that for any two
21,29 € Z* they share the same labels for all indices in T'. Thus, we have H(z1,z2) < %5&,
and so when 0 is small we have nl(z1, 22) = infrcn, H(m(21), 22) = H(z1, 22).

2° We now turn to lower bounding the rightmost side of (38), which relies crucially on our
previous discussion in Section 5.1. To this end, observe that

infsupEH (2, z) > infave EH (2, z) > Z inf ave P(£(4) # 2(7))

2 P, z Z* ieTcz(i) z*
6 1
39 >cn— inf ave P(2(4 z(1)),
(3) > gy 2 BP0 #50)

for some constant ¢ > 0. Here, ave stands for arithmetic average. The first inequality holds
since minimax risk is lower bounded by Bayes risk. The second inequality is due to the fact
that for any z € Z*, z(i) = 2*(¢) for all ¢ € T, and so infimum can be taken over all 2 with
2(1) = 2*(i) for i € T. The last inequality holds because |T°¢| > c% for some constant ¢ by
its definition.

We now focus on lower bounding inf; ;) avez« P(2(i) # 2(i)) for each i € T°. Without loss
of generality, suppose 1 € T¢. Then we partition Z* into disjoint subsets Z* = UF_, Z* where

Zt={z€Z":2(1) =u}, wuelk].

Note that for any u # v, there is a 1-to-1 correspondence between the elements in Z; and
Z%. In particular, for each z € Z;, there exists a unique 2z’ € Z¥ such that z(i) = 2/(¢) for all
i # 1. Thus, we can simultaneously index all {Z 5:1 by the second to the last coordinates
of the z vectors contained in them. We use z_; to indicate the subvector in [k]"~! excluding
the first coordinate and collect all the different z_1’s into a set Z_1. Then we have

inf ave P(2(1) # 2(1))

2(1) Z*
= k:(kl—l) ;;ﬁf) (%GP(E(U 7 u) + aye (1) # U))
1 ) A
Z wth—1 <aZVTeIP’(z(1) # 1) + ayeP(2(1) # 2))
1 1 _ ) A
(40) > mm z16221 ;%f) (Pz:(l,z,l)(z(l) A1) +P,_o. y(3(1) # 2)) .

Note that by the definition of z* and Z*, it is guaranteed that for either (1,z_1) or (2,2z_1),
it —1| = o(1). Therefore, we can apply Lemma 5 to bound from below each term in the

summation of the rightmost side of the last display by exp (—(1 + 77)91&( N \/@)2) for
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some 1 = o(1). Together with (38) — (40), this implies that

1)
iI;f supEl(2,2) > ckjnglc‘ Z exp (—(1 + 77)«91%(\/}5 - \/51)2>

P ieTe

> copn S e (0 + 0 (/B - Va2

=1

> ¢ exp (~(14 )]) = exp (~(1+ o)1)

Here, the first inequality is simple algebra. The second inequality holds since T only contains
within each community defined by z* the nodes with the smallest #;’s. The third inequality
is a direct application of Jensen’s inequality, and the last equality holds since logk = o([I)
and log% = o([). This completes the proof.

B.3. Proofs of Lemma 1 and Corollary 2. We now prove Lemma 1 and Corollary
2, which characterize the performance of Algorithm 1. To prove Lemma 1, we need two
auxiliary lemmas, whose proofs will be given in Appendix D. In the rest of this part, we let
P = (P;j) = (0:0;B.(3)~(;)) for notational convenience.

The following lemma characterizes the connection between measure on misclassification
and geometry of the point cloud. The result is not tied to any specific clustering algorithm
or choice of norm.

LEMMA 6. Let z € [k]™ be the true label for a DCBM in P)(0,p,q,k, 5;0,a). Given any
£ € ({0} U )", any {oubuciys {Vibici C R and any b > 0, define

V; = Usy Jfor alli € SG,

where Sy = {i € [n] : 2(i) = 0}. Then, for any norm ||-|| satisfying triangle inequality, as long
as

41 min ||V; — V5| > 20,
(41) in Vi |

we have

o S <) 0+ 287+1)) 6,

{i:2(i)#m(2(i))} i€S0 i€s

where S = {z €SS |\Vi— Vi > b}.

LEMMA 7.  Under the settings of Lemma 1, let 7 = Cy (np||0]|%, + 1) for some sufficiently
large C1 > 0 in Algorithm 1. Then, for any constant C' > 0, there exists some C' > 0 only
depending on C1,C" and o such that

1P — Py < C/E(mp|[0|2 + 1),

1+C’

with probability at least 1 — n~( ) uniformly over Pl (0,p,q,k,B;0, ).
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PROOF OF LEMMA 1. Let P; denote the i*" row of P and P; = || P;||;* P; the ¢; normalized
row. By definition, for sufficiently large values of n,

P;
(42) Qﬁk‘ < H 0|1 Z 0;B.(i)=(;) < 2amp, for any i € [n],

JijFi

under the conditions ¢ = o(1) and ||6]|cc = o(n/k).

Note that P, = P; when z(i) = 2(j). Our first task is to lower bound ||P;, — Pj|; when
2(1) # z(j), which serves as the separation condition among different clusters. For any i and
J such that z(i) = v # v = 2(j), we assume || P;||1/60; < || Pj]/1/6; without loss of generality.
Then,

D, D, 0lBuu alBuv
17— Pl > [P — Pl =
J Z(ZZ)_ ’ WZ 1P0/6: TR /6,

1B5111/6;
- Hl Buu - Buv
[15;11/6; J||1/0J L (2,: 155][1/6:
b—q n

43 > = 1
() TP1/6; 355

b—q
44 > .
(44) ~ dafkp

Here, (43) holds since ||||I; Hl%] Buy > p and By, < ¢, and (44) is due to (42). By switching 4

and j, the foregoing argument also works for the case where || P;||1/6; > || P;||1/6;. Hence,

5 5 P—q
45 min |[|P;, — P;ll1 > ———.
45) Wt = S

Let 2 € ({0} U [k])" and 91, ..., 9 € R™ denote a solution to the optimization problem (8)
(with all nodes in Sy assigned to the 0'" community). Define matrix V' € R™*" with the it
row Vi = 0. If 2(i) = 0, set V; as the zero vector. Define S = {i € [n] : Vi — Bi|j1 > T

and recall Sy = {i € [n] : || P}||1 = 0}. Then, by the separation condition (45) and Lemma 6,
we have

(46) 7{161%_& Z 0; < (28°+1) 291' + Z 0;.

1:2(2)#7(2(2)) €S €80

In what follows, we derive bounds for ) ;. 6; and >, q 0, respectively. Recall that P, =
| 2|71 P;. By the definition of 2 and V, we have

(47) STIBINV: = By < (1 + €)Y IIB 1l P — B
=1

i=1
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In order to bound ), ¢ 6;, we first derive a bound for ), ¢ | B;||1. That is,

ics
- S8aBkp A -
(48) ZHPiHl < — ZHPz'Hl”Vi_Pi”l
i€s P=4 %cs
S8afkp - - - . _ L
< 2SN (1Bl = Bl + 1Bl Py - Bl
P—4 s
82+ aBkp < 51 s
(49) < ————=> " |BllP - Pl
P—4q i=1
16(2 + €)aBkp < | -
(50) < %ZIIP@-—PZM
pb—q i1
16(2 + €)afBnkp , -
(51) < M@radnkpp py
p—
where (48) uses the definition of S, (49) is by the inequality (47), and (50) is by the inequality

Izl =yl < m which in turn is due to the triangle inequality.

Now we are ready to bound ), ¢ 0; as

28k

(52) ZQi < 72"3"1
ies pn s

2k R R
(53) < 25 (IR + 12 = Pl

p €S

28k (16(2 + €)aBnkp ., ~ N
(54) < ¥ ( 2+ c)af ﬁW—Pw+mw—Pm>

pn P—q

66 + 32¢)aB%k? .
(55) < OEBITE o py.

where (52) is by the inequality (42), (53) is due to the triangle inequality, (54) uses (51) and
Cauchy-Schwarz, and (55) holds since «, 8,k > 1.
We now turn to bounding .. s, 0i- To this end, simple algebra leads to

28k
(56) Z 0 < e Z 1751
1€So p 1€S0
20k o= | -
57 < ESB-p
(57) e 2 1P Pl
208k - aB?k? .
(58) < 2R ip_ple < 1B~ Py,
p pP—q

where (56) is by the inequality (42), (57) uses the definition of Sy and (58) is due to the
Cauchy-Schwarz inequality.
Combining the bounds in (55), (58) and (46), we have

2
(59) min E 0; < M
melly . p—q
{i:2())#m(2(0)}

”P - PHF7
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where we have absorbed « and (8 into the constant C. By Lemma 7, we have

b < C(l + €)k>2\/n[|0]Zp + 1

m}qn ,

c _

¥ i) (=) b=

with probability at least 1 — n~(+C) This completes the proof. ]

PROOF OF COROLLARY 2. Under the condition min; 6; = €2(1), the loss minzery, 3.2y £n(2(5))y 0
can be lower bounded by nf(2, z) multiplied by a constant. Moreover, since p > n~!, k = O(1)

and ||0]|cc = O(1), the rate REAOIEPH ¢ 1 ounded by O (g) =0 (Vnlyp— val™).

p—q
Thus, it is sufficient to show n_1/2|\/f9 -Vt = O(I~'/?). This is true by observing that

Zexp( 2 (VD= V@) 2 exp (< 0lloe (VB ~ Va)?) -

Thus, the proof is complete. O

B.4. Proofs of Theorem 3, Theorem 4 and Corollary 3. Now we are going to give
proofs of Theorem 3, Theorem 4 and Corollary 3. Note that both Theorem 3 and Corollary 3
are direct consequences of Theorem 4. The main argument in the proof of Theorem 4 is the
following lemma.

LEMMA 8. Suppose 1 < p/q = O(1) and § = 0(%). If there exist two sequences

v =0 (pkpq) and y3 = 0 (%), a constant C1 > 0 and permutations {T;}icfn C 1 such
that

1 o I

i _ . - o —(14C1)

(60) minlP - E 1 6’]1{20_1_(]-)#”(4]-))} <, - E 1 1{2(11_(]-)7&7“(2(]-))} <yl =>21-n ),
J: ]:

1€[n]

uniformly for all probability distributions in P, (0, p, q, k, 8; 6, ). Then, we have for alli € [n],

P (22,(i) # mi(2())) < (k= 1) exp (=(1 = )bi(ngy + ne) i (p,q)/2) +n~ D
uniformly for all probability distributions in P}, (0,p,q, k, 3;9,a), where n = o(1).

PROOF. In what follows, let E; denote the event in (60). We are going to derive a bound for
P (2%,(1) # m1(2(1)) and Ey). For the sake of brevity, we are going to use 2 and z to denote
29, and 7 (z) in the proof with slight abuse of notaion. Define n, = |{i € [n] : 2(i) = u}|,
my = |{i € [n] : 2(i) = u}| and O, = D {2 (i)=u,z(i)=u} Oi- Without loss of generality, consider
the case z(i) = 1. Then,

k
P(2(1) #1 and Ey) < Y P(2(1) =1 and E).
1=2
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The arguments for bounding P(2(1) = [ and E;) are the same for [ = 2, ..., k. Thus, we only
give the bound for [ = 2 in details. By the definition, we have

(61) P(3(1) = 2 and E}) <IP>( > Ahz— > Ay andEl).
? ix()=2) Y iz)=1)

Define independent random variables X; ~ Bernoulli(616;q), Y; ~ Bernoulli(6,6;p), and Z; ~
Bernoulli(#;0;p) for all i € [n]. Then, a stochastic order argument bounds the right hand side
of (61) by

1 1 1
(62) P(zwé Xt Ej‘ Zl_ml.A.E | }gandEl).
{i:2(4)=2,2(1)=2} {z 2(1)=2,2(1)=1} {i:2(4)=1,2(i)=1}

Using Chernoff bound, for any A > 0, we upper bound (62) by

E { H (919iqe)‘/m2 +1-— 9191'(]) H (Hlﬁiape/\/m +1-— 9191'0&]9)
{i:2(4)=2,2(7)=2} {i:2(4)=2,2(1)=1}

H (Hlﬁipe*’\/ml +1- eleip)l{El}}
{i:2(i)=1,2(i)=1}

E{exp( Yo (hbigeN ™ —00i)+ > <01«9iape”m291eiap>)
{a:2(

2(1)=2,z(1)=2} {i:2(1)=2,2(1)=1}

IN

(610;pe ™ — 9191'19)) 1{E1}}
“1,2(i)=1}

(63 E {exp (91m2Q<€)\/m2 — 1) + Oymyp(e ™ — 1)> 1{E1}}
(64) xE {exp ((92 —mg)fig(eM™ — 1) 1{E1}}
(65) E {exp (61— m)oup(e ™™ 1)) 115}

(66) xE {exp ( Y. Owbap(eMm - 1)> 1{&}} :
{i:2(6)=2,2()=1}

In what follows, we set

exp ( Z
{i:5()

mimsa b

—— log =,
my + ma : q
We are going to give bounds for the four terms (63), (64), (65) and (66), respectively. On the

event Fj,

A=

A 4]
[©2 —ma| < Z 0; — na| + |ng — ma| + | Z 9i§<71+72+k6>7%
{i:2(3)=2} {i:2(4)=2,2(¢)=1}
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and . .
Nma 1| — g oy _
qle 1| = pmtmegmitme —q <p—gq,

we have
A A/ma 5/8
E {eXp ((@2 —mg2)01q(e - 1) 1{E1}} sexp(n{mn+r+t- 01(p—q) |,

which is a bound for (64). A similar argument leads to a bound (65), which is

E {eXp ((@1 —my)01p(e ™ — 1)) 1{E1}} < exp (n <71 + 72 + 5]5) 01(p — CI)> :

The last term (66) has a bound

E < exp Z 9191'0(]7(6)\/”12 —1) | L4gy ¢ <exp(nmabdi(p —q)).
{3:2(i)=2,2(i)=1}

Finally, we need a bound for (63). With the current choice of A,

1
—WQQ(G)‘/mQ —1)— mlp(ef)‘/m1 -1) = §(m1 +mo)J_mi_ (p,q).

mi+mg

Note that

(m1+m2)JL(p,q) (n1+n2)J ny (p,q)‘

mi+mg nitng

IA

1+ np —my —malJ_m_ s (p,q)+(m1+m2) J (pya) = J_ e (p,Q)
S nﬁyQJT(pvq)—i_n(l—i_P)/?)’JT(p? )_Jf'(pvqnv

ni A
n1+n2 and 7 m1+m2

| LI (p.q)|] = 3|(p—q) —pla"~ tlog*‘ < 3lp — q| + 3pllogp — logg| < [p — g|, we have
|- (p, ) J+(p, )| <|p-— q||T— 7| < Bkv2(p — q). Hence, we have a bound for (63), which is

where 7 =

We will give a bound for |J-(p,q) — J+(p,q)|. Since

E {exp (91mQQ(€)‘/m2 — 1) + Oymyp(e™ ™ — 1)) 1{E1}}

1 1 1
< exp (—201 (1 +n2)J_m_(p,q) + gO1my2d_ma(p,q) + 501n(1 +2)kBr2(p — Q)) :

1Tn2
Combining the above bounds for (63), (64), (65) and (66), we have
P(2(1) =2 and E)

1
< exp <—91(n1+n2)J ny (I%‘J))

ni+tng

X exp (-917172J B (p,q) + [(2 +a)y + (24 kB)vy2 + %If} tin(p — Q)> .
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By the property of J;(p,q) stated in Lemma 12, J_n;_ (p,q) > (48%)~1 . Then, under
ni+ng

the assumptions v; = o (ppq> Yo =0 (ppkq> and § = o (W), we have

P(2(1) =2 and E;) < exp <—;(1 —n)01(n1 +n2)J_n_(p, Q)> 5

ni+ng

for some 7 = 0(1). The same bound also holds for P (2(1) = and E;) for [ = 2, ..., k. Thus,
a union bound argument gives

P(2(1) #1 and Eq) < (k— 1) exp (—;(1 —n)01(n1 +mn2)J_n1 = (p, Q)> .

Hence,

1
P(2(1) #1) < (k—1)exp <—2(1 —m)bi(n1 +n2)J_n (p ,q)) 1= (14C)
ni+ng
Now let us use the original notation and apply the above argument for each node, which leads
to the bound

P (2400 # mi(2(0) < (6= Dexp (~ 50— o (0,4 1) ()] ) 07,

UFV

for all € [n]. By the property of J;(p, ¢) stated in Lemma 9, min,«, {(nu + nv)J ny__(p, q)] =

ut+nov

(n@y + 1)) Je (p, @), with t* specified by (15). Thus, the proof is complete. O

PROOF OF THEOREM 4. It is sufficient to check that the initial clustering step satisfies

(60) with v1 = o (%) and 72 = o (11’62‘1) This can be done using the bound in Lemma 1

under the assumptions (16) and (17). Note that the n initial clustering results {2°.} may not
correspond to the same permutation. This problem can be taken care of by the consensus
step (12). Details of the argument are referred to the proof of Theorem 2 in [2]. O

PROOFS OF THEOREM 3 AND COROLLARY 3. Theorem 3 is a direct implication of Theo-
rem 4 by observing I = J when 8 = 1. The fact that (n(y) +n))Je=(p,q) > 2n)J1/2(p, q) >
%(\/ﬁ — \/5)2 by Lemma 11 implies the result for the case k > 3 in Corollary 3. For k = 2,
observe that

Zexp( S5 (VP - VPR < li

This implies the result for kK = 2 in Corollary 3. O

n

B
oo )]
1

1=

APPENDIX C: PROPERTIES OF Jr(P, Q)

In this section, we study the quantity J;(p, q) defined in (13). We will state some lemmas
about some useful properties of Jy(p,q) that we have used in the paper. Recall that for
p:q;t € (0,1),

Ji(p,q) = 2(tp + (1 = t)g —p'¢" ™).
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z1 r2
LEMMA 9. Given p,q € (0,1), let f(x1,22) = z1p + 22 — (x1 + z2)p=1te2 g=1t22 where
1,22 > 0. Then the function f is increasing in terms of x1 and x9, respectively.

ProoOF. By differentiating f against x1 we get

r1 ]

af(xl, xg) . P\ r1tz2 P\ T1tz2 p o
= =p-q|(= —q(= log | = :
0y q q q) r1+ T2
Thus limg, 0 %11@2) = 0. Moreover,
r]1
02 f (1, 22) (P 2 (P 3 <0
2 q g Y 3 )
o q q) (x1+ x2)

Therefore, %11’12) > 0 for all x1, 29 > 0. This shows f(x1,x2) is increasing with respect to
x1. Similarly we can prove that f(z1,z2) is also an increasing function in terms of z5. O

1
27

Je(p,q) < Ji—(p,q).

LEMMA 10. Forany0<g<p<1land0 <t <5, we have

PRrROOF. Define S(t) = 5 (Ji(p,q) — J1-4(p,q)) = 2t = 1)(p—q) — (q(g)t - p(&)t)- Then,
we have

S"(t) = — log? <q> (r'¢" " =p"'q") > 0.
p
Since S(0) = S(1/2) =0, we have S(t) <0 for all ¢t € (0,1/2]. O
LEMMA 11. Forany0<qg<p<1 and0 <z < x2, we have

2x1J1/9(p,q) < (21 +22)J_=1_(p,q) < (21 + 22)J1/2(Ps @)

r1
r1+T9

Proor. The first inequality 221.Jy/2(p,q) < (v1 + 22)J_=1_(p,q) is a consequence of

x]+x9
Lemma 9 and z; < z9. Since (%)QJt(p, q) = —2p'q'~tlog? (%) < 0, Ji(p,q) is concave
in t. Thus,
1
(67) 5 (Jt(pa Q) + Jl—t(pa Q)) < Jl/?(pv q)

2

When t € (0,1/2], Ji(p,q) < % (Ji(p,q) + J1—+(p, q)) according to Lemma 10. Thus, Ji(p, q) <
J12(p, ), which leads to the second inequality (z1 +z2)J (p,q) < (z1+22)J1/2(P,q) by

1
T1+x9

O

the assumption x; < xo.

LEMMA 12. For any 0 < p,q,t <1, we have

(68) 2min(t,1—1)(vp — v2)* < Jilp,q) < 2(vp — Va)*.
Moreover, if max(p/q,q/p) < M, then we have

4

N2
(69) Ji(p,q) < (2 + M;) min(t, 1 — t)rm.



COMMUNITY DETECTION 15

Proor. Without loss of generality, let p > ¢q. We first consider the case 0 < ¢t < 1/2. By
Lemma 11, we have

€1
2 J ,q) < J_= ,q) < J ,q).
71+ 7o 1/2(]9 q) < s (p,q) 1/2(]9 q)
Let —%L— = ¢, and we have
xr1t+x2
(70) 2t(v/p = va)* < Ji(p,q) < (VP — V@)

Now we consider the case 1/2 <t < 1. Let s =1 —t. By Lemma 10 and (70), we have

Je(p.q) = Ju(p.q) = 25(vp — VO)* =21 = ) (VP — Va)*.
Using (67) and (70), we have

Ji(p, @) < 2J172(p, @) — Js(p,q) < 2J12(p,q) —25(vP— Va)* = 2t(vp— Va)* < 2(vp— V).

Hence,

(71) 21— t)(vp — va)* < Ji(p,q) < 2(vp — vVa)*.

Combine (70) and (71), and we can derive (68) for p > ¢. A symmetric argument leads to
the same result for p < g. When, p = ¢, the result trivially holds. Thus, the proof for (68) is
complete.

To prove (69), we use the identity

2t(11_t><]t(pa 9) ZP% <1 - <Z)H) +q% (1 - <§>t> ,

By Taylor’s theorem, we have

éu T S %(1 Ca)(m—1)2— é(a ~ (e — 2"z — 1),

for some ¢ between x and 1. Thus, using the condition that max(p/q,q/p) < M, we have

1 2M*\ (p—q)*
mJlt(p,q)ﬁ <1+ 3 )min(pﬂ)'

Then, we can derive (69) by the fact that ¢(1 —¢) < min(¢,1 —¢). O

APPENDIX D: PROOFS OF AUXILIARY RESULTS

PROOF OF LEMMA 2. Note that (19) is a simple vs. simple hypothesis testing problem.
By the Neyman—Pearson lemma, the optimal test is the likelihood ratio test ¢ which rejects
Hy if

m 2m
[160bip) ™ (1 = 608ip)' ] (6obia)™ (1 — 6obq)' =
i=1 i=m+1

m

2m
< JT(0bia)* (1 = 606:)' =+ ] (Bobip)™i (1 — bobip)' .

=1 i=m-+1
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Therefore,
B — 00,p) 1—600ipy < p(1 — Bo0iq) 1 — 6obiq
iy = P(; (X log 1 — 06:q) —log T 909iq) + i:;l (X log q(1 — 6ob;p) —log g 909ip> >0

To establish the desired bound for this quantity, we employ below a refined version of the
Cramer—Chernoff argument [3, Proposition 14.23]. To this end, for any fixed ¢ > 0, define
independent random variables {W;}?™ by

1 — 040 .
P(W,=tlog L) =00ip, P(W;=tlog—24) 1 _guo,p, fori=1,...m,
P 1 —6000;p

and

P <Wi — tlog p) — Obiq, P (Wi — tlog —1—0ybq, fori=m-+1,...2m
q

In addition, let

B _ J000:p) " (00ig)" + (1 = O00ip) ™ (1 = Gobiq)!, i =1,...,m;
(00050)" " (B00ip)" + (1 — Oo0;q)' " (1 — Oobip)’,  i=m+1,....2m.

We lower bound Pp,¢ by

Py = (ZW+ Z W>O>

i=m+1

- Y eov-
O<Eiwi<Li:1
2m .
> (Mle)er > TR
i=1 0<>, wi<Li=1
2m
— (HBZ> e_L Z HQz(wz)
i=1 0<>, wi<Li=1
2m 2m
= (HBi>e_LQ<O<ZWi<L>,
i=1 =1
where
N1t Y . , . N1t Y
0s (W = t10g 1) = Goli) “Oobia)® (v g L= Oubia) _ (1= 0obip)" (1~ Oobiq)
p B; 1 —6o0;p B;

fori=1,...,m and

A _ P\ _ (68ig)' " (fobip)' e 1—6000ip\ _ (1 —608iq)' " (1 — Bobip)"
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for i = m+1,...,2m. We have also used the abbreviations P;(w;) = P(W; = w;) and Q;(w;) =
QWi = w;).

To obtain the desired lower bound, we set ¢t to be the minimizer of H?ZLI B;. Since the
minimizer is a stationary point, it satisfies

2m
(72) ZEQVVZ =0.
i=1
For any t,a,b € (0,1), recall the definition of J;(a,b) in (13). By Lemma 12, we have

(73) Ji(1 —a,1—b) < Cadi(a,b),

where C' only depends on the ratio a/b. Therefore, under the condition a < b = o(1), (73)
implies

(74) log <1 - %Jt(a, b) — %Jt(l —a,1— b)) > —%(1 +n)Ji(a,b),

for some 1 = o(1) independent of ¢. Using (74), under the assumption that 1 < p/q = O(1),
we have

= i 2m
gBi > exp (-1;77 ; J(600:q, 000;p) — HTU i:%;rl J¢(000;p, 90@0))
(75) — exp (—=(1+n)bom (p+q—p" ' — ¢ "))
Hence,
2m
Oglti% i=1 b= e <_(1 m)fom 02i21 (p+aq—p""q" - qltpt)>

= exp (—(1+n)om(vp — Va)*) -

We now turn to lower bounding e *Q (0 < Z?;”l W; < L) with ¢ satisfying (72). To this

end, we first calculate the variances of the W;’s. For ¢ = 1, ..., m, there exists some constant
C > 0 such that

Varg(W;) < Eq(W7)
2 2
P q 1 —00b;q 1 —000;q
< (tlog?) Qi(tlog? log — 20 9, (t1log —201
< <t og q) Q; (t ogp) + (t og 1 —9091‘13) Q; (t og 1 —909ip>
< Clobip (log(600;p) — log(Bofiq))* + (log(1 — o) — log(1 — Boiq))”
(800:p — 0o0;q)* 2
< CHyb; + C(000;p — 0,0;
N2
S CHOHz(p Q) .

p

In addition, we have

2 9 )
006;(p — 000;(p —
EQ(‘V;) > (t log p> Q; (t log C]) > M’ and (EWZ)2 — 0 <0(pq)> '
q p P D
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Similar bounds hold for W;, ¢ = m + 1, ..., 2m. Thus, we obtain that

2m

0 _ 2
ZVaFQ(Wi) - M.
i=1 p

Note that with t € [y,1 —~] and p/q = O(1), the value of Wj; is bounded by constant, for any
i € [2m]. Under the assumption that ym(,/p — \/q)? — oo, we have S22 Varg(W;) — oo,
implying the indicator function 1 {|Wi—IEWi\>e \/W} goes to 0 for every 1.

Thus

2 _
) 1{\Wi—EW,-|>e S Var@(Wi)} =0,

2m
lim > E(W; — EW;
=1
for any constant € > 0. Together with (72), the Lindeberg condition implies that under Q,
2m .
— =W onverges to N(0,1). Taking L = \/Zle Varg(W;), we have that for any

2 Varg (W) =
= O( 1) )

2m
e LQ (0 <> W< L) > exp (—nbom(v/p — V1)?)

i=1
for sufficiently large values of m. This completes the proof when fym(,/p — \/6)2 — 0.
When 6ym(,/p — /q)* = O(1), then we have
igf(PHo(ﬁ—i-PHl(l—(ﬁ)) = /dPHO/\dP]j[1

1 2
2 2</\/dPHOdPH1>

2m 2
% (H («90491'\/]7qu V(1 = 0o0;p) (1 — 909@))

=1

v

5 & (—(2+ (V5 - V?)

C.

v

This completes the proof. ]



COMMUNITY DETECTION 19

PROOF OF (21). We bound Pp,¢ by

n n/2
Pu,¢ < IT Ee™ | | [[Ee
i=n/24+1 i=1
n n/2
= exp| Y log(1—6obig+6obige’) + Y log (1 — obip + Oobipe ")
i=n/2+1 i=1
n n/2
< exp| > (—fobig+0obige’) + > (—Oobip + Oobipe ")
i=n/2+1 i=1
= eXp< fp+q pet—qet)>
0 n
— o (-5 v?).
where we have set e! = 1/p/q. The same bound can be established for Py, (1 — ¢). O

PrROOF OF LEMMA 5. The proof is very similar to that of Lemma 2. Therefore, we only
sketch the difference. Without loss of generality, let 61 > 02 > ... > 0y, Oppp1 > Oppao > ... >
Om+m,, and m < my. Then, we have

igf (Pro¢ + P, (1 - ¢)) > igf (Pg,¢ + Pg,(1—9)),

where Hy and H; correspond to the following two hypotheses.

m 2m
Hy: X ~ ®Bern (0obip) ® ® Bern (0p6;q)
i=1 i=m+1

m 2m
vs. Hy: X~ ®Bern (6pbiq) ® ® Bern (06;p) .
i=1 i=m+1

Bounding infy (Pg,¢ + Pg, (1 — ¢)) is handled by the proof of Lemma 2 except that we do
not have the relation (18) exactly. This slightly change the derivation of (75), as we will
illustrate below. By the definition of J;(-,-), we have

n 2m
1
5 <ZJt(909iq,909ip)+ > Jt(909ip7909iQ)>

i=m-+1

= (9029> (tg+ (1 —t)p — ¢'p'™") (00 Z 0> (tp+ (1 —t)p—p'q"™")

i=m-+1

= Gom(p+q—p"'¢" —q'7'p") +90m‘ 29 — 1| (tg+ (1= t)p—g'p'™")

+00m‘ Z 0; —1

1=m-+1
bom(p+q—p''q" — ¢"'p") + Cnbom(\/p — Va)?,

(tp+ (1—t)p—p'q"™")

IN
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for some 1 = o(1). The last inequality uses Lemma 12 and the fact that 6 = o(1). Since the
term Cnfom(/p— \/6)2 is of smaller order compared with the targeted exponent, the desired
result can be derived following the remaining proof of Lemma 2. O

PrROOF OF LEMMA 6. For each u € [k], we define
C, = {z €2 Yw) NS ||V — Vil < b}
Following [1], we divide the sets {Cy},c[x) into three groups. Define

Ry = {uE[kJ] :CUZQ},
Ry = {uelk]:Cy# @,Vi,j € Cy, 2(i) = 2(j)},
Ry = {u€clkl:Cu#@,3i,j€Cyst.isj i) +#55))

Then, it is easy to see that U,c[)Cu = SG\S¢ and C,, N C, = & for any u # v. Suppose there

exists some i € C, and j € C, such that u # v but (i) = 2(j). Then, by the fact V; = V;, we
have 3 }
Vi = Vil < [IVi = Vill + [V = Vil < 20,

contradicting (41). This means Z(i) and Z(j) take different values if ¢ and j are not in the
same C,’s. By the definition of Ry, the nodes in U,cpr,C, have the same partition induced by
z and z. Therefore,

7{2% Z 91§29i+29i+ Z 0;.

{i:2(3)#n (2(3))} i€S0 i€S 1€UyueRr3Cu

It is sufficient to bound ZiEU crC 0;. By the definition of R3, we observe that each C, for
u 3 u

some u € R3 contains at least two different labels given by Z. Thus we have |Ra|+ 2|R3| < k.
Moreover, since k = |R1| + |Ra| + | R3], we have |R3| < |R1|. This leads to

> < Bl
ieUuER;gCU
< R +5)5”
1 )
< g 3 0,
1€Uye ry {1€[n]:2(1)=u}
1+0 ,
<
< T 0
€S
< 232 Zei.
€S
This completes the proof. O
PROOF OF LEMMA 7. Define the matrix P’ € R"*" by P/, = 0;0;B.,;).(; for each 4,j €

[n]. Then, P’ has rank at most k& and differs from P only by the diagonal entries. By the
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definition of P, we have ||P — T, (A)||z < ||[P" — T (A)||2. After rearrangement, we have

1P P} < 2[(P—P.T:(4) - P)|+ P - PI}
< 2P~ Pl sup (K. T-(A) = P)| + [P — PlIf
{K:||K||[p=1,rank(K)<2k}
1 .
< 1P =PlE+4 sup (K, T-(A) = P)] + | P' = P|&
{K:||K||[p=1,rank(K)<2k}
L = 2, 3o 2 2
< SIP=Plg+SIP - Plly +4 sup (K, T-(A) = P)|".
2 2 (K| K [[p=1,rank(K) <2k}
Therefore,
(76) 1P — PlF <3|P'— P& +38 sup (K, Tr(A) — P).

(K| K =1 rank(K) <2k}

Apply singular value decomposition to K and we get K = 21251 )\lululT. Then,
2k 2k

(K, T (A) = P)L < Y Ialluf (Tr(A) = Pyur] < [T-(A) = Pllop Y Il < V2K[T7(A) = Pllop.
=1 I=1

By Lemma 5 of [2], |Ty(A) — Pllop < C/nap|/]|2, + 1 with probability at least 1 —n=¢",

where the constant C’ can be made arbitrarily large. Hence,

8 sup (K, T7(A) = P)|* < Crk(napl|6]|3, + 1),
{K:||K|lp=1,rank(K)<2k}

with probability at least 1 — n=¢ Moreover,

BI1P' — Pl =3)_67B2).) < 30°0*|0]lson(1 +6) < Caa’p]8]3n.
i=1

Using (76), the proof is complete by absorbing « into the constant. O
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